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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 32 |. This is test number [ 114 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 32) %0.(0)
Mathematica | % 100. ( 32) %0.(0)
Maple %7812 (25) | % 21.88 (7)

Maxima %0.(0) % 100. ( 32)
Fricas % 50. (16 ) % 50. (16)
Sympy %0.(0) % 100. ( 32)

Giac %0.(0) % 100. ( 32)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 3.12 0. 96.88 0.
Maple 12.5 59.38 6.25 21.88
Maxima 0. 0. 0. 100.
Fricas 9.38 40.62 0. 50.
Sympy 0. 0. 0. 100.
Giac 0. 0. 0 100.




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) Mean size Normalized mean Median size
Rubi 4.89 448.28 1. 366.5
Mathematica 31.21 148964. 433.67 31304.
Maple 6.5 6 6.46768 10 10008.7 6 1.82943 10
Maxima Round[Mean]], 0.01] | Round[Mean]], 0.01] | Round[Mean]], 0.01] | Round[Median][], O.
Fricas 16.64 5520.38 25.42 4434.5
Sympy Round[Mean]], 0.01] | Round[Mean][], 0.01] | Round[Mean(], 0.01] | Round[Median][], 0.
Giac Round[Mean]], 0.01] | Round[Mean[], 0.01] | Round[Mean([], 0.01] | Round[Median][], 0.
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {1}[2} {4} 5,6, (7,8} [L0}[11} [12}[15} [16}[17, 18} [19} 20} 21} [22} 23} [24} [26} [27} 28} 29}, [30)

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {1234} 5}(6} [7,[8 P} 10} 11} 12} 13} 14 15} [16} 17 [18} 19} |20} |21} 22} 23} 24} [25} [26} 27
[28,29,B0,B1,B2 }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {}
B grade: { }

gd{@@
29,1305 (315 (32

F grade: { }

2.1.3 Maple

A grade: {[17]18,19,[24]}
B grade: (1EBEHEBM LB HBEEEBHE)

15
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C grade: {[4}[9]}
F grade: { [16}[20}[21} [25,[26}[31}[32 }

2.1.4 Maxima

A grade: {
B grade: { }
C grade: { }

F grade: { [1[2,3}4} 5}[6} [7,/8, O} L0} L1} 12} [13} 14} [15} 16} 17} 18} [19} |20} 21} 22} [23} 24} 25 26 27
[28,[29}30} 31332}

21.5 FriCAS

A grade: {}
B grade: {[17[18}[19,[20,[22} 23] 24} [27] [28] 29} 30} [31},[32] }
C grade: { }

F grade: (2 B[4 5167 B0} 10 1T} 12,13} 14 [15|[16]}

2.1.6 Sympy

A grade: { }
B grade: { }
C grade: { }

F grade: { [1[2,3}4} 5}[6} [7,/8, O} L0} 11} 12} [13} 14} [15} 16} 17} 18} [19} |20} 21} 22} ]23} 24} 25 26 27
[28[29}[30} 31432}

2.1.7 Giac

A grade: { }
B grade: { }
C grade: { }

F grade: { {23} 5}[6} [7,/8, B} [L0} L1} 12} [13} 14} [15} 16} 17} 18} 19} 20} 21} 22} [23} P4} 25| 26 27
[28,29}30} 31332}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is

given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 547 547 416 9581948 0 0 0 0
normalized size | 1 1. 0.76 17517.3 0 0 0. 0.
time (sec) N/A 1.086 21.286 0.725 0 0 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 384 384 352 9581713 0 0 0 0
normalized size | 1 1. 0.92 249524 0 0 0. 0.
time (sec) N/A 0.715 21.18 0.054 0 0 0. 0.
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 294 294 253 9339148 0 0 0 0
normalized size | 1 1. 0.86 31765.8 0. 0. 0. 0.
time (sec) N/A 0.289 11.087 0.047 0. 0. 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 349 349 64621 49673 0 0 0 0
normalized size | 1 1. 185.16 142.33 0. 0. 0. 0.
time (sec) N/A 0.688 35.143 2.547 0. 0. 0. 0.




18

Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 501 501 134907 1829427 0 0 0 0
normalized size | 1 1. 269.28 3651.55 0. 0. 0. 0.
time (sec) N/A 0.817 38.893 20.576 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 976 976 4224 17768513 0 0 0 0
normalized size | 1 1. 4.33 18205.4 0. 0. 0. 0.
time (sec) N/A 24.312 37.536 0.157 0. 0. 0. 0.
Problem 7 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 747 747 411 17768080 0 0 0 0
normalized size | 1 1. 0.55 23785.9 0. 0. 0. 0.
time (sec) N/A 23.694 25.793 0.058 0. 0. 0. 0.
Problem 8 Optimal | Rubi Mathematica ~ Maple  Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 602 602 350 17767874 0 0 0 0
normalized size | 1 1. 0.58 29514.7 0. 0. 0. 0.
time (sec) N/A 23.182 22.86 0.052 0. 0. 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-2) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 570 570 278 249428 0 0 0 0
normalized size | 1 1. 0.49 437.59 0. 0. 0. 0.
time (sec) N/A 23.622 14.296 11.046 0. 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 691 691 465721 4237674 0 0 0 0
normalized size | 1 1. 673.98 6132.67 0. 0. 0. 0.
time (sec) N/A 23.712 47.529 75.419 0. 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica  Maple = Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1189 1189 5618 13068424 0 0 0 0
normalized size | 1 1. 4.72 10991.1 0. 0. 0. 0.
time (sec) N/A 6.289 38.635 0.173 0. 0. 0. 0.
Problem 12 Optimal | Rubi Mathematica ~ Maple  Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 865 865 737 13067692 0 0 0 0
normalized size | 1 1. 0.85 15107.2 0. 0. 0. 0.
time (sec) N/A 4.774 26.505 0.05 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica =~ Maple  Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 686 686 382 13067316 0 0 0 0
normalized size | 1 1. 0.56 19048.6 0. 0. 0. 0.
time (sec) N/A 4.598 25.823 0.042 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica ~ Maple = Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 635 635 375 13067191 0 0 0 0
normalized size | 1 1. 0.59 20578.3 0. 0. 0. 0.
time (sec) N/A 3.757 24.999 0.04 0. 0. 0. 0.
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Problem 15 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 749 749 558961 21243685 0 0 0 0
normalized size | 1 1. 746.28 28362.7 0. 0. 0. 0.
time (sec) N/A 4.476 48.84 50.648 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1008 1008 930953 0 0 0 0 0
normalized size | 1 1. 923.56 0. 0 0. 0. 0.
time (sec) N/A 4.851 53.202 180. 0 0. 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-1) B F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 182 182 179905 240 0 5068 0 0
normalized size | 1 1. 988.49 1.32 0. 27.85 0. 0.
time (sec) N/A 0.389 34.371 0.117 0. 15.313 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 141 141 64578 155 0 4124 0 0
normalized size | 1 1. 458. 1.1 0. 29.25 0. 0.
time (sec) N/A 0.214 44.198 0.064 0. 10.744 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 79 79 24736 102 0 1040 0 0
normalized size | 1 1. 313.11 1.29 0. 13.16 0. 0.
time (sec) N/A 0.116 33.926 0.057 0. 3.206 0. 0.
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 142 142 44361 0 0 2809 0 0
normalized size | 1 1. 312.4 0. 0. 19.78 0. 0.
time (sec) N/A 0.244 28.079 0.452 0. 10.337 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 249 249 37459 0 0 3499 0 0
normalized size | 1 1. 150.44 0. 0. 14.05 0. 0.
time (sec) N/A 0.319 31.471 0.44 0. 13.697 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 270 270 539292 684 0 7181 0 0
normalized size | 1 1. 1997.38 2.53 0. 26.6 0. 0.
time (sec) N/A 0.556 38.301 0.066 0. 35.1 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 209 209 412434 467 0 5638 0 0
normalized size | 1 1. 1973.37 2.23 0. 26.98 0. 0.
time (sec) N/A 0.341 36.588 0.064 0. 26.603 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 179 179 286262 289 0 4745 0 0
normalized size | 1 1. 1599.23 1.61 0. 26.51 0. 0.
time (sec) N/A 0.221 34.968 0.058 0. 18.359 0. 0.
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 203 203 253 0 0 6334 0 0
normalized size | 1 1. 1.25 0. 0. 31.2 0. 0.
time (sec) N/A 0.27 12.737 0.364 0. 5.864 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 435 435 215131 0 0 3164 0 0
normalized size | 1 1. 494.55 0. 0. 7.27 0. 0.
time (sec) N/A 0.537 34.847 0.408 0. 19.282 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 236 236 243520 828 0 13087 0 0
normalized size | 1 1. 1031.86 3.51 0. 55.45 0. 0.
time (sec) N/A 0.559 35.558 0.106 0. 27.281 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 160 160 25130 599 0 3829 0 0
normalized size | 1 1. 157.06 3.74 0. 23.93 0. 0.
time (sec) N/A 0.394 30.739 0.078 0. 5.383 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 153 153 25123 509 0 3752 0 0
normalized size | 1 1. 164.2 3.33 0. 24.52 0. 0.
time (sec) N/A 0.284 30.676 0.072 0. 5.231 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 156 156 25149 417 0 3856 0 0
normalized size | 1 1. 161.21 2.67 0. 24.72 0. 0.
time (sec) N/A 0.22 7.101 0.067 0. 5.319 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 280 280 181078 0 0 8915 0 0
normalized size | 1 1. 646.71 0. 0. 31.84 0. 0.
time (sec) N/A 0.383 35.101 0.351 0. 28.411 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 478 478 293889 0 0 11285 0 0
normalized size | 1 1. 614.83 0. 0. 23.61 0. 0.
time (sec) N/A 0.559 36.71 0.4 0. 36.049 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules .

: — is given. The larger this ratio is, the harder the
integrand size

integral was to solve. In this test, problem number [6] had the largest ratio of [ 0.4242 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized - d
integran f rul
# | grade steps unique antiderivative & _pumber of rules
leaf size integrand leaf size
used rules leaf size
1 A 15 10 1. 33 0.303

Continued on next page




Table 2.1 — continued from previous page

number of number of normalized integrand —
# | grade steps unique antideri\./ative leaf size togrand leaf size
used rules leaf size

2 A 11 8 1. 33 0.242
3 A 6 4 1. 31 0.129
4 A 10 7 1. 31 0.226
5 A 14 9 1. 33 0.273
6 A 21 14 1. 33 0.424
7 A 16 12 1. 33 0.364
8 A 10 9 1. 31 0.29
9 A 18 13 1. 31 0.419
10 A 21 14 1. 33 0.424
11 A 20 12 1. 33 0.364
12 A 14 11 1. 33 0.333
13 A 10 7 1. 33 0.212
14 A 7 5 1. 31 0.161
15 A 13 10 1. 31 0.323
16 A 18 12 1. 33 0.364
17, A 8 7 1. 35 0.2
18 A 7 6 1. 35 0.171
19 A 4 4 1. 33 0.121
20 A 8 5 1. 33 0.152
21 A 11 6 1. 35 0.171
22 A 9 8 1. 35 0.229
23 A 8 7 1. 35 0.2
24 A 8 7 1. 33 0.212
25 A 10 7 1. 33 0.212
26 A 22 9 1. 35 0.257
27 A 8 7 1. 35 0.2
28 A 6 6 1. 35 0.171
29 A 6 6 1. 35 0.171
30 A 6 6 1. 33 0.182
31 A 12 7 1. 33 0.212
32 A 16 8 1. 35 0.229
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Chapter 3

Listing of integrals

cot?(d+ex)

3.1 dx

\/a+b(xﬁ(d+ex)+ccotzﬁi+ex)

Optimal. Leaf size=547

—Va2-2ac+b2+c2+a+b cot(d+ex)—c

Va2 —2ac+ 2 + 2 + a -
\/E\/— a2—2uc+b2+c2+a—c\/a+b cot(d+ex)+c cot?(d-+ex)

\/—\/a2 —2ac+b>+c?2+a —ctanh_l(

V2eVa? - 2ac + b2 + 2

[Out] -((Sgrtl[a - ¢ - Sqrt[a”2 + b~2 - 2*a*c + c"2]]*ArcTanh[(a - ¢ - Sqrt[a™2 +
b~2 - 2%axc + c72] + bxCot[d + exx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b"2 -
2xaxc + c”2]]*Sqrt[a + b*Cot[d + exx] + c*Cot[d + e*xx]~2])])/(Sqrt[2]*Sqrt
[a”2 + D72 - 2%a*xc + c"2]*e)) + (Sqrtla - c + Sqrt[a”2 + b2 - 2*axc + c~2]
IxArcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2xa*c + c~2] + b*Cot[d + ex*x])/(Sqrt[2]
*Sqrtfa - ¢ + Sqrt[a™2 + b2 - 2*xaxc + c"2]]*Sqrt[a + b*Cot[d + e*x] + c*Co
t[d + e*xx]"2])])/(Sqrt[2]*#Sqrt[a”2 + b~2 - 2*a*c + c~2]*e) - (b*ArcTanh[(b
+ 2%c*xCot[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Cot[d + exx] + c*Cot[d + e*x]~2])
1)/ (2*%c™(3/2)*e) + (bx(5xb~2 - 12xa*c)*ArcTanh[(b + 2xc*Cot[d + ex*x])/(2%Sq
rt[c]*Sqrt[a + b*Cot[d + e*x] + c*xCot[d + exx]~2])])/(16%xc~(7/2)*e) + Sqrtl[
a + bxCot[d + exx] + cxCot[d + exx]~2]/(cxe) - (Cot[d + exx] 2*xSqrt[a + bxC
ot[d + exx] + cxCot[d + e*xx]"2])/(3*c*xe) - ((15%b~2 - 16xa*c - 10*b*c*Cot[d
+ exx])*Sqrt[a + b*Cot[d + e*xx] + c*Cot[d + exx]~2])/(24*c”3*e)

Rubi [A] time = 1.08568, antiderivative size = 547, normalized size of antiderivative =
number of rules

1., number of steps used = 15, number of rules used = 10, integrand size = 33, — :
integrand size

25
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= 0.303, Rules used = {3701, 6725, 640, 621, 206, 742, 779, 1036, 1030, 208}

~Va2-2ac+b2+c2+a+b cot(d+ex)—c
\/E\/—Va2—2a0+b2+cz+a—c\/a+b cot(d+ex)+c cotz(d+ex)
+
V2eVa2 - 2ac + b2 + 2

\/—\/a2—2ac+b2 +2+a-ctanh! \/\/az —2ac+b?2+c2+a-c

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]~5/Sqrtl[a + b*Cot[d + exx] + c*Cot[d + exx]~2],x]

[Out] -((Sqgrtla - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 +
b~2 - 2%axc + c”2] + b*Cot[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a”2 + b~2 -
2%axc + c~2]]*Sqrtla + b*Cot[d + e*x] + c*Cotl[d + e*x]~2]1)])/(Sqrt[2]*Sqrt
[a”2 + D72 - 2%a*xc + c"2]xe)) + (Sqrtla - ¢ + Sqrt[a”2 + b™2 - 2xa*c + c~2]
I*ArcTanh[(a - ¢ + Sqrt[a”™2 + b2 - 2%a*c + c~2] + b*Cot[d + ex*x])/(Sqrt[2]
xSqrt[a - ¢ + Sqrt[a™2 + b™2 - 2%a*xc + c"2]]*Sqrt[a + b*Cot[d + exx] + c*Co
tld + exx]"2])])/(Sqrt[2]*Sqrt[a”2 + b™2 - 2xa*c + c"2]*e) - (b*ArcTanh[(b
+ 2%c*xCot[d + ex*xx])/(2*%Sqrt[c]*Sqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])
1)/(2xc~(3/2)*e) + (b*(5*%b~2 - 12%axc)*ArcTanh[(b + 2*c*Cot[d + exx])/(2%Sq
rt[c]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + exx]~2])])/(16%c~(7/2)*e) + Sqrtl
a + b*Cot[d + e*xx] + c*Cot[d + exx]~2]/(c*e) - (Cot[d + e*xx] 2xSqrtl[a + b*C
ot[d + exx] + cxCotld + exx]~2])/(3%cxe) - ((15%b~2 - 16%a*xc - 10*b*c*Cot[d
+ exx])*Sqrt[a + b*Cot[d + exx] + c*xCot[d + e*xx]~2])/(24*c”3xe)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f D)) (n_.) + (c_.)*(cot[(d_.) + (e_.)*x(x )]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £f*Cot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol
1 :> Simp[(ex(a + b*x + c*x"2)"(p + 1))/ (2*cx(p + 1)), x] + Dist[(2%c*d - b
xe)/(2xc), Int[(a + b*x + c*xx~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, xl
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&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 742

Int[((d_.) + (e_D)*(x_)) " (m)*((a_.) + (b_)*(x_) + (c_)*x_D"2)"(p_), x_8S
ymbol] :> Simp[(ex(d + e*x)"(m - 1)*(a + b*x + c*xx"2)7(p + 1))/(cx(m + 2%p

+ 1)), x] + Dist[1/(cx(m + 2%p + 1)), Int[(d + e*x)"(m - 2)*Simp[c*d™2x(m +
2xp + 1) - ex(axex(m - 1) + bxdx(p + 1)) + ex(2xcxd - b*xe)*(m + p)*x, x]*(
a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b~2 -
dxaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”™2, 0] && NeQ[2*xcxd - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2*p + 1, 0] && IntQuad
raticQla, b, ¢, d, e, m, p, x]

Rule 779

Int[((d_.) + (e_.)*(x_))*((f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)72)"(p_), x_Symbol] :> -Simp[((bxexgkx(p + 2) - cx(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2) " (p + 1))/(2*%c™2%(p + 1)*(2*xp + 3)), x
] + Dist[(b™2%exgx(p + 2) - 2%akxcxe*xg + cx(2kxckxd*f - bkx(exf + dxg))*(2*xp +
3))/(2xc™2x(2*p + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, £, g, pr, x] && NeQ[b~2 - 4*a*xc, 0] && !'LeQ[p, -1]

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)*(x_)72]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*xe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + e*xx + fxx72]), x], x]] /; FreeQ[{a, ¢, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]
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Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + f*xx~2]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[axh™2*e + 2xgxh*(c*d - axf) - g~ 2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

Subst ( f (L dx, x, cot(d + ex))

COtS(d + ex) J 1+x2)\/a+bx+cx2
X =-
\Ja+beot(d + ex) + ccot’(d +ex) ¢
3

_ X X X d
B Subst (f( Vat+bx+cx® * Va+bx+ca? * (1+x2)\/u+bx+cx2) X COt(d * ex))
B e

X X3

) Subst (f T dx, x, cot(d + ex)) ) Subst (f — dx, x,cot(d +

e e

\/a +beot(d + ex) + ccot?(d + ex)  cot?(d + ex)\/a + bcot(d + ex) + cc

ce 3ce

\/u +beot(d + ex) + ccot?(d + ex)  cot?(d + ex)\/a + bcot(d + ex) + cc

ce 3ce

a—c—Va2+b2-2ac+c2+b cot(d+ex)

\/E\/a—c—\/a2+h2—2ac+c2\/a+b cot(d+ex)+c

V2Va2 + b2 - 2ac + c2e
a—c—Va2+b2-2ac+c2+b cot(d+ex)

\/E\/a—c—\/a2+b2—2ac+62\/a+b cot(d+ex)+c

V2Va2 + b2 - 2ac + c2e

\/a —c—Va2 + 2 —2ac+ 2tanh ™

\/a —c—Va2 + 2 —2ac+ 2tanh™
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Mathematica [C] time = 21.286, size = 416, normalized size = 0.76

\/a cos(2(d+ex))—a—b sin(2(d+ex))—c cos(2(d+ex))—c (1611c—15bz+32c2 5bcot(d+ex) Cscz(d+ex)) tan(d + ex)\/ﬂ +b COt(d + ex) +

+
cos(2(d+ex))-1 24c3 12¢2 3c
+

e
Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~5/Sqrtla + bxCot[d + exx] + c*xCot[d + exx]~2],x]

[Out] (((-15%xb~2 + 16%a*xc + 32xc~2)/(24%c”3) + (b*b*Cot[d + exx])/(12xc”2) - Cscl
d + exx]"2/(3*c))*Sqrt[(-a - ¢ + a*Cos[2x(d + exx)] - c*Cos[2*(d + e*x)] -
b*Sin[2+(d + e*x)]1)/(-1 + Cos[2x(d + exx)1)1)/e + ((((-8+I)*c~(7/2)*ArcTan[

(I*¥b + 2%c + ((2xI)*a + b)*Tan[d + exx])/(2xSqrtla - I*b - c]*Sqrtlc + Tan[

d + exx]*(b + a*Tan[d + e*xx])])])/Sqrtla - Ixb - c] + (8%c”(7/2)*ArcTanh[(b

+ (2%I)*c + (2xa + Ixb)*Tan[d + exx])/(2xSqrt[a + I*b - c]l*Sqrt[c + Tan[d

+ exx]*(b + axTan[d + exx])])])/Sqrtla + I*b - c] + bx(5%b™2 - 4xcx(3%a + 2
xc))*ArcTanh[(2%c + b*Tan[d + exx])/(2*Sqrt[c]*Sqrtlc + Tan[d + exx]*(b + a
xTan[d + exx])])])*Sqrt[a + b*Cot[d + exx] + cxCot[d + exx] 2]*Tan[d + exx]

)/ (16%c~(7/2)*exSqrt[c + Tan[d + e*x]*(b + a*Tan[d + ex*x])])

Maple [B] time = 0.725, size = 9581948, normalized size = 17517.3

output too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) 5/ (a+b*cot(e*xx+d)+ckcot (e*xx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~5/(atb*cot(exx+d)+c*xcot(e*xx+d)~2)~(1/2),x, algorithm="
maxima")
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[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (atb*cot(e*xx+d)+ckcot(exx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**5/(atb*cot (e*xx+d)+c*cot (e*xx+d)**2)**(1/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)° ;
X

\/ccot (ex+¢7l)2 +bcot(ex+d)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (atbxcot (exx+d)+c*cot(e*xx+d)~2)~(1/2),x, algorithm="

giac")

[Out] integrate(cot(exx + d)~5/sqrt(cxcot(exx + d)~2 + bxcot(e*x + d) + a), x)
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cot3(d+ex)

3.2 dx

\/ a+b cot(d+ex)+c cotz(d+ex)

Optimal. Leaf size=384

—Va2-2ac+b2+c2+a+b cot(d+ex)—c
\/E\/— a2—2uc+b2+c2+u—c\/u+b cot(d+ex)+c cot?(d-+ex)
V2eVa? - 2ac + b2 + 2

\/\/a2—2a0+b2+02+a—c

\/—\/a2 —2ac+b>+c2+a —ctanh_l[

[Out] (Sqrtla - ¢ - Sqrt[a™2 + b~2 - 2*axc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 + b~
2 - 2%axc + c”2] + b*Cot[d + e*xx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a”2 + b™2 - 2

xaxc + c¢"2]]*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(Sqrt[2]*Sqrt[a

T2 + b72 - 2%axc + c"2]xe) - (Sqrtl[a - ¢ + Sqrt[a”2 + b"2 - 2*axc + c"2]]*A
rcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2*%a*xc + c~2] + bxCot[d + exx])/(Sqrt[2]*Sq

rtla - ¢ + Sqrt[a™2 + b™2 - 2%a*xc + c~2]]*Sqrt[a + bxCot[d + exx] + cxCot[d

+ exx]72])])/(8Sqrt[2]1*Sqrt[a”2 + b~2 - 2*xaxc + c"2]*e) + (b*xArcTanh[(b + 2
xc*xCot [d + exx])/(2xSqrt[c]l*Sqrtla + b*Cot[d + exx] + c*Cot[d + exx]"2])])/
(2%c~(3/2)*e) - Sqrtl[a + bxCot[d + exx] + c*xCot[d + exx]~2]/(cxe)

Rubi [A] time = 0.714693, antiderivative size = 384, normalized size of antiderivative

. . ber of rul
1., number of steps used = 11, number of rules used = 8, integrand size = 33, e

0.242, Rules used = {3701, 6725, 640, 621, 206, 1036, 1030, 208}

integrand size

~Va2-2ac+b%+c2+a+b cot(d+ex)—c
\/E\/— a2—2ac+b2+c2+a—c\/u+b cot(d+ex)+c cot?(d-+ex)
V2eVa? - 2ac + b2 + 2

\/\/a2—2ac+b2+c2+a—c

\/—\/az —2ac+ b2 +c2+a—-ctanh ™

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx]~3/Sqrtl[a + bxCot[d + exx] + c*xCot[d + exx]~2],x]

[Out] (Sqrtla - ¢ - Sqrt[a™2 + b~2 - 2*axc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 + b~
2 - 2%axc + c”2] + bxCot[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b™2 - 2
*xaxc + c”2]]*Sqrtla + b*Cot[d + exx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*Sqrt[a
T2 + b72 - 2%axc + c"2]xe) - (Sqrtl[a - ¢ + Sqrt[a”2 + b"2 - 2*axc + c”2]]*A
rcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2%a*xc + c~2] + b*Cot[d + exx])/(Sqrt[2]*Sq
rtla - ¢ + Sqrt[a™2 + b~2 - 2%a*xc + c”2]]*Sqrt[a + b*Cot[d + e*x] + cxCotl[d
+ exx]72]1)]1)/(Sqrt [2]1*Sqrt[a”2 + b™2 - 2xaxc + c~2]*e) + (b*ArcTanh[(b + 2
xcxCot[d + exx])/(2+Sqrt[c]l*Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx]"2])])/
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(2%c™(3/2)*e) - Sqrtla + bxCot[d + exx] + cxCot[d + exx]~2]/(cxe)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]1*(
f )" (m_.) + (c_.)*(cot[(d_.) + (e_)*(x)I*(f_.))"(m2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*x(a + b*x™n + c*x~(2%n))"p)/(f72 + x72), x
1, x, £xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_)*x(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 > Simp[(ex(a + b*x + c*xx"2)7(p + 1))/ (2xc*x(p + 1)), x] + Dist[(2*%cxd - b
xe)/(2%c), Int[(a + b¥x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, p}, xIJ
&& NeQ[2*c*d - bxe, 0] && NeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]
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Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[axh™2*e + 2xgxh*(cxd - axf) - g~ 2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

x3
Subst (f m dx, X, COt(d + EX))

e

t3(d
cot’(d + ex) gy = —

\/a + beot(d + ex) + c cot®(d + ex)

X X
Subst (f(m - (sz)m) dx, x, cot(d + ex))

e

x X
_ _Subst (f W dx, x, cot(d + ex)) . Subst (f —(1+x2)m dx, x,
e e

1
2
\/a + beot(d + ex) + ccot*(d + ex) N bSubst (f W dx, x, cot(d

ce 2ce
1 b+2c «
b Subst f —— dx, x, —
\/ a + bcot(d + ex) + c cot?(d + ex) [ dc-x? la+b cot(d+
__ N a+bco
ce ce

a—c—Va?+b2-2ac+c2+b cot(d+ex)

\/Ex/a—c—\/a2+b2—2ac+c2‘la+b cot(d+ex)+c

\V2Va2 + b2 - 2ac + c2e

\/u—c— Va? +b2—2ac+c2tanh_1[

Mathematica [C] time = 21.1795, size = 352, normalized size = 0.92

32 tan-1 ( (b+2ia) tan(
Va-ib—cy/tan(d+e:
a cos(2(d+ex))—a—b sin(2(d+ex))—c cos(2(d+ex))—c tan(d + ex)\/a +b COt(d + ex) +c COtZ(d + ex) - - \/%
cos(2(d+ex))-1

ce 2c32¢4/t:
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Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~3/Sqrtl[a + bxCot[d + exx] + c*Cot[d + exx]~2],x]

[Out] -(Sqrtl(-a - c + a*Cos[2*x(d + exx)] - c*Cos[2*(d + e*x)] - b*Sin[2*(d + e*x
)1)/ (-1 + Cos[2%(d + e*xx)])]/(cxe)) - ((((-I)*c”(3/2)*ArcTan[(I*b + 2*c + (
(2%I)*a + b)*Tan[d + exx])/(2xSqrt[a - I*b - cl*Sqrtlc + Tan[d + exx]*(b +
axTan[d + e*xx])])])/Sqrtla - Ixb - c] + (c(3/2)*ArcTanh[(b + (2*I)*c + (2%

a + I*b)*Tan[d + ex*x])/(2*Sqrt[a + Ixb - cl*Sqrtl[c + Tan[d + exx]*(b + axTa
nld + e*x])]1)]1)/Sqrtla + I*b - c] - bxArcTanh[(2*c + b*Tan[d + e*x])/(2%Sqr
tlc]*Sqrtlc + Tan[d + e*x]*(b + a*Tan[d + e*x])])])*Sqrt[a + b*Cot[d + ex*x]

+ c*Cot[d + exx]~2]*Tan[d + ex*x])/(2%c”~(3/2)*exSqrtc + Tan[d + e*xx]*(b +
axTan[d + ex*x])])

Maple [B] time = 0.054, size = 9581713, normalized size = 24952.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) "3/ (a+b*cot (e*x+d)+c*xcot(exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + al)3 i

\/ccot (ex+cl)2 +bcot(ex+d)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atb*cot(e*xx+d)+ckcot(exx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] integrate(cot(e*x + d)~3/sqrt(c*cot(e*x + d)~2 + b*cot(exx + d) + a), x)
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atb*cot(e*xx+d)+c*xcot(exx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (d + ex)

dx
f \/a + beot (d + ex) + ccot? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(atb*cot (e*xx+d)+c*cot (exx+d)**2)**(1/2),x)

[Out] Integral(cot(d + exx)**3/sqrt(a + b*cot(d + e*x) + c*cot(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3/(atb*cot(e*xx+d)+ckxcot(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] Exception raised: TypeError
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33 f cot(d+ex) dx
\/a+b(xﬁ(d+ex)+ccotzai+ex)

Optimal. Leaf size=294

Va2-2ac+b2+c2+a+b cot(d+ex)—c
\/E\/\/ a2—2ac+b2+c2+a—c\/u+b cot(d+ex)+c cot?(d+ex)

\V2eVa? - 2ac + b2 + 2 V-

[Out] -((Sqgrtla - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 +

b~2 - 2%axc + c”2] + b*Cot[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a”2 + b™2 -
2xaxc + c~2]]xSqrt[a + b*Cot[d + exx] + c*Cot[d + e*xx]~2])])/(Sqrt[2]*Sqrt

[a”2 + D72 - 2*a*xc + c"2]*xe)) + (Sqrtla - ¢ + Sqrt[a”2 + b™2 - 2xa*c + c~2]
I*ArcTanh[(a - ¢ + Sqrt[a”2 + b2 - 2xa*xc + c¢”2] + b*Cot[d + exx])/(Sqrt[2]
xSqrt[a - ¢ + Sqrt[a™2 + b~2 - 2%a*xc + c"2]]*Sqrt[a + b*Cot[d + exx] + c*Co

tld + exx]~2])])/(Sqrt[2]*Sqrt[a™2 + b™2 - 2xa*xc + c~2]*e)

\/—\/aZ—Zac+b2+cz+a—cta

\/\/a2—2a0+b2 + 2 +a—ctanh_][

Rubi [A] time = 0.288611, antiderivative size = 294, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 31, e .

integrand size
0.129, Rules used = {3701, 1036, 1030, 208}

Va2-2ac+b2+c2+a+b cot(d+ex)—c
\/E\/V u2—2ac+b2+c2+a—c\/u+b cot(d+ex)+c cot?(d+ex)
\V2eVa? - 2ac + b2 + 2 V-

\/\/a2—2a0+b2 +2+a—ctanh™ Va2 —2ac + b2 + 2 +a—-cta

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]/Sqrtla + b*Cot[d + e*x] + c*Cot[d + exx]~2],x]

[Out] -((Sgrtla - ¢ - Sqrt[a”2 + b~2 - 2*a*c + c¢~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 +

b~2 - 2%axc + c¢”2] + b*Cot[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b™2 -
2xaxc + c~2]]*Sqrt[a + b*Cot[d + exx] + c*Cot[d + e*xx]~2])])/(Sqrt[2]*Sqrt

[a”2 + D72 - 2%a*xc + c"2]*e)) + (Sqrtla - c + Sqrt[a”™2 + b™2 - 2%axc + c~2]
I1*ArcTanh[(a - ¢ + Sqrt[a™2 + b~2 - 2*a*c + c~2] + b*Cot[d + ex*x])/(Sqrt[2]
xSqrtla - ¢ + Sqrt[a™2 + b~2 - 2%a*xc + c"2]]1*Sqrt[a + b*xCot[d + exx] + cxCo

tld + exx]~2])])/(Sqrt[2]*Sqrt[a”2 + b™2 - 2xa*xc + c”2]*e)

Rule 3701

Intlcot[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f D)) (m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(f_.))"(n2_.))"(p_), x_Symbol]
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:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £xCot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_)*x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x721], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*xh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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Subst (f W dx, X, COt(d + EX))

e

cot(d + ex) gy = —

\/a + beot(d + ex) + c cot®(d + ex)

—b+(a—c—\/m)x —b+(a—c+‘/a_2
Subst f RS e dx,x,cot(d + ex)| Subst f W

2Va2 + b2 — 2ac + c2e

(b(ﬂ—c—\/az+b2—2ac+c2))Subst[f !

—Zb(u—c—\/ a2+b2—2ac+c2)+bx2

2Va? -

dx, x, -

Va2 + b2 - 2ac + c2e

a—c—Va?2+b%2-2ac+c2+b cot(d+ex)

\/a—c— Va2 +b2—2ac+cztanh_l[

\/E\/u—c—\/a2+b2—2ac+c2\/u+b cot(d+ex)+c

\V2Va2 + b2 = 2ac + c2e

Mathematica [C] time = 11.0869, size = 253, normalized size = 0.86

tan(d + ex)+/a + b cot(d + ex) + ¢ cot>(d + ex) (Va —ib—ctanh™ ( (Gatih) tan(d+ex) +hiaic ) —iVa +ib - ctan

2V a+ib—cy/tan(d+ex)(a tan(d+ex)+b)+c

2eVa—ib—cVa+ib - c\/a tanz(d +ex) + btan(d + ex) + ¢

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]/Sqrt[a + bxCot[d + exx] + c*Cot[d + ex*x]~2],x]

[Out] (((-I)*Sqrtla + I*b - c]l*ArcTan[(I*b + 2*c + ((2xI)*a + b)*Tan[d + exx])/(2
xSqrt[a - I*b - c]*Sqrtlc + Tan[d + e*xx]*(b + a*Tan[d + e*x])])] + Sqrtla -

I¥b - cl*ArcTanh[(b + (2*I)*c + (2*a + I*b)*Tan[d + exx])/(2+Sqrtla + I*b

- c]*Sqrtlc + Tan[d + e*xx]*(b + a*Tan[d + e*x])])])*Sqrt[a + b*Cot[d + ex*x]

+ c*xCot[d + exx]~2]*Tan[d + exx])/(2+Sqrt[a - I*b - cl*Sqrtla + I*b - c]lxe
xSqrt[c + b*Tan[d + e*xx] + a*Tan[d + e*x]~2])

Maple [B] time = 0.047, size = 9339148, normalized size = 31765.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot (exx+d)/(a+b*cot (exx+d)+c*cot(exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*x+d)+c*cot (e*xx+d)~2)~(1/2),x, algorithm="ma

xima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*xx+d)+c*cot(e*xx+d)~2)~(1/2),x, algorithm="fr

icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot (d + ex)

dx
f Va +beot (d + ex) + ccot? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*xx+d)+c*cot (e*xx+d)**2)**(1/2),x)

[Out] Integral(cot(d + exx)/sqrt(a + bkxcot(d + e*x) + ckcot(d + e*x)*%*2), x)
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Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*x+d)+c*cot (e*xx+d)~2)~(1/2),x, algorithm="gi
ac”)

[Out] Exception raised: TypeError
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34 f tan(d+ex) dx
\/a+b(xﬁ(d+ex)+ccotzai+ex)

Optimal. Leaf size=349

—Va2-2ac+b2+c2+a+b cot(d+ex)—c
\/E\/—Vuz—Zuc+b2+c2+a—c\/a+b cot(d+ex)+c cot?(d+ex)
V2eVa2 — 2ac + b2 + 2

Va2 -2ac+ P2 +c2 +a—c

\/—\/a2—2ac+b2 +c2 +a—ctanh_1[

[Out] ArcTanh[(2*a + b*Cot[d + exx])/(2+Sqrt[al*Sqrt[a + b*Cot[d + e*x] + c*Cotl[d
+ exx]"2])]/(Sqrt[al*e) + (Sqrtla - ¢ - Sqrtl[a™2 + b~2 - 2*a*c + c~2]]*Arc
Tanh[(a - ¢ - Sqrt[a”2 + b~2 - 2xaxc + c~2] + b*Cot[d + ex*x])/(Sqrt[2]*Sqrt
[a - ¢ - Sqgrt[a™2 + b™2 - 2xa*xc + c~2]]*Sqrt[a + bxCot[d + exx] + cxCot[d +
exx]72]1)]1)/(Sqrt[2]*Sqrt[a”2 + b™2 - 2*axc + c”2]*e) - (Sqrtla - c + Sqrtl[
a”2 + b2 - 2%axc + c”2]]*ArcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2x%a*c + c72] +
bxCot[d + exx])/(Sqrt[2]*Sqrt[a - ¢ + Sqrt[a”™2 + b~2 - 2%a*xc + c"2]]*Sqrtla
+ bxCot[d + exx] + cxCotl[d + exx]~2])]1)/(Sqrt[2]*Sqrt[a™2 + b~2 - 2%a*xc +
c”2]xe)

Rubi [A] time = 0.687858, antiderivative size = 349, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 7, integrand size = 31, il LT

integrand size
0.226, Rules used = {3701, 6725, 724, 206, 1036, 1030, 208}

—Va2-2ac+b2+c2+a+b cot(d+ex)—c
\/E\/—Va2—2u6+b2+c2+a—c\/a+b cot(d+ex)+c cot?(d-+ex)
V2eVa? - 2ac + b2 + 2

\/—\/a2—2ac+b2+c2+a—ctanh_1 Va2 -2ac+ P2 +c2 +a—c

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]/Sqrtla + b*Cot[d + exx] + c*Cot[d + ex*x]~2],x]

[Out] ArcTanh[(2*a + b*Cot[d + ex*x])/(2%Sqrt[al*Sqrt[a + b*Cot[d + e*x] + cx*Cot[d
+ exx]"2])]/(Sqrt[alxe) + (Sqrtl[a - ¢ - Sqrt[a™2 + b"2 - 2*a*xc + c~2]]*Arc
Tanh[(a - ¢ - Sqrt[a”2 + b™2 - 2xaxc + c~2] + b*Cot[d + ex*x])/(Sqrt[2]*Sqrt
[a - ¢ - Sqrt[a™2 + b™2 - 2xa*xc + c"2]]*Sqrt[a + bxCot[d + exx] + cxCot[d +
exx]72])]1)/(Sqrt[2]*Sqrt[a”2 + b™2 - 2*axc + c”2]*e) - (Sqrtla - c + Sqrtl
a”2 + b72 - 2xa*xc + c"2]]*ArcTanh[(a - ¢ + Sqrt[a”2 + b™2 - 2*axc + c~2] +
bxCot [d + exx])/(Sqrt[2]*Sqrt[a - ¢ + Sqrt[a™2 + b~2 - 2*axc + c~2]]*Sqrtla
+ b*Cot[d + e*x] + cxCotl[d + e*xx]"2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2xaxc +
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c”2] *xe)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]1*(
f )" (m_.) + (c_.)*(cot[(d_.) + (e_)*(x)I*(f_.))"(m2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*x(a + b*x™n + c*x~(2%n))"p)/(f72 + x72), x
1, x, £xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2%c*d - b¥e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*cxd - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)*(x_)72]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*e”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + e*xx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx~2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
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{a, ¢, d, e, £, g, h}, x] && EqQla*h™2%e + 2*gxh*(c*d - axf) - g~2xc*e, 0]
Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
1
tan(d + ex) ) Subst (f W dx, x, COt(d + €X))
X =-
\/a + beot(d + ex) + c cot®(d + ex) ¢
1 X
) Subst (f(xm - (1+xz)m) dx, x, cot(d + ex))
e

X

_ _Subst (f e dx,x,cot(d+ex)) N ubs (f (1432) Vasbrrex? X
e e

~b+|a—c—Va2+l
2 Subst f 4%dx, X, 2a+hootidrer) Subst f (—
a-x \/u+bcot(d+ex)+ccot2(d+ex) (1+x2)\/a_+

e - 2Va? + |

tanh™! 2a+b cot(drex) (b (u —c—Va2 + b2 -2ac+ cz)) f
2\/5\/a+b cot(d+ex)+c cotz(d+ex)

+ae

tanh™! 20+bcot(d+en) \/ a—c—Va?+b?-2ac+ctan

2\/5\/a+b cot(d+ex)+c cotz(d+ex)
= +

Vae N3

Mathematica [C] time = 35.143, size = 64621, normalized size = 185.16

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]/Sqrt[a + b*Cot[d + e*x] + c*Cot[d + exx]~2],x]

[Out] Result too large to show
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Maple [C] time = 2.547, size = 49673, normalized size = 142.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d)/(a+b*cot (exx+d)+c*xcot (exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d) i

\/ccot (ex+d)2 +bcot(ex+d)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(at+b*cot (e*x+d)+c*cot (e*xx+d)~2)~(1/2),x, algorithm="ma
xima")

[Out] integrate(tan(exx + d)/sqrt(c*cot(e*xx + d)~2 + b*xcot(exx + d) + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(a+bxcot(e*x+d)+c*cot(e*xx+d)~2)~(1/2),x, algorithm="fr
icas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex)

dx
f\/a + beot (d + ex) + ccot? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*cot (e*xx+d)+c*cot (e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + e*x)/sqrt(a + bkxcot(d + e*x) + ckxcot(d + e*xx)*x2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)

dx

\/ccot (ex+cl)2 +bcot(ex+d)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*cot (e*x+d)+c*cot (e*xx+d)~2)~(1/2),x, algorithm="gi
aCII

[Out] integrate(tan(exx + d)/sqrt(c*cot(e*xx + d)~2 + b*xcot(exx + d) + a), x)
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tan®(d+ex)

3.5 dx

\/a+b(xﬁ(d+ex)+ccot2@i+ex)

Optimal. Leaf size=501

—Va2-2ac+b2+c2+a+b cot(d+ex)—c
\/5\/—Va2—2ac+b2+cz+a—c\/u+b cot(d+ex)+c Cotz(d+ex)
+
V2eVa? = 2ac + b2 + 2

\/\/aZ—Zac+b2+CZ+a—c

\/—\/az —2ac+b2+c2+a —ctanh_l(

[Out] -(ArcTanh[(2*a + b*Cot[d + ex*x])/(2*Sqrt[a]*Sqrtla + b*Cot[d + e*xx] + c*Cot
[d + exx]"2])]1/(Sqrt[al*e)) + ((3*b~2 - 4xaxc)*ArcTanh[(2*a + b*Cot[d + e*x
1)/ (2*%Sqrt[a]*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(8%a~(5/2)x*e)
- (Sqrtla - ¢ - Sqrt[a”™2 + b™2 - 2*axc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a™2 +
b~2 - 2%axc + c”2] + b*Cot[d + e*xx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a”2 + b~2 -
2%axc + c¢"2]]xSqrt[a + b*Cot[d + e*x] + c*Cot[d + exx]~2])])/(Sqrt[2]*Sqrt
[a”2 + b™2 - 2%axc + c"2]*e) + (Sqrtla - ¢ + Sqrt[a”™2 + b~2 - 2%xa*xc + c~2]]
xArcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2x%a*c + c¢~2] + b*Cot[d + ex*xx])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a”™2 + b2 - 2*axc + c~2]]*Sqrt[a + b*Cot[d + e*xx] + c*Cot
[d + exx]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2xa*xc + c"2]*e) - (3*b*Sqrtla + b
*Cot[d + exx] + cxCot[d + exx] 2]*Tan[d + exx])/(4*a"2*xe) + (Sqrt[a + b*Cot
[d + exx] + c*Cot[d + e*x]"2]*Tan[d + e*x]~2)/(2*axe)

Rubi [A] time = 0.816633, antiderivative size = 501, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 9, integrand size = 33, number of rules _

0.273, Rules used = {3701, 6725, 744, 806, 724, 206, 1036, 1030, 208}

integrand size

—Va2-2ac+b2+c2+a+b cot(d+ex)—c

\/E\/— a2—2ac+b2+c2+u—c\/a+b cot(d+ex)+c cot?(d+ex)
V2eVa? - 2ac + b2 + 2

\/\/a2—2a0+b2+c2+a—c

\/—\/az —2ac+ b2 +c2+a—-ctanh ™

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]~3/Sqrtl[a + b*Cot[d + exx] + c*Cot[d + exx]~2],x]

[Out] -(ArcTanh[(2*a + b*Cot[d + exx])/(2xSqrt[a]*Sqrt[a + bxCot[d + exx] + c*Cot
[d + exx]~2])]1/(Sqrtlal*e)) + ((3*b~2 - 4xaxc)*ArcTanh[(2*a + b*Cot[d + ex*x

1)/ (2*xSqrt[a] *Sqrt[a + bxCot[d + exx] + c*xCot[d + exx]~2])])/(8xa~(5/2)*e)

- (Sqgrtla - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c"2]]*ArcTanh[(a - ¢ - Sqrt[a”2 +

b~2 - 2%axc + c¢”2] + b*Cot[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b™2 -
2*%a*xc + c¢"2]]1*Sqrt[a + b*Cot[d + exx] + c*Cot[d + exx]72])])/(Sqrt[2]*Sqrt
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[a”2 + b™2 - 2%axc + c"2]*e) + (Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2*a*c + c~2]]
xArcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2x%a*c + c¢~2] + b*Cot[d + ex*xx])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a”™2 + b2 - 2*axc + c”2]]xSqrt[a + b*Cot[d + e*xx] + c*Cot
[d + exx]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2%a*xc + c"2]*e) - (3*b*Sqrtla + b
*Cot[d + exx] + cxCot[d + exx] 2]*Tan[d + exx])/(4*a"2*xe) + (Sqrt[a + b*Cot
[d + exx] + cxCot[d + exx] 2]*Tan[d + e*x]~2)/(2%axe)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f D)) (a_.) + (c_)*(cot[(d_.) + (e_)*(x )]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + bxx"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 744

Int[((d_.) + (e_)*(x_)) " (m)*((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[(ex(d + exx)~(m + 1)*(a + b*x + cxx"2)"(p + 1))/((m + 1)*(cx
d"2 - bxd*xe + a*xe”2)), x] + Dist[1/((m + 1)*(c*d"2 - bxd*xe + a*xe~2)), Int[(
d + exx)"(m + 1)*Simp[c*d*(m + 1) - bxex(m + p + 2) - ckex(m + 2%p + 3)*x,
x]*(a + bxx + c*x72)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b~
2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe, 0] && Ne
Qlm, -1] && ((LtQ[m, -1] && IntQuadraticQ[a, b, c, d, e, m, p, x]) || (SumS
implerQ[m, 1] && IntegerQ[pl) || ILtQ[Simplify[m + 2*p + 3], 0])

Rule 806

Int[((d_.) + (e_.)*x(x_)) " (m_)*x((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_O*(x_)72)"(p_.), x_Symbol] :> -Simp[((e*f - d*xg)*(d + e*xx)"(m + 1)*(a + b
*x + c*xx”2) 7 (p + 1))/ (2x(p + 1)*(c*d”2 - bxd*e + a*e”2)), x] - Dist[(b*(exf
+ d*g) - 2x(ckxd*f + axexg))/(2x(c*d”2 - bkxdxe + a*e”2)), Int[(d + exx) " (m
+ 1)*x(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] &
& NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify([m +
2xp + 3], 0]

Rule 724
Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)x(x_) + (c_.)*(x_)"2]), x_Sym
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bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xbxd*e + 4xaxe”™2 - x72), x], x, (2
*xaxe — bxd - (2*cxd - bk*e)*x)/Sqrt[a + bxx + c*x"2]]1, x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*cxe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(a*h*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*xx"2)*Sqrt[d + e*x + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl[(d_.) + (e_.)*(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQlaxh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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1

Subst (f W dx, x, COt(d + EX))

tan®(d + ex)
dx = -

\/a + beot(d + ex) + c cot?(d + ex) ¢
1 1 x |
Subst - + dx, x, cot(d +
_ s (f(x3\/a+bx+cx2 xVa+bx+cx2 (1+x2)\/a+bx+cx2) X X, €O ( eX)/
B e
Subst (f 1 dx, x, cot(d + ex)) Subst (f __r dx, x, co
- _ 23Va+bx+cx? + xVa+bx+cx?
e e
5 ) 2 Subst f ! 5 dx, x
\/a + b cot(d + ex) + ccot“(d + ex) tan“(d + ex) da—x
B 2ae -
tanh_l 2a+b cot(d+ex) -
2\/5\/a+b cot(d+ex)+c cot?(d+ex) 3b\/‘1 +b COt(d + ex) + ccot (d

\ae 4a2e

tanh ™ 20+b cot(d+ex) \/ a—c—Va? + 12 -2ac+2ta
2\/5\/11+b cot(d+ex)+c cotz(d+ex)

N v

tanh_l 2a+b cot(d+ex) (3b2 _ 4[1C) tanh_l 2a+b
2\/5\/a+b cot(d+ex)+c cotz(d+ex) 2+/a+Ja+b cot(
= - +
Vae 8ad2¢

Mathematica [C] time = 38.8927, size = 134907, normalized size = 269.28

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]~3/Sqrtl[a + bxCot[d + exx] + c*xCot[d + exx]~2],x]

[Out] Result too large to show

Maple [B] time = 20.576, size = 1829427, normalized size = 3651.6

output too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "3/ (a+b*cot (e*x+d)+c*cot (exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*cot(e*xx+d)+c*cot(exx+d)~2)~(1/2),x, algorithm="

maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*cot(e*xx+d)+c*xcot(e*xx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)

dx
f\/a + beot (d + ex) + ¢ cot? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(atb*cot (e*xx+d)+c*cot (e*xx+d)**2)**(1/2),x)
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[Out] Integral(tan(d + exx)**3/sqrt(a + bxcot(d + e*xx) + ckcot(d + e*xx)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)° ;
X

\/ccot (ex+d)2 +bcot(ex+d)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 3/ (atb*cot(e*xx+d)+c*cot(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] integrate(tan(e*xx + d)~3/sqrt(cxcot(e*xx + d)~2 + b*cot(exx + d) + a), x)
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3.6 fcotS(d+ex)\/a + bcot(d + ex) + c cot*(d + ex) dx

Optimal. Leaf size=976

(c cot?(d + ex) + b cot(d + ex) + a)3/2 cot?(d + ex) (35b2 —42c cot(d + ex)b — 32uc) (c cot?(d + ex) + b cot(d + ex) -

5ce 240c3e

[Out] -((Sgrt[a™2 + b™2 + c*(c + Sqrt[a”™2 + b2 - 2*a*c + c~2]) - a*x(2*c + Sqrt[a
"2 + b"2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c¢72]) - bxSqrt[a”2 + b~2 - 2%axc + c"2]*Cot[d + exx])/(Sqrt[2]*(a~2
+ b2 - 2%axc + ¢c72)7(1/4)*Sqrt[a”2 + b"2 + c*x(c + Sqrt[a”2 + b~2 - 2%axc +
c™2]) - ax(2xc + Sqrt[a™2 + b~2 - 2*axc + c~2])]*Sqrt[a + bxCot[d + exx] +
cxCot[d + exx]72])])/(Sqrt[2]*(a”2 + b2 - 2*a*c + c~2)7(1/4)*e)) - (b*Arc
Tanh[(b + 2*cxCot[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Cot[d + exx] + c*Cot[d +
exx]~2])])/(2xSqrt[cl*e) + (b*x(b~2 - 4*axc)*ArcTanh[(b + 2*c*Cot[d + ex*xx])/
(2%Sqrt [c]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2])])/(16*xc”~(5/2)*e) -
(bx(7*b~2 - 12xa*xc)*(b~2 - 4xaxc)*ArcTanh[(b + 2xc*Cot[d + ex*x])/(2*Sqrt[c]
*xSqrt[a + b*Cot[d + exx] + c*Cot[d + e*x]~2])])/(2566%c~(9/2)*e) + (Sqrt[a~2
+ b72 + cx(c - Sqrt[a”™2 + b72 - 2*a*xc + ¢c72]) - ax(2xc - Sqrt[a”2 + b2 -
2xaxc + c”2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2%a*c + c72
1) + b*Sqrt[a”2 + b™2 - 2*axc + c”2]*Cot[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2%
axc + ¢c72)7(1/4)*Sqrt[a”2 + b™2 + c*x(c - Sqrt[a™2 + b2 - 2*%axc + c72]) - a
*x(2%xc - Sqrt[a”2 + b72 - 2%a*xc + c~2])]xSqrt[a + b*Cot[d + e*x] + c*xCot[d +
exx]72])1)/(Sqrt[2]*(a”2 + ™2 - 2%a*xc + c~2)"(1/4)*e) - Sqrt[a + b*Cot[d
+ exx] + cxCot[d + exx]"2]/e - (b*(b + 2xc*Cot[d + e*x])*Sqrt[a + bxCot[d +
exx] + cxCot[d + exx]~2])/(8*c™2%e) + (b*x(7*b~2 - 12*a*xc)*(b + 2*c*Cot[d +
exx])*Sqrt[a + b*Cot[d + exx] + cxCot[d + exx]~2])/(128*c”~4xe) + (a + b*Co
tld + e*xx] + c*Cotl[d + e*x]72)7(3/2)/(3*c*xe) - (Cot[d + e*x] 2x(a + bxCot[d
+ exx] + cxCot[d + exx]~2)7(3/2))/(5xc*xe) - ((35%b~2 - 32%axc - 42xbkc*Cot
[d + e*xx])*(a + bxCot[d + exx] + c*Cot[d + e*x]~2)7(3/2))/(240%c™3*e)

Rubi [A] time = 24.3123, antiderivative size = 976, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 21, number of rules used = 14, integrand size = 33, il
integrand size

= (0.424, Rules used = {3701, 6725, 640, 612, 621, 206, 742, 779, 1021, 1078, 1036, 1030, 208,
205}

32
(c cot?(d + ex) + b cot(d + ex) + a) ; cot?(d + ex) (35172 —42c cot(d + ex)b — 32ac) (c cot?(d + ex) + b cot(d + ex) -

5ce 240c3e
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Antiderivative was successfully verified.

[In] Int[Cot[d + exx] 6xSqrtl[a + bxCot[d + exx] + c*xCot[d + exx]~2],x]

[Out] -((Sgrt[a™2 + b™2 + c*(c + Sqrt[a”™2 + b2 - 2%a*xc + c72]) - a*x(2*c + Sqrtla
"2 + b"2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c¢72]) - bxSqrt[a”2 + b~2 - 2*xaxc + c”2]*Cot[d + exx])/(Sqrt[2]*(a"2
+ b2 - 2%axc + ¢c72)7(1/4)*Sqrt[a”2 + b"2 + c*x(c + Sqrt[a”™2 + b~2 - 2%axc +
c™2]) - ax(2%c + Sqrt[a”2 + b~2 - 2%axc + c72])]*Sqrt[a + bxCot[d + exx] +
cxCot[d + exx]"2]1)])/(Sqrt[2]*(a”2 + b™2 - 2xaxc + c~2)"(1/4)*e)) - (b*Arc
Tanh[(b + 2xcxCot[d + exx])/(2+Sqrt[cl*Sqrt[a + b*Cot[d + e*x] + c*Cot[d +
exx]~2])])/(2*%Sqrtcl*e) + (b*(b~2 - 4*axc)*ArcTanh[(b + 2*c*Cot[d + ex*x])/
(2%Sqrt [c]*Sqrt[a + b*Cot[d + e*xx] + c*Cot[d + exx]~2])])/(16*xc”™(5/2)*e) -
(b*x(7%b~2 - 12%axc)*(b~2 - 4*axc)*ArcTanh[(b + 2*c*Cot[d + ex*xx])/(2*Sqrt[c]
xSqrt[a + b*Cot[d + exx] + c*Cotl[d + e*x]~2])])/(266%c~(9/2)*e) + (Sqrtl[a~2
+ b72 + cx(c - Sqrt[a™2 + b™2 - 2*%axc + c¢72]) - ax(2xc - Sqrt[a”2 + b"2 -
2xa*xc + c”2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2%axc + c”2
1) + b*Sqrt[a”2 + b™2 - 2*axc + c”2]*Cot[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2%
axc + ¢c72)7(1/4)*Sqrt[a”2 + b™2 + c*(c - Sqrt[a™2 + b™2 - 2%a*xc + c¢72]) - a
x(2xc - Sqrt[a™2 + b72 - 2xa*xc + c~2])]*Sqrt[a + b*Cot[d + e*xx] + c*Cot[d +
exx]721)1)/(Sqrt[2]1*(a”2 + b~2 - 2*a*xc + c"2)"(1/4)*e) - Sqrt[a + b*Cot[d
+ exx] + c*xCot[d + exx]"2]/e - (b*x(b + 2xc*Cot[d + e*x])*Sqrtl[a + bxCot[d +
exx] + c*Cotl[d + e*x]72])/(8*c™2%e) + (bx(7xb~2 - 12%axc)*(b + 2*cxCot[d +
exx])*Sqrt[a + b*xCot[d + exx] + cxCot[d + exx]~2])/(128*c"4xe) + (a + b*Co
tld + exx] + cxCot[d + exx]~2)7(3/2)/(3*cxe) - (Cot[d + exx]~2*(a + b*Cot[d
+ exx] + cxCot[d + exx]"2)7(3/2))/(6*cxe) - ((35%b~2 - 32%a*xc - 42xb*c*Cot
[d + exx])*(a + b*Cot[d + e*x] + cxCotl[d + exx]72)7(3/2))/(240%c”3*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f D)) (a_.) + (c_)*(cot[(d_.) + (e_)*(x )]1*(£f_.))"(n2_.))"(p_), x_Symbol]

:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640
Int[((d_.) + (e_)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol
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1 :> Simp[(ex(a + b*x + c*x”2)"(p + 1))/(2xcx(p + 1)), x] + Dist[(2%c*d - b
*e)/(2*c), Intl[(a + b*x + c*x72)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 612

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*cx(2
*p + 1)), Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4%c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx"2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 742

Int[((d_.) + (e_)*(x D))" (m)*x((a_.) + (b_)*(x) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[(ex(d + exx)~(m - 1)*(a + b*x + c*xx"2)7(p + 1))/(cx(m + 2%*p

+ 1)), x] + Dist[1/(c*x(m + 2%p + 1)), Int[(d + e*xx)"(m - 2)*Simp[c*d~2*(m +
2xp + 1) - ex(axex(m - 1) + bxdx(p + 1)) + ex(2xcxd - b*xe)*(m + p)*x, x]*(
a + bxx + c*x72)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b~2 -

4dxaxc, 0] && NeQ[c*d™2 - bkxd*xe + axe™2, 0] && NeQ[2*c*d - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2*p + 1, 0] &% IntQuad
raticQla, b, ¢, d, e, m, p, x]

Rule 779

Int[((d_.) + (e_.)*(x_))*((f_.) + (g_)*x(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)72)7(p_), x_Symbol] :> -Simp[((bxexg*(p + 2) - c*x(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2)"(p + 1))/(2*%c™2*(p + 1)*(2*xp + 3)), x
] + Dist[(b™2%e*xgx(p + 2) - 2%akxckxe*xg + cx(2xckxd*f - bkx(exf + dxg))*(2xp +
3))/(2%c™2x(2%p + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d
, e, £, g, p}, x] && NeQ[b~2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 1021
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Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(xx_)"2)"(p_)*((d_) + (£
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + b*xx + c*x72
)7 (p - Dx(d + £xx72) "g*Simp [h*xpx(bxd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(—2xgxf)*x(p + q + 1)) *x + (h*p*(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x72, x1, x], x] /; FreeQ[{a, b, ¢, d, £, g, h, g}, x] && NeQ[b~2 - 4x*a
xc, 0] && GtQ[p, O] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +
(e_)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + exx
+ £xx72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(c*xd - a*f + q) + (hx(cxd - axf - q) - gkxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx"2, x], x], x, Simp[axh - gkxcxx, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[axh™2*e + 2xgxh*(cxd - axf) - g~ 2xcxe, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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Subst ( f ;c’v';:%cﬂ dx, x, cot(d + ex))
fcotS(d + ex)\/a + beot(d + ex) + ccot?(d + ex) dx = — .
Subst (f (—x\/a +bx +cx? + x3Va + bx + cx? + %)
- e
Subst (f xVa + bx + cx? dx, x, cot(d + ex)) Subst (f 3Va

e

\/u + beot(d + ex) + c cot?(d + ex) (a + bcot(d + ex) + cc
+

e 3ce

\/a +beot(d + ex) + ccot®(d +ex)  b(b + 2ccot(d + ex))\[

e

\/a +beot(d + ex) + ccot®(d +ex)  b(b + 2ccot(d + ex))\[

e

btanh™ b2ccoudten b (b2 - 4ac) tanh ™
2\/2\/u+b cot(d+ex)+c cot?(d+ex)

2+/ce
\/a2+b2+c(c+ a2+b2—2ac+cz)—a(2c+\/a2+b2—i

Mathematica [C] time = 37.5363, size = 4224, normalized size = 4.33

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx] 5*Sqrtl[a + bxCot[d + exx] + c*xCot[d + exx]~2],x]

[Out] ((-(-105%b~4 + 460*a*xb™2xc - 256%a”2*c”2 + 296%b"2*%c~2 - 768*a*xc™3 + 2944xc
~4)/(1920*%c"4) + ((-35*b~3*Cos[d + e*x] + 116*axbxc*Cos[d + exx] + 104*b*c”
2xCos[d + exx])*Csc[d + e*x])/(960%c~3) + ((7*¥b~2 - 16*axc + 176*c”2)*Cscld
+ exx]72)/(240*c”™2) - (b*Cot[d + exx]*Cscl[d + exx]~2)/(40%c) - Cscld + e*x
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174/5)*Sqrt[(-a - ¢ + a*Cos[2*(d + exx)] - c*Cos[2*(d + exx)] - b*Sin[2x*(d
+ exx)]) /(-1 + Cos[2%(d + exx)])])/e + (Sqrt[a + bxCot[d + exx] + cxCot[d +
exx] "2] % (b* (7*¥b~4 - 8*b~2%cx(5*a + 2%c) + 16*%c™2+(3*xa”~2 + 4xaxc + 8*c™2))*
Log[Tan[d + exx]] - 128xSqrt[a - Ix*b - cl*c~(9/2)*Log[(-2*c - (2*I)*axTan[d
+ exx] - bx(I + Tan[d + exx]) + (2*I)*Sqrtla - I*b - cl*Sqrtlc + Tan[d + e
xx]*(b + a*Tan[d + e*x])])/(128*%(a - Ixb - c)~(3/2)*c™4*(-I + Tan[d + ex*x])
)] - bx(7*b~4 - 8*b~2*ckx(5xa + 2xc) + 16%c™2*(3*%a”2 + 4xa*xc + 8*%c”2))*Logl[2
xc + bxTan[d + exx] + 2xSqrt[c]l*Sqrtlc + Tan[d + exx]*(b + a*Tan[d + ex*xx])]
] + 128xSqrt[a + I*b - cl*c™(9/2)*Log[(2xc + b*x(-I + Tan[d + exx]) - (2*I)x
(axTan[d + exx] + Sqrt[a + I*b - cl*Sqrtl[c + Tan[d + exx]*(b + a*Tan[d + ex
x]1)1))/(128x(a + Ixb - c)~(3/2)*c™4x(I + Tan[d + exx]))])*((7*b~5*xSqrt[-(a/
(-1 + Cos[2*(d + e*x)])) - c/(-1 + Cos[2*(d + ex*x)]) + (a*Cos[2*(d + ex*x)])
/(=1 + Cos[2*(d + e*xx)]) - (cxCos[2*(d + e*x)])/(-1 + Cos[2x(d + ex*x)]) - (
b*Sin[2*x(d + e*x)])/(-1 + Cos[2*(d + exx)])])/(128+*c"4*(a + ¢ - a*xCos[2*(d
+ exx)] + c*Cos[2+(d + e*x)] + bxSin[2*(d + exx)])) - (5*xa*b~3*Sqrt[-(a/(-1
+ Cos[2x(d + e*x)])) - c/(-1 + Cos[2%(d + exx)]) + (axCos[2*(d + exx)])/(-
1 + Cos[2x(d + exx)]) - (c*Cos[2x(d + e*xx)])/(-1 + Cos[2*(d + e*x)]) - (bx*S
in[2*%(d + exx)])/ (-1 + Cos[2*(d + exx)])])/(16%c"3*(a + ¢ - a*Cos[2*x(d + e*
x)] + c*Cos[2*%(d + e*x)] + bxSin[2x(d + exx)])) + (3*a~2*b*Sqrt[-(a/(-1 + C
os[2%(d + e*x)])) - c¢/(-1 + Cos[2+(d + e*x)]) + (a*Cos[2*(d + e*x)])/(-1 +
Cos[2*(d + exx)]) - (c*Cos[2*%(d + ex*x)])/(-1 + Cos[2*%(d + e*x)]) - (b*Sin[2
*(d + exx)]) /(-1 + Cos[2%(d + e*x)])])/(8*%c”2*%(a + c - a*xCos[2*(d + exx)] +
cxCos[2x(d + exx)] + b*Sin[2*(d + exx)])) - (b73*Sqrt[-(a/(-1 + Cos[2x(d +
exx)])) - c/(-1 + Cos[2x(d + exx)]) + (ax*Cos[2*(d + exx)])/(-1 + Cos[2*(d
+ exx)]) - (c*xCos[2*x(d + e*x)])/(-1 + Cos[2*(d + exx)]) - (b*Sin[2*(d + ex*x
)1)/(-1 + Cos[2x(d + e*x)])])/(8*c™2x(a + c - a*Cos[2*(d + exx)] + c*Cos[2%
(d + exx)] + bxSin[2x(d + e*x)])) + (axbxSqrt[-(a/(-1 + Cos[2*(d + ex*x)]))
- c¢/(-1 + Cos[2*(d + exx)]) + (ax*Cos[2x(d + ex*x)])/(-1 + Cos[2x(d + ex*x)])
- (c*Cos[2*%(d + exx)])/(-1 + Cos[2%(d + e*x)]) - (b*Sin[2*x(d + e*x)])/(-1 +
Cos[2x(d + exx)])])/(2*xcx(a + ¢ - a*Cos[2*(d + exx)] + c*xCos[2*(d + e*x)]
+ bxSin[2*%(d + e*xx)])) + (b*Cos[2x(d + exx)]*Sqrt[-(a/(-1 + Cos[2*(d + e*x)
1)) - ¢/(-1 + Cos[2*(d + exx)]) + (a*xCos[2x(d + e*x)])/ (-1 + Cos[2*(d + exx
)1) = (c*Cos[2x(d + e*x)])/ (-1 + Cos[2+(d + e*x)]) - (b*Sin[2*(d + exx)])/(
-1 + Cos[2*(d + exx)])])/(a + ¢ - a*Cos[2*(d + exx)] + c*xCos[2*(d + ex*x)] +
b*Sin[2*(d + e*x)]) + (a*xSin[2*(d + exx)]*Sqrt[-(a/(-1 + Cos[2*(d + e*x)])
) — c/(-1 + Cos[2%(d + e*xx)]) + (a*xCos[2*%(d + e*x)])/(-1 + Cos[2*(d + exx)]
) = (c*Cos[2*(d + exx)])/(-1 + Cos[2*(d + e*x)]) - (b*Sin[2*(d + exx)])/(-1
+ Cos[2x(d + exx)])])/(a + ¢ - a*Cos[2*(d + e*x)] + cxCos[2%(d + exx)] + b
*Sin[2%(d + exx)]) - (cxSin[2+(d + exx)]*Sqrt[-(a/(-1 + Cos[2*(d + ex*x)]))
- ¢/(-1 + Cos[2*(d + exx)]) + (a*Cos[2*(d + e*x)])/(-1 + Cos[2*x(d + ex*x)])
- (c*Cos[2*(d + ex*x)])/(-1 + Cos[2*(d + e*x)]) - (b*Sin[2*(d + e*x)])/(-1 +
Cos[2*(d + exx)])])/(a + ¢ - a*xCos[2*(d + exx)] + c*Cos[2*%(d + e*x)] + b*S
in[2%(d + e*x)]))*Tan[d + e*xx])/(256%c™(9/2)*exSqrt[c + Tan[d + e*x]*(b + a
xTan[d + exx])]*(-(Sqrt[a + bxCot[d + exx] + cxCot[d + exx] 2]*(b*x(7*¥b"4 -
8xb~2kxcx(b*a + 2%c) + 16%c”2x(3%a”2 + 4*axc + 8xc”2))*Log[Tan[d + exx]] - 1
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28*Sqrt[a - Ixb - cl*c™(9/2)*Logl[(-2xc - (2xI)*a*Tan[d + e*x] - b*(I + Tan[
d + exx]) + (2xI)xSqrt[a - I*b - cl*Sqrtlc + Tan[d + e*xx]*(b + a*Tan[d + ex
x]1)1)/(128%(a - I*b - c)~(3/2)*c™4*(-I + Tan[d + e*x]))] - b*(7*b"4 - 8xb~2
xck(b*a + 2%c) + 16%c”2x(3xa”2 + 4*axc + 8+c”2))*Log[2*c + b*Tan[d + e*xx] +
2x3qrt [c]*Sqrt[c + Tan[d + e*xx]*(b + a*Tan[d + e*x])]] + 128*Sqrt[a + Ixb
- c]*c”7(9/2)*Log[(2%c + b*(-I + Tan[d + e*x]) - (2*%I)*(axTan[d + e*x] + Sqr
tla + Ixb - cl*Sqrtlc + Tan[d + exx]*(b + axTan[d + exx])]))/(128x(a + Ix*Db
- ¢)7(3/2)*c”4*x(I + Tan[d + exx]))])*Tan[d + exx]*(a*Sec[d + exx] 2*Tan[d +
exx] + Sec[d + exx] 2x(b + a*Tan[d + e*x])))/(512%c~(9/2)*(c + Tan[d + ex*x
1*(b + axTan[d + exx]))~(3/2)) + (Sqrtl[a + b*Cot[d + e*xx] + c*Cot[d + exx]~
2] *x(b*(7*¥b~4 - 8*b~2kxck(b*a + 2%c) + 16%c™2x(3*%a”2 + 4*axc + 8*c~2))*Log[Ta
nld + exx]] - 128+Sqrt[a - I*b - cl*c™(9/2)*Log[(-2*c - (2*I)*a*Tan[d + e*x
] - bx(I + Tan[d + exx]) + (2*I)*Sqrtla - I*b - c]x*Sqrtl[c + Tan[d + e*xx]*(b
+ axTan[d + e*x])])/(128x(a - I*b - ¢c)~(3/2)*c”4*(-I + Tan[d + e*x]))] - Db
*x(7xb~4 - 8*b~2*c*x(5xa + 2xc) + 16*%c™2*(3*%a”2 + 4xa*xc + 8*c~2))*Log[2*xc + b
*Tan[d + exx] + 2xSqrt[cl*Sqrtlc + Tan[d + exx]*(b + a*xTan[d + exx])]] + 12
8xSqrt[a + I*b - cl*c™(9/2)*Log[(2*xc + bx(-I + Tan[d + exx]) - (2%I)*(a*Tan
[d + e*xx] + Sqrtla + I*b - c]*Sqrtlc + Tan[d + e*xx]*(b + a*Tan[d + e*x])]))
/(128%(a + I*¥b - c)~(3/2)*c™4*(I + Tan[d + e*xx]))])*Sec[d + e*xx]~2)/(256%*c”
(9/2)*Sqrt[c + Tan[d + e*x]*(b + a*Tan[d + e*x])]) + ((-(b*Csc[d + ex*x]~2)
- 2xcxCot [d + exx]*Cscl[d + exx] 2)*(b*(7*b"4 - 8xb~2*c*(5*a + 2%c) + 16xc”2
*x(3%a”2 + 4*axc + 8%c”2))*Log[Tan[d + exx]] - 128xSqrt[a - I*b - cl*c™(9/2)
xLog[(-2*%c - (2*I)*a*Tan[d + exx] - b*(I + Tan[d + exx]) + (2*I)*Sqrtla - I
xb - c]*Sqrtlc + Tan[d + exx]*(b + axTan[d + exx])])/(128*%(a - I*b - c)~(3/
2)xc™4x(-I + Tanl[d + exx]))] - bx(7*b~4 - 8xb~2xcx(5*xa + 2%c) + 16%c™2%(3*a
"2 + 4*axc + 8+c”2))*Log[2*c + bxTan[d + exx] + 2xSqrt[cl*Sqrtlc + Tan[d +
exx]*(b + a*Tan[d + e*x])]] + 128*Sqrt[a + Ixb - cl*c™(9/2)*Logl(2*c + b*(-
I + Tan[d + exx]) - (2*%I)*(a*Tan[d + e*x] + Sqrt[a + I*b - cl*Sqrt[c + Tanl[
d + exx]*(b + a*Tan[d + e*x])]))/(128x(a + I*b - ¢c)~(3/2)*c”4*(I + Tan[d +
exx]))])*Tan[d + ex*x])/(512xc~(9/2)*Sqrt[a + bxCot[d + exx] + c*Cot[d + ex*xx
172]*Sqrt[c + Tan[d + exx]*(b + a*Tan[d + e*x])]) + (Sqrt[a + b*Cot[d + ex*x
] + cxCot[d + exx] 2]*Tan[d + e*x]*(b*(7*b"4 - 8xb~2kc*(5*a + 2%c) + 16xc”2
*(3%a”2 + 4xaxc + 8*c”2))*Cscld + exx]*Sec[d + exx] - (bx(7*b74 - 8xb~2kc*(
Bka + 2xc) + 16*c™2x(3%a”2 + 4xaxc + 8*c”2))*(b*xSec[d + e*xx]™2 + (Sqrtlcl*(
axSec[d + e*xx] 2xTan[d + exx] + Sec[d + e*x] 2x(b + a*Tan[d + e*x])))/Sqrt[
c + Tan[d + exx]*(b + a*Tan[d + e*x])]))/(2*c + b*Tan[d + exx] + 2*xSqrt[c]*
Sqrt[c + Tan[d + exx]*(b + a*Tan[d + e*xx])]) - (16384*(a - I*b - c)~2xc~ (17
/2)%(-I + Tan[d + e*x])*(((-2*xI)*a*xSec[d + e*x]"2 - bxSec[d + exx]"2 + (I*S
grtla - I*b - c]*(a*Sec[d + e*xx] "2*xTan[d + exx] + Sec[d + exx] 2*%(b + a*Tan
[d + e*xx])))/Sqrtlc + Tan[d + exx]*(b + a*Tan[d + e*xx])])/(128%(a - I*b - c
)~ (3/2)*c”4*x(-I + Tan[d + e*x])) - (Secl[d + exx] 2*(-2%c - (2+I)*a*Tan[d +
exx] - bx(I + Tan[d + e*xx]) + (2xI)*Sqrtla - I*b - cl*Sqrtlc + Tan[d + ex*x]
*(b + a*xTan[d + e*x])]))/(128%(a - I*b - c)~(3/2)*c™4*(-I + Tan[d + exx])~2
)))/(=2%c - (2*I)*axTan[d + exx] - b*(I + Tan[d + exx]) + (2*%I)*Sqrtla - Ix
b - cl*Sqrtlc + Tan[d + exx]*(b + a*Tan[d + e*xx])]) + (16384x(a + Ixb - c)~
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2xc™(17/2)*(I + Tan[d + exx])*((b*Sec[d + e*x]"2 - (2*I)*(a*Sec[d + e*xx]"2

+ (Sqrtla + I*b - c]*(axSec[d + exx] 2*Tan[d + e*x] + Sec[d + exx] 2*(b + a
xTan[d + exx])))/(2+Sqrtc + Tan[d + e*x]*(b + a*Tan[d + ex*x])])))/(128%*(a

+ Ixb - c)7(3/2)*%c™4x(I + Tan[d + exx])) - (Sec[d + e*x] 2*(2%c + bx(-I + T
an[d + exx]) - (2xI)*(a*Tan[d + e*x] + Sqrtl[a + I*b - c]*Sqrt[c + Tan[d + e
*x]*(b + axTan[d + exx])])))/(128x(a + I*b - ¢c)~(3/2)*c”4*(I + Tan[d + exx]
)72)))/(2xc + b*x(-I + Tan[d + e*x]) - (2*I)*(axTan[d + e*xx] + Sqrt[a + I*b

- c]*Sqrtlc + Tan[d + exx]*(b + axTan[d + exx])]))))/(256%c~(9/2)*Sqrt[c +

Tan[d + exx]*(b + axTan[d + exx])])))

Maple [B] time = 0.157, size = 17768513, normalized size = 18205.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) 5% (a+b*cot(e*xx+d)+ckcot (e*xx+d)~2)"~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c cot (ex + d)2 + b cot (ex + d) + a cot (ex + d)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) "5 (atb*cot(e*xx+d)+ckxcot(exx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] integrate(sqrt(c*cot(e*xx + d)~2 + bkxcot(exx + d) + a)*cot(e*x + d)75, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d) "5*(atb*cot (e*xx+d)+ckcot(exx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + beot (d + ex) + ccot? (d + ex) cot® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**5*x(atb*cot (e*xx+d)+ckcot (exx+d)**2)**(1/2) ,x)

[Out] Integral(sqrt(a + bkxcot(d + e*x) + c*cot(d + e*x)**2)*cot(d + e*x)**x5, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/c cot (ex + cl)2 + bcot (ex + d) + acot (ex + d)5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5% (atbxcot (exx+d)+c*cot(e*xx+d)”~2)~(1/2),x, algorithm="

giac")

[Out] integrate(sqrt(c*cot(exx + d)~2 + b*cot(exx + d) + a)*cot(e*xx + d)75, x)
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3.7 fcot3(d+ex)\/a + beot(d + ex) + c cot*(d + ex) dx

Optimal. Leaf size=747

—bVa?-2ac+b%+c2 cot(d+ex
\/E é/a2—2a0+b2+cz \/—a(\/a2—2a0+b2+02+2c)+c(

V2eVa2 = 2ac + b2 + 2

\/—a(\/az—Zac+bz+c2+2c)+c(\/112—2ac+bz+c2+c)+az+bztan_1

[Out] (Sgrtl[a™2 + b™2 + c*(c + Sqrt[a”™2 + b™2 - 2*a*xc + c72]) - a*x(2xc + Sqrt[a”2
+ b72 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*x(a - ¢ - Sqrt[a™2 + b™2 - 2x*a
xCc + ¢c72]) - b*Sqrt[a™2 + b72 - 2xaxc + c"2]*Cot[d + ex*xx])/(Sqrt[2]*(a”2 +
b~2 - 2*axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b2 - 2*xaxc + ¢
~2]) - ax(2*c + Sqrt[a”2 + b™2 - 2xaxc + c"2])]*Sqrt[a + b*Cot[d + exx] + c
xCot[d + exx]"2])]1)/(Sqrt[2]*(a"2 + ™2 - 2xa*xc + c~2)"(1/4)*e) + (b*ArcTan
h[(b + 2xc*Cot[d + exx])/(2+Sqrt[c]l*Sqrtla + b*Cot[d + e*x] + c*Cot[d + exx
1721)1)/(2xSqrt [cl*e) - (b*(b~2 - 4*axc)*ArcTanh[(b + 2*c*Cot[d + ex*xx])/(2x
Sqrt[c]*Sqrt[a + bxCot[d + exx] + c*Cot[d + exx]72])])/(16%c™(5/2)*e) - (Sq
rt[a™2 + b2 + c*x(c - Sqrt[a™2 + b™2 - 2*%axc + c¢72]) - ax(2xc - Sqrt[a”2 +
b~2 - 2xaxc + c”2])]*ArcTanh[(b"2 + (a - c)*x(a - ¢ + Sqrt[a™2 + b™2 - 2*axc
+ ¢c72]) + bxSqrt[a™2 + b72 - 2xaxc + c"2]*Cot[d + e*xx])/(Sqrt[2]*(a”2 + b~
2 - 2%axc + ¢c72)7(1/4)*Sqrt[a”2 + b™2 + c*(c - Sqrt[a™2 + b72 - 2%a*c + c72
1) - ax(2*%c - Sqrt[a”2 + b2 - 2*axc + c~2])]*Sqrt[a + b*xCot[d + exx] + cxC
ot[d + exx]"2])]1)/(Sqrt[2]*(a”2 + b~2 - 2xaxc + c~2)"(1/4)*e) + Sqrtl[a + Db*
Cot[d + exx] + c*xCot[d + e*x]"2]/e + (b*x(b + 2%c*Cot[d + e*x])*Sqrt[a + bxC
ot[d + exx] + cxCot[d + exx]~2])/(8%c™2xe) - (a + bxCot[d + exx] + cxCotl[d
+ exx]"2)7(3/2)/(3*cxe)

Rubi [A] time = 23.6938, antiderivative size = 747, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 16, number of rules used = 12, integrand size = 33, o o TR
integrand size

= 0.364, Rules used = {3701, 6725, 640, 612, 621, 206, 1021, 1078, 1036, 1030, 208, 205}

~bVa2-2ac+b2+c2 cot(d+ex
V2 V2 2ac+12+2 \/—a(\/a2—2a6+b2+cz+2c)+c(

\/Eef/az —2ac + b? + 2

\/—a(\/a2—2ac+b2+cz+20)+c(\/a2—2ac+b2+cz+c)+a2+b2tan_1

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx]~3%Sqrtl[a + b*Cot[d + exx] + c*Cot[d + e*xx]~2],x]
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[Out] (Sgrtl[a”2 + b2 + cx(c + Sqrt[a”2 + b™2 - 2%a*c + c~2]) - ax(2*c + Sqrt[a”2
+ b2 - 2%axc + c¢72])]*ArcTan[(b™2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
xCc + c72]) - b*Sqrt[a™2 + b72 - 2xaxc + c"2]*Cot[d + ex*xx])/(Sqrt[2]*(a”2 +
b~2 - 2%axc + c72)7(1/4)*Sqrt[a”2 + b™2 + c*(c + Sqrt[a™2 + b72 - 2x%a*xc + ¢
~2]) - ax(2*c + Sqrt[a”2 + b2 - 2xaxc + c72])]*Sqrt[a + b*Cot[d + exx] + c
*Cot[d + exx]~2])]1)/(Sqrt[2]1*(a~2 + b~2 - 2*xa*xc + c~2)"(1/4)*e) + (b*ArcTan
h[(b + 2xc*Cot[d + ex*xx])/(2+Sqrt[c]l*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + ex*x
1721)1)/(2xSqrt [cl*e) - (b*(b~2 - 4*axc)*ArcTanh[(b + 2*c*Cot[d + exx])/ (2%
Sqrt[c]*Sqrt[a + b*Cot[d + exx] + c*Cot[d + e*xx]~2])])/(16*xc~(5/2)*e) - (Sq
rt[a”2 + b2 + c*x(c - Sqrt[a™2 + b2 - 2*%axc + c¢"2]) - ax(2xc - Sqrt[a”2 +
b~2 - 2*axc + c”2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + Sqrt[a”2 + b™2 - 2x*a*c
+ ¢72]) + b*Sqrt[a”2 + b™2 - 2*xaxc + c¢~2]*Cot[d + e*x])/(Sqrt[2]*(a”2 + b~
2 - 2%axc + ¢c72)7(1/4)*Sqrt[a”2 + b™2 + c*(c - Sqrt[a™2 + b72 - 2%a*xc + c72
1) - ax(2*%c - Sqrt[a™2 + b2 - 2*axc + c~2])]*Sqrt[a + b*xCot[d + exx] + cxC
ot[d + exx]72])])/(Sqrt[2]*(a~2 + b™2 - 2*axc + c~2)"(1/4)*e) + Sqrtla + bx
Cot[d + e*x] + c*xCot[d + exx]~2]/e + (b*(b + 2*c*Cot[d + e*xx])*Sqrt[a + b*C
ot[d + exx] + cxCot[d + exx]~2])/(8*c"2xe) - (a + bxCot[d + exx] + c*xCotl[d
+ exx]72) 7 (3/2)/(3xcxe)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)] " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f )" (@m_.) + (c_.)*(cot[(d_.) + (e_)*x(x)I*(f_.))"(m2_.))"(p_), x_Symbol]

:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[(ex(a + b*x + c*x"2)"(p + 1))/ (2*cx(p + 1)), x] + Dist[(2*c*d - b
xe)/(2%c), Int[(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 612

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol]l :> Simp[((b + 2*c*x
)*k(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx(2
¥p + 1)), Int[(a + bxx + c*x™2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
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eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 1021

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (£
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + bxx + c*x72
)" (p - Dx(d + £xx72)"g*Simp [h*px(bxd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(—2xgxf)*(p + q + 1))*x + (h*p*(-(b*xf)) + cx(-2*gxf)*x(p + q +
1))*x~2, x1, x], x] /; FreeQ[{a, b, ¢, d, £, g, h, q}, x] && NeQ[b~2 - 4x*a
xc, 0] && GtQ[p, O] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +
(e_)*x(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + ex*xx
+ £xx72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_ )x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(c*xd - a*f + q) + (hx(cxd - axf - q) - gkxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030
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Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]1], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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Subst ( f XSTL# dx, x, cot(d + ex))
fcot3(d + ex)\/a + beot(d + ex) + ccot?(d + ex)dx = — .

Subst (f (x\/a + bx + cx? — %) dx, x, cot(d + ex))

- e
V.

Subst (f xVa + bx + cx? dx, x, cot(d + ex)) Subst (f =

=- +
e

\/a + beot(d + ex) + c cot®(d + ex) (11 +beot(d + ex) + c ¢

e 3ce

\/a +beot(d + ex) + ccot®(d + ex)  b(b + 2c cot(d + ex))\/
+

e

\/a +beot(d + ex) + ccot?(d + ex)  b(b + 2ccot(d + ex))\/
+

e

btanh™ b+2c cotlden) b (bz - 4ac) tanh ™ [
2\/5\/u+b cot(d+ex)+c cotz(d+ex)

2+/ce
\/a2+b2+c(c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—i

Mathematica [C] time = 25.7932, size = 411, normalized size = 0.55

cos(2(d+ex))-1 2402 T2 3 csc?(d + ex)) tan(d + ex)\/a + bcot(d + ex)

\/11 cos(2(d+ex))—a—b sin(2(d+ex))—c cos(2(d+ex))—c (—8ac+3h2+32c2 _ b cot(d+ex) _ 1
+

e

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~3*Sqrtl[a + bxCot[d + exx] + c*Cot[d + exx]~2],x]

[Out] (((3*b72 - 8*axc + 32%c”2)/(24*c”2) - (b*Cot[d + e*x])/(12%c) - Cscld + exx
172/3)*Sqrt[(-a - ¢ + a*Cos[2*(d + e*x)] - c*Cos[2x(d + exx)] - b*Sin[2*(d
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+ exx)]) /(-1 + Cos[2x(d + exx)])])/e + (((8*I)*Sqrtla - I*b - clxc~(5/2)*Ar
cTan[(I*b + 2xc + ((2*I)*a + b)*Tan[d + exx])/(2xSqrt[a - I*b - cl*Sqrtlc +
Tan[d + e*xx]*(b + a*Tan[d + e*x])])] - 8xSqrtl[a + I*b - cl*c~(5/2)*ArcTanh
[(b + (2%xI)*c + (2*a + Ixb)*Tan[d + exx])/(2*Sqrt[a + I*b - c]*Sqrtlc + Tan
[d + exx]*(b + axTan[d + e*x])])] - b*x(b~2 - 4xc*(a + 2%c))*ArcTanh[(2*c +

b*Tan[d + exx])/(2xSqrt[cl*Sqrtlc + Tan[d + exx]*(b + a*Tan[d + e*xx])])])*S
grt[a + b*Cot[d + e*x] + c*Cot[d + exx]~2]x*Tan[d + exx])/(16*xc~(5/2)*e*xSqrt
[c + b*Tan[d + e*x] + axTan[d + exx]~2])

Maple [B] time = 0.058, size = 17768080, normalized size = 23785.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) "3*(a+b*cot (e*x+d)+c*cot(exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/c cot (ex + cl)2 + bcot (ex + d) + acot (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3% (atbxcot (exx+d)+c*cot(e*xx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] integrate(sqrt(c*cot(exx + d)~2 + b*cot(exx + d) + a)*cot(e*xx + d)~3, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d) ~3*(atb*cot(e*xx+d)+ckcot(exx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + beot (d + ex) + ccot? (d + ex) cot® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3* (atb*cot (e*xx+d)+ckcot (exx+d)**2)**(1/2) ,x)

[Out] Integral(sqrt(a + bkxcot(d + e*x) + ckcot(d + e*x)**2)*cot(d + e*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/c cot (ex + cl)2 + bcot (ex + d) + acot (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3% (atbxcot (exx+d)+c*cot(e*xx+d)~2)~(1/2),x, algorithm="

giac")

[Out] integrate(sqrt(c*cot(exx + d)~2 + b*cot(exx + d) + a)xcot(e*xx + d)~3, x)
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3.8 fcot(d+ex)\/a + beot(d + ex) + ccot?(d + ex) dx

Optimal. Leaf size=602

—bVa2-2ac+b%+c2 cot(d+ex
V2 %/aZ—Zac+b2+c2 \/—a(\/az—Zac+b2+c2+2c)+c(

V2eVa? - 2ac + b2 + ¢2

\/—11(\,/512—2ac+172+(:2+2c)+c(\/az—2ac+bz+c2+c)+112+bztan_1

[Out] -((Sqrt[a”2 + b™2 + cx(c + Sqrt[a”™2 + b™2 - 2*axc + c”2]) - ax(2xc + Sqrtla
"2 + b"2 - 2%axc + c¢"2])]*ArcTan[(b"2 + (a - ¢c)*(a - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c72]) - bxSqrt[a”2 + b~2 - 2*axc + c"2]*Cot[d + exx])/(Sqrt[2]*(a~2
+ b72 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a”2 + b2 - 2%axc +
c™2]) - a*x(2%c + Sqrt[a”2 + b~2 - 2%a*xc + c~2])]*Sqrt[a + bxCot[d + exx] +
cxCot[d + exx]72])]1)/(Sqrt[2]*(a”"2 + b2 - 2*a*xc + c”2)7(1/4)*e)) - (b*Arc
Tanh[(b + 2xc*Cot[d + ex*x])/(2%Sqrt[cl*Sqrt[a + b*Cot[d + e*x] + c*Cot[d +
exx]~2])])/(2xSqrt[cl*e) + (Sqrt[a™2 + b"2 + cx(c - Sqrt[a”2 + b2 - 2*axc
+ ¢72]) - ax(2*%c - Sqrt[a”2 + b2 - 2xaxc + c¢"2])]*ArcTanh[(b~2 + (a - c)*(
a - c+ Sqgrtf[a”™2 + b~2 - 2xaxc + c”2]) + bxSqrt[a”2 + b2 - 2xaxc + c~2]*Co
tld + exx])/(Sqrt[2]*(a”2 + b™2 - 2%axc + c”2)7(1/4)*Sqrt[a”™2 + b™2 + cx*x(c
- Sqrtla”™2 + b72 - 2%axc + c”2]) - ax(2xc - Sqrt[a”2 + b72 - 2xa*xc + c¢”2])]
xSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2x*ax*c
+ ¢c72)7(1/4)*e) - Sqrtla + bxCot[d + exx] + cxCot[d + exx]~2]/e

Rubi [A] time = 23.1816, antiderivative size = 602, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 9, integrand size = 31, number of rules _

integrand size
0.29, Rules used = {3701, 1021, 1078, 621, 206, 1036, 1030, 208, 205}

~bVa2-2ac+b2+c2 cot(d+ex
\/E é/az—Zac+b2+c2 \/—a(\/az—Zac+b2+c2+20)+c(

\/Eeé/az —2ac + b? + ¢?

\/—a(\/az—.’)_ac+bz+cz+2c)+c(\/az—2ac+bz+c2+c)+az+bztan_1

Antiderivative was successfully verified.

[In] Int[Cot[d + e*x]xSqrtla + b*Cot[d + exx] + c*Cot[d + ex*x]~2],x]

[Out] -((Sgrt[a”2 + b"2 + cx(c + Sqrt[a”2 + b2 - 2*axc + c~2]) - ax(2xc + Sqrtla
"2 + b72 - 2xaxc + c¢"2])]*ArcTan[(b™2 + (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2
xaxc + ¢72]) - b*Sqrt[a”2 + b~2 - 2%axc + c"2]*Cot[d + e*x])/(Sqrt[2]*(a~2
+ b2 - 2%axc + ¢72)7(1/4)*Sqrt[a”2 + b"2 + c*x(c + Sqrt[a”™2 + b~2 - 2%axc +
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c”2]) - ax(2*%c + Sqrt[a”2 + b~2 - 2xaxc + c~2])]*Sqrt[a + b*Cot[d + e*x] +
cxCot[d + e*xx]72])])/(Sqrt[2]*(a”2 + b~2 - 2%axc + c72)"(1/4)*e)) - (b*Arc
Tanh[(b + 2xc*Cot[d + ex*x])/(2%Sqrt[cl*Sqrt[a + b*Cot[d + e*x] + c*Cot[d +

exx]~2])])/(2xSqrt[cl*e) + (Sqrt[a™2 + b™2 + cx(c - Sqrt[a”2 + b2 - 2*axc
+ ¢c72]) - ax(2xc - Sqrt[a”™2 + b72 - 2xa*xc + c”2])]xArcTanh[(b"2 + (a - c)*(
a - c+ Sqrt[a™2 + b72 - 2xa*xc + c¢72]) + bxSqrt[a”2 + b2 - 2*axc + c"2]*Co
t[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + ¢72)7(1/4)*Sqrt[a”2 + b™2 + cx*(c
- Sqrtla”™2 + b72 - 2%a*xc + c”2]) - ax(2xc - Sqrt[a”2 + b72 - 2%a*xc + c¢”2])]
xSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqrt[2]1*(a”2 + b~2 - 2x*ax*c
+ ¢c72)7(1/4)*e) - Sqrtla + b*Cot[d + e*xx] + c*Cot[d + e*x]~2]/e

Rule 3701

Int[cot[(d_.) + (e_)*x(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f D)) (a_.) + (c_.)*(cot[(d_.) + (e_.)*x(x )]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £f*Cot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rule 1021

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (£
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + b*xx + c*x72
)7 (p - Dx(d + £xx72)"g*Simp [h*xpx(bxd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(—2xgxf)*x(p + q + 1)) *x + (h*p*(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x72, x1, x], x] /; FreeQ[{a, b, ¢, d, £, g, h, q}, x] && NeQ[b~2 - 4x*a
xc, 0] && GtQ[p, O] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrtl[(d_.) +

(e_.)*x(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + ex*xx
+ £xx72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + cxx"2)*Sqrt[d + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpla*h - gxc*x, x]/Sqrt[d + exx + f*x72]1], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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Subst ( f % dx, x, cot(d + ex))
fcot(d + ex)\/a + beot(d + ex) + ccot?(d + ex) dx = — .
b (a-cp-2
\/a + beot(d + ex) + c cot?(d + ex) Subst (f W
T e * e
\/a + beot(d + ex) + c cot?(d + ex) . Subst (f ﬁ
e e

bSubst| [ —
\/a+bcot(d+ex)+ccot2(d+ex) s [f 4de—x2

e

b tanh_l b+2c cot(d+ex)
2\/2\/a+b cot(d-+ex)+c cot?(d-+ex) \/ﬂ + beot(d + ex) -

2+/ce e
\/u2+b2+c(c+\/u2+b2—2uc+cz)—a(20+Va2+b2—

dx, x,

Mathematica [C] time = 22.8601, size = 350, normalized size = 0.58

2(d-+ex))—a—b sin(2(d-+ex))—c cos(2(d-+ex))-
\/ 2cos@dren) e cozl(zgd:;;—)l ceoBdrene tan(d + ex)\/ a + beot(d + ex) + c cot?(d + ex) (—i cVa—ib—ctan™ (
- +
e

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + exx]~2],x]

[Out] -(Sqrt[(-a - c + a*Cos[2x(d + ex*x)] - c*Cos[2*(d + e*x)] - bxSin[2*(d + exx
)1)/(-1 + Cos[2x(d + exx)])]/e) + (((-I)*Sqrtla - I*b - c]*Sqrt[c]l*ArcTan[(
I¥b + 2%c + ((2%I)*a + b)*Tan[d + exx])/(2xSqrt[a - I*b - cl*Sqrt[c + Tan[d
+ exx]*(b + a*xTan[d + e*x])])] + Sqrt[a + I*b - c]xSqrt[c]l*ArcTanh[(b + (2
xI)xc + (2xa + Ixb)x*Tan[d + exx])/(2xSqrt[a + I*b - cl*Sqrtlc + Tan[d + ex*x
Ix(b + axTan[d + exx])])] - b*ArcTanh[(2*c + b*Tan[d + exx])/(2+Sqrt[c]*Sqr
tlc + Tan[d + exx]*(b + axTan[d + exx])])])*Sqrt[a + b*Cot[d + e*x] + c*Cot
[d + exx]"2]*Tan[d + ex*xx])/(2*Sqrt[c]l*e*Sqrt[c + bxTan[d + exx] + axTan[d +
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exx]"2])

Maple [B] time = 0.052, size = 17767874, normalized size = 29514.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d)* (a+b*xcot (exx+d)+c*xcot (exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ccot (ex+d)2 +bcot(ex +d) +acot (ex +d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*cot (e*x+d)+c*cot (e*xx+d)~2)~(1/2),x, algorithm="ma

xima")

[Out] integrate(sqrt(c*cot(e*xx + d)~2 + bkxcot(exx + d) + a)*cot(e*x + d), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*cot (e*x+d)+c*cot(e*xx+d)~2)~(1/2),x, algorithm="fr

icas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +beot (d + ex) + c cot? (d + ex) cot (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*cot (e*xx+d)+c*cot (e*xx+d)**2)**(1/2),x)

[Out] Integral(sqrt(a + bxcot(d + exx) + cxcot(d + exx)**2)*cot(d + exx), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ccot (ex+d)2 +bcot(ex +d) +acot (ex +d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*cot (e*x+d)+c*cot (e*xx+d)~2)~(1/2),x, algorithm="gi

ac")

[Out] integrate(sqrt(c*cot(e*xx + d)~2 + b*xcot(exx + d) + a)*cot(e*x + d), x)
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3.9 f \/a + b cot(d + ex) + c cot?(d + ex) tan(d+ex) dx

Optimal. Leaf size=570

—bVa2-2ac+b2+c2 cot(d+ex)+
V2 %/az—Zac+b2+c2 \/—a(\/aZ—Zac+b2+c2+2c)+c(\/:
4
V2eVa? = 2ac + b2 + 2

\/—11(\/112—211<:+bz+c2+2c)+c(\/az—2ac+bz+c2+c)+az+bztan_1

[Out] (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a™2 + b~2 - 2%a*xc + c72]) - a*(2*c + Sqrt[a™2
+ b72 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*x(a - ¢ - Sqrt[a”™2 + b™2 - 2x*a
*c + c72]) - b*Sqrt[a”2 + b72 - 2xaxc + c"2]*Cot[d + exx])/(Sqrt[2]*(a~2 +
b~2 - 2*axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b2 - 2*xaxc + ¢
~2]) - ax(2*c + Sqrt[a”2 + b2 - 2*axc + c~2])]*Sqrtla + b*Cot[d + e*x] + ¢
xCot [d + exx]"2])])/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c~2)7(1/4)*e) + (Sqrt[alx
ArcTanh[(2*a + b*Cot[d + ex*xx])/(2*Sqrt[al*Sqrt[a + b*Cot[d + e*x] + c*Cot[d
+ exx]72])])/e - (Sqrt[a”2 + b2 + c*(c - Sqrt[a™2 + b™2 - 2xa*xc + c~2]) -
ax(2*c - Sqrt[a”2 + b™2 - 2xaxc + c¢”2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + S
qrt[a”2 + b"2 - 2%a*xc + ¢72]) + b*Sqrt[a”2 + b2 - 2*xaxc + c"2]*Cot[d + e*x
1)/(Sqrt[2]*(a”2 + b™2 - 2%a*xc + c¢”2)7(1/4)*Sqrt[a”2 + b~2 + c*(c - Sqrt[a”
2 + b72 - 2%axc + c72]) - ax(2xc - Sqrt[a”™2 + b72 - 2%axc + c~2])]*Sqrt[a +
b*Cot[d + exx] + cxCot[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2x%a*c + c~2)7(
1/4)*e)

Rubi [A] time = 23.6221, antiderivative size = 570, normalized size of antiderivative = 1.,

number of rules

number of steps used = 18, number of rules used = 13, integrand size = 31, ————— =
integrand size

0.419, Rules used = {3701, 6725, 734, 843, 621, 206, 724, 1021, 1078, 1036, 1030, 208, 205}

—bVa2-2ac+b%+c? cot(d+ex)+
\/E é/a2—2a0+b2+c2 \/—u(\/a2—2a0+b2+c2+25)+c(\/:
4
\V2eVa? - 2ac + b2 + 2

\/—a(\/a2—2ac+b2+cz+2c)+c(\/a2—2ac+b2+cz+c)+a2+b2tan_1

Antiderivative was successfully verified.

[In] Int[Sqrtl[a + b*Cot[d + e*x] + cxCot[d + exx]~2]*Tan[d + exx],x]

[Out] (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a™2 + b~2 - 2%a*xc + c72]) - a*(2*c + Sqrt[a~2
+ b72 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
xc + c72]) - bxSqrt[a”2 + b~2 - 2*axc + c”2]*Cot[d + exx])/(Sqrt[2]*(a~2 +
b~2 - 2%axc + c72)7(1/4)*Sqrt[a”2 + b2 + c*(c + Sqrt[a™2 + b72 - 2xa*c + ¢
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~2]) - ax(2xc + Sqrt[a”2 + b72 - 2%axc + c¢"2])]*Sqrt[a + b*Cot[d + exx] + c
xCot[d + exx]"2])])/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c~2)7(1/4)*e) + (Sqrt[alx
ArcTanh[(2*a + b*Cot[d + ex*xx])/(2*Sqrt[al*Sqrt[a + b*Cot[d + e*x] + c*Cot[d
+ exx]72])])/e - (Sqrt[a”2 + b2 + c*(c - Sqrt[a™2 + b™2 - 2xa*xc + c~2]) -
ax(2*%c - Sqrt[a”2 + b™2 - 2xaxc + c¢72])]*ArcTanh[(b”"2 + (a - c)*(a - ¢ + S
grt[a™2 + b72 - 2xa*xc + c¢72]) + b*Sqrt[a”2 + b2 - 2*axc + c”2]*Cot[d + exx
1)/(Sqrt[2]*(a”2 + b~2 - 2xaxc + c~2)"(1/4)*Sqrt[a”2 + b™2 + cx(c - Sqrt[a”
2 + b72 - 2%axc + ¢c72]) - ax(2xc - Sqrt[a™2 + b72 - 2%axc + c”2])]*Sqrt[a +
b*Cot[d + exx] + cxCot[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*c + c~2)7(
1/4)*e)

Rule 3701

Int[cot[(d_.) + (e_)*x(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f D)) (a_.) + (c_.)*(cot[(d_.) + (e_.)*x(x )]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £f*Cot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 734

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x_)D"2)"(p_), x_8S
ymbol] :> Simp[((d + e*xx)"(m + 1)*(a + b*x + c*x72)"p)/(ex(m + 2%p + 1)), x
] - Dist[p/(ex(m + 2%p + 1)), Int[(d + exx) m*Simp[b*d - 2*axe + (2*c*d - b
xe)xx, x]*(a + bxx + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*d - b*e
, 0] && GtQ[p, 0] && NeQ[m + 2*p + 1, 0] && ( 'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2%p, O] &% IntQuadraticQla, b, c, d, e, m, p, x]

Rule 843

Int[((d_.) + (e_)*xD) " )*x((f_.) + (g_)*x_))*x((a_.) + (b_.)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxd*e + a*e”2, 0] && 'IGtQ[m, O]

Rule 621
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Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xc*xx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2*c*d - bxe)*x)/Sqrtl[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rule 1021

Int[((g_.) + (h_D*(x_))*((a ) + (b_)*(x) + (c_.)*(x_)"2)"(p)*((d) + (£
_I)*(x_)"2)7(q), x_Symbol] :> Simp[(h*(a + b*x + c*x~2)7p*x(d + £*x72)7(q +
D)/ (2*xfx(p + q + 1)), x] - Dist[1/(2*%fx(p + q + 1)), Int[(a + bxx + c*xx~2
)7 (p - D*(d + £xx72) "q*Simp [h*px(b*xd) + ax(-2xgxf)*(p + q + 1) + (2xh*p*(c
xd - axf) + bx(-2xgxf)*x(p + q + 1))*x + (h*p*x(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x"2, x1, x1, x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4x*a
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, O]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) +

(e_)*(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + B*cxx)/((a + c*x"2)*Sqrt[d + e*x
+ fxx~2]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e~2 - 4xdxf
, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]
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Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[axh™2*e + 2xgxh*(cxd - axf) - g~ 2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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Subst (f %zch dx, x, cot(d + ex))
f\/a + beot(d + ex) + c cot?®(d + ex) tan(d + ex) dx = — {142) .
Subst ( f ( \/Mbjﬂxz - x\/a:f;r sz) dx, x, cot(d + ex))
- e
Subst (f \/a+b;c+cx2 dx, x, cot(d + ex)) Subst (f %
- e " e

b ba
3 ~(a—)x—=

B Subst (f N% dx, x, cot(d + ex)) Subst [f (1+2) Vasba

2e (
b+(—a+c)x
Subst (f —(sz)m dx, x, cot(d + ex)) 4 Subst (f —

e

(24) Subst ( [ i, x, e JSubst ( [

\/ a+b cot(d+ex)+c cotz(d+ex)

e

Vatanh™ ( 2a+hootidte) J (b (b2 +(a-oc) (a -

2\/5\/a+b cot(d+ex)+c cotz(d+ex)

e

\/a2+b2+c(c+\/a2+b2—2ac+c2)—a(20+Va2+b2—2a

Mathematica [C] time = 14.2964, size = 278, normalized size = 0.49

2Va—ib—c/tan(d+ex)(a tan(d+ex)+b)+c

tan(d + ex)~/a + b cot(d + ex) + ¢ cot>(d + ex) (i\/a —ib—ctan™! ( (b+2ia) tan(d+en)+ b2 ) —Va +ib - ctanh

23\/11 tan?(d + ex) + btan(d + ex) +
Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cot[d + e*x] + c*Cot[d + exx]~2]*Tan[d + ex*x],x]

[Out] ((I*Sqgrtla - I*b - cl*ArcTan[(I*b + 2*c + ((2*I)*a + b)*Tan[d + exx])/(2*Sq
rt[a - I*¥b - c]*Sqrtlc + Tan[d + e*x]*(b + a*Tan[d + e*x])])] - Sqrt[a + Ix
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b - c]*ArcTanh[(b + (2%I)*c + (2%a + Ixb)*Tan[d + e*x])/(2xSqrtla + I*b - ¢
1*Sqrt[c + b*Tan[d + e*x] + axTan[d + e*x]~2])] + 2*Sqrt[a]*ArcTanh[(b + 2%
axTan[d + ex*xx])/(2*Sqrt[a]l*Sqrt[c + Tan[d + e*x]*(b + axTan[d + exx])])])*S
grtla + b*Cot[d + e*x] + c*Cot[d + exx] 2]*Tan[d + ex*x])/(2%e*xSqrt[c + bxTa
nld + e*xx] + axTan[d + exx]"2])

Maple [C] time = 11.046, size = 249428, normalized size = 437.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(exx+d)+c*cot(exx+d)~2) " (1/2)*tan(e*x+d) ,x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*xx+d)+ckcot(exx+d)~2)~(1/2)*tan(e*xx+d),x, algorithm="ma
xima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*xx+d)+c*cot(exx+d)~2)~(1/2)*tan(e*xx+d),x, algorithm="fr
icas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +beot (d + ex) + ccot? (d + ex) tan (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(e*xx+d)+ckcot (exx+d)**2)x*x(1/2)*tan(exx+d) ,x)

[Out] Integral(sqrt(a + bkxcot(d + e*x) + c*cot(d + e*x)**2)*tan(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ccot (ex+d)2 + bcot (ex +d) + atan (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(e*x+d)+cxcot (exx+d)~2)~(1/2)*tan(e*x+d),x, algorithm="gi
ac")

[Out] integrate(sqrt(c*cot(exx + d)~2 + b*cot(exx + d) + a)*tan(exx + d), x)
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3.10 f \/a + beot(d + ex) + c cot?(d + ex) tan®(d+ex) dx

Optimal. Leaf size=691

—bVa?-2ac+b?+c2 cot(d+
V2 %/az—Zuc+b2+c2 \/—u(\/az—Zuc+b2+c2+2c)+‘

\/Eef/az —2ac + b? + ¢2

\/—a(\/az—ZaC+bZ+c2+2c)+c(\/az—2ac+b2+cz+c)+az+bztan_1

[Out] -((Sgrt[a™2 + b"2 + cx(c + Sqrt[a”2 + b2 - 2*axc + c~2]) - ax(2xc + Sqrtla
"2 + b72 - 2xaxc + c¢"2])]*ArcTan[(b™2 + (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2
*xaxc + ¢”2]) - b*Sqrt[a”2 + b~2 - 2%axc + c"2]*Cot[d + e*x])/(Sqrt[2]*(a~2
+ b72 - 2%axc + ¢72)7(1/4)*Sqrt[a”2 + b72 + c*x(c + Sqrt[a”2 + b72 - 2*axc +
c™2]) - ax(2%c + Sqrt[a”™2 + b~2 - 2%axc + c72])]*Sqrt[a + bxCot[d + exx] +
cxCot[d + exx]~2])])/(Sqrt[2]*(a”2 + b2 - 2*axc + c~2)7(1/4)*e)) - (Sqrtl
al*ArcTanh[(2*a + bxCot[d + exx])/(2+Sqrt[al*Sqrt[a + b*Cot[d + e*x] + c*Co
tld + exx]"2])])/e - ((b7™2 - 4xaxc)*ArcTanh[(2*a + bxCot[d + exx])/(2+Sqrt[
al*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(8*a~(3/2)*e) + (Sqrt[a”2
+ b™2 + c*x(c - Sqrt[a™2 + b72 - 2xa*xc + c¢"2]) - ax(2%c - Sqrt[a”2 + b"2 -
2xaxc + c”2])]*ArcTanh[(b"™2 + (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2%a*c + c~2
1) + b*Sqrt[a”2 + b™2 - 2*axc + c”2]*Cot[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2%
axc + ¢c72)7(1/4)*Sqrt[a™2 + b™2 + c*x(c - Sqrt[a™2 + b~2 - 2*%axc + c72]) - a
*x(2%xc - Sqrt[a”2 + b™2 - 2%a*xc + c~2])]xSqrt[a + b*Cot[d + e*x] + c*Cot[d +
exx]72])]1)/(Sqrt[2]*(a”2 + b™2 - 2*axc + c~2)7(1/4)*e) + ((2*a + bxCot[d +
exx])*Sqrt[a + b*xCot[d + exx] + cxCot[d + exx] 2]*Tan[d + exx]~2)/(4*axe)

Rubi [A] time = 23.712, antiderivative size = 691, normalized size of antiderivative = 1.,

. . number of rules
number of steps used = 21, number of rules used = 14, integrand size = 33, ————— =
integrand size

0.424, Rules used = {3701, 6725, 720, 724, 206, 734, 843, 621, 1021, 1078, 1036, 1030, 208,
205}

—bVa?-2ac+b%+c2 cot(d+

\/—a(\,/az—Zac+bz+¢:2+2c)+c(\/az—2ac+bz+02+c)+512+bztan_1

V2 é/aZ—Zac+b2+cz \/—u(\/az—Zac+b2+cz+2c)+‘

V2eVa2 = 2ac + b2 + 2

Antiderivative was successfully verified.

[In] Int[Sqrt[a + b*Cot[d + e*x] + c*Cot[d + exx]~2]*Tan[d + e*x]~3,x]

[Out] -((Sgrt[a™2 + b"2 + cx(c + Sqrt[a”™2 + b2 - 2*axc + c~2]) - a*x(2xc + Sqrt[a
"2 + b2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2
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*xaxc + ¢72]) - b*Sqrt[a”2 + b~2 - 2%axc + c"2]*Cot[d + e*x])/(Sqrt[2]*(a~2
+ b2 - 2%axc + ¢c72)7(1/4)*Sqrt[a”2 + b"2 + c*x(c + Sqrt[a”™2 + b~2 - 2%axc +
c™2]) - ax(2%c + Sqrt[a”™2 + b~2 - 2%axc + c"2])]*Sqrt[a + bxCot[d + exx] +
cxCot[d + e*xx]72])])/(Sqrt[2]*(a”2 + b2 - 2*axc + c~2)7(1/4)*e)) - (Sqrtl
al]*ArcTanh[(2*a + bxCot[d + exx])/(2+Sqrt[a]l*Sqrt[a + b*Cot[d + e*x] + c*Co
tld + exx]"2])])/e - ((b72 - 4*axc)*ArcTanh[(2*a + b*Cot[d + ex*xx])/(2*Sqrtl[
a]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*xx]~2])])/(8*a~(3/2)*e) + (Sqrt[a~2
+ b™2 + c*x(c - Sqrt[a™2 + b72 - 2xa*xc + c¢"2]) - a*x(2%c - Sqrt[a”2 + b"2 -
2xaxc + c”2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2%a*c + c72
1) + b*Sqrt[a”2 + b™2 - 2xaxc + c”2]*Cot[d + e*x])/(Sqrt[2]*(a”2 + b~2 - 2%
axc + ¢c72)7(1/4)*Sqrt[a”2 + b™2 + c*x(c - Sqrt[a™2 + b™2 - 2*%axc + c72]) - a
*x(2xc - Sqrt[a”2 + b~2 - 2%a*xc + c~2])]xSqrt[a + b*Cot[d + e*x] + c*Cot[d +
exx]72])]1)/(Sqrt[2]*(a™2 + b™2 - 2%axc + c~2)"(1/4)*e) + ((2xa + bxCot[d +
exx])*Sqrt[a + b*Cot[d + exx] + cxCot[d + exx] 2]*Tan[d + exx]~2)/(4*axe)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)] " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]x*(
f D)) (n_.) + (c_.)*(cot[(d_.) + (e_.)*x(x )]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f)"m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, f*Cot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 720

Int[((d_.) + (e_)*(x_))"(m)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_S
ymbol] :> -Simp[((d + e*x)”~(m + 1)*x(d*b - 2%axe + (2%cxd - bxe)*x)*(a + b*x
+ c*xx72)7p)/(2x(m + 1)*(c*d”2 - bxd*e + axe”2)), x] + Dist[(px(b™2 - 4xaxc
1/ (2x(m + 1)*x(c*d™2 - bxdxe + axe”2)), Int[(d + exx)"(m + 2)*(a + b*x + c*
x"2)~(p - 1), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d~2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe, 0] && EqQ[m + 2*p + 2, 0
1 && GtQ[p, 0]

Rule 724

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxdxe + 4*axe”2 - x72), x], x, (2
xaxe — bxd - (2*cxd - bkxe)*x)/Sqrt[a + bxx + c*x"2]]1, x] /; FreeQ[{a, b, c,
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d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 734

Int[((d_.) + (e_)*x(x_))"(m_)*((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p_), x_8
ymbol] :> Simp[((d + exx) " (m + 1)*(a + b*x + c*x"2)7p)/(ex(m + 2*p + 1)), x
] - Dist[p/(ex(m + 2%p + 1)), Int[(d + ex*x) m*Simp[b*d - 2%axe + (2*c*d - b
xe)xx, x]*(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && NeQ[2*xc*d - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] &% ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2*p, 0] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)xx_))*((a_.) + (b_)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*x +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) m*(a + b*x + c*x~2)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx"2]1], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 1021

Int[((g_.) + (h_D*(x_))*((a ) + (b_)*(x) + (c_)*(x_)"2)"(p)*((d) + (£
_I)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + bxx + c*x72
)7 (p - D*(d + £xx72) "q*Simp [h*px(b*xd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(-2xgxf)*x(p + q + 1))*x + (h*p*x(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x72, x1, x1, x] /; FreeQ[{a, b, ¢, d, £, g, h, g}, x] && NeQ[b~2 - 4x*a
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1078
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Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*xx~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bxcxx)/((a + c*x"2)*Sqrt[d + e*xx
+ £*xx72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_ )x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl[(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQla*xh™2%e + 2%gxh*(c*d - axf) - g™2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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Subst f :i—fﬁ}){z dx, x, cot(d + ex))
X X
f \Ja+beot(d+ ex) + c cot’(d + ex) tan’(d + ex) dx = - -
Subst f(\/a+lj;+cx2 _ \/a+b;c+cx2 + x\/a;rf;c:cxz) dx, x, cot(d
- e
Subst f %ﬂxz dx, x, cot(d + ex)) Subst ( f a+bj+cx
=- +
e

(2a + becot(d + ex))\/a + beot(d + ex) + c cot?(d + ex) tan?(

4ae

(2a + bcot(d + ex))\/a + beot(d + ex) + ¢ cot?(d + ex) tan?(

4ae
(bz _ 4.EIC) tanh—l 2a+b cot(d+ex)
2\/5\/a+b cot(d+ex)+c cot?(d-+ex) (2a+bc
= +
8a3/2¢
Vatanh™ 2a+b cotld+er (b2 — 4ac) tanh’
2\/3\/a+h cot(d+ex)+c Cotz(d+ex)

e

\/a2+b2+c(c+\/a2+b2—2ac+cz)—a(2c+Va2+b2-

Mathematica [C] time = 47.529, size = 465721, normalized size = 673.98

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + b*Cot[d + e*x] + c*Cot[d + exx]~2]*Tan[d + e*x]~3,x]

[Out] Result too large to show
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Maple [B] time = 75.419, size = 4237674, normalized size = 6132.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cot(exx+d)+c*cot (e*x+d)~2) (1/2)*tan(e*x+d)~3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ccot (ex + cl)2 + bcot (ex +d) + atan (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(exx+d)+c*cot(exx+d) 2)~(1/2)*tan(e*x+d)~3,x, algorithm="
maxima")

[Out] integrate(sqrt(c*cot(exx + d)~2 + b*cot(exx + d) + a)xtan(e*xx + d)~3, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*x+d)+c*xcot(exx+d)~2)~(1/2)*tan(e*xx+d)~3,x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + beot (d + ex) + ccot? (d + ex) tan® (d + ex) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*xx+d)+ckcot (exx+d)**2)**(1/2)*tan(exx+d)**3,x)

[Out] Integral(sqrt(a + bxcot(d + exx) + cxcot(d + exx)**2)xtan(d + exx)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/c cot (ex + d)2 + bcot (ex +d) + atan (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*xx+d)+c*cot(exx+d)~2)~(1/2)*tan(e*xx+d)~3,x, algorithm="

giac")

[Out] integrate(sqrt(c*cot(e*xx + d)~2 + bkxcot(exx + d) + a)*tan(e*x + d)~3, x)
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cot” (d+ex)

3.11 dx

5 312
(a+bcoﬂd+a0+ccot(d+a@)

Optimal. Leaf size=1189

result too large to display

[Out] (-3*b*ArcTanh[(b + 2*c*Cot[d + e*x])/(2*Sqrt[c]*Sqrt[a + b*Cot[d + e*x] + ¢
*xCot[d + exx]72])])/(2xc™(5/2)*e) + (5*b*(7*b~2 - 12%a*c)*ArcTanh[(b + 2*c*
Cot[d + exx])/(2%Sqrt[cl*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + exx]~2])])/(16
xc~(9/2)*%e) + (Sqrt[2*a - 2*c - Sqrt[a”2 + b2 - 2*axc + c~2]]*Sqrt[a”2 - b
T2 - 2%axc + c72 + (a - c)*Sqrt[a”2 + b”2 - 2*axc + c”2]]*ArcTanh[(b"2 - (a
- c)x(a - ¢ + Sqrt[a™2 + b™2 - 2%axc + ¢c72]) - b*(2*%a - 2%c - Sqrt[a™2 + b
T2 - 2%axc + c¢72])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*%c - Sqrt[a”2 + b"2 -
2xaxc + c”2]]*Sqrt[a”2 - b2 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b2 - 2*ax
c + c”2]]1xSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*(a~2 + b~
2 - 2xaxc + c¢72)7(3/2)xe) - (Sqrt[2*a - 2*c + Sqrt[a™2 + b~2 - 2*xaxc + c~2]
1xSqrt[a™2 - b™2 - 2%a*xc + ¢72 - (a - c)*Sqrt[a™2 + b~2 - 2%akxc + c"2]]*Arc
Tanh[(b™2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2%a*xc + c~2]) - bx(2*a - 2xc
+ Sqrt[a™2 + b72 - 2xa*xc + c”2])*Cot[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sq
rt[a”2 + b2 - 2%axc + c”2]]1*Sqrt[a”2 - b72 - 2*%axc + c”2 - (a - c)*Sqrt[a”
2 + b2 - 2xa*xc + c¢"2]]1*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])]1)/(Sqr
t[2]*(a”2 + b72 - 2%axc + c72)7(3/2)*e) - (2x(2*a + b*Cot[d + exx]))/((b~2
- 4xaxc)*exSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2]) + (2*%Cot[d + e*xx]~2
x(2xa + bxCot[d + exx]))/((b"2 - 4*axc)*exSqrt[a + b*Cot[d + exx] + cx*Cotl[d
+ exx]72]) - (2%Cot[d + exx]~4x(2%a + b*Cot[d + ex*x]))/((b~2 - 4xaxc)*e*xSq
rt[a + bxCot[d + exx] + c*Cot[d + e*x]72]) + (2%(ax(b”2 - 2%(a - c)*c) + bx
cx(a + c)*Cot[d + exx]))/((b"2 + (a - c)"2)*(b"2 - 4*axc)*e*xSqrt[a + bxCot[
d + e*xx] + cxCot[d + exx]"2]) - ((7*b"2 - 16%a*xc)*Cot[d + exx] 2*Sqrt[a + b
*Cot[d + exx] + cxCot[d + exx]"2])/(3xc™2%(b"2 - 4xaxc)*e) + (2xb*Cot[d + e
*xx] "3*%Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])/(cx(b~2 - 4xaxc)*e) + ((
3*b~2 - 8*axc - 2xb*cxCot[d + exx])*Sqrt[a + b*Cot[d + exx] + cxCot[d + exx
172])/(c™2%(b™2 - 4*a*xc)*e) - ((105%b~4 - 460*a*xb~2%c + 256%a~2%c”2 - 2xbxc
*x(35%b~2 - 116*axc)*Cot[d + exx])*Sqrtl[a + b*Cot[d + e*x] + c*Cot[d + e*x]”
2])/(24xc™4x (b2 - 4xaxc)*e)

Rubi [A] time = 6.28863, antiderivative size = 1189, normalized size of antiderivative =

number of rules

1., number of steps used = 20, number of rules used = 12, integrand size = 33, ntcgrand size



89

= 0.364, Rules used = {3701, 6725, 636, 738, 779, 621, 206, 832, 1018, 1036, 1030, 208}

2(2a + b cot(d + ex)) cot*(d + ex) . 2b+Jc cot?(d + ex) + bcot(d + ex) + a cot>(d + ex) (7b2 - 16uc)

(b2—-4ac)e\/ccot2014-ex)+-bcot014—ex)+—a c(bz—-4ac)e

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]"7/(a + b*Cot[d + exx] + c*Cot[d + exx]~2)~(3/2),x]

[Out] (-3*b*ArcTanh[(b + 2*c*Cot[d + e*xx])/(2xSqrt[c]l*Sqrt[a + bxCot[d + exx] + c
*Cot[d + exx]72])1)/(2%c”™(6/2)*e) + (5xb*(7*b~2 - 12*xaxc)*ArcTanh[(b + 2xcx
Cot[d + exx])/(2%Sqrt[cl*Sqrt[a + b*Cot[d + e*xx] + c*Cot[d + exx]~2])])/(16
xc~(9/2)*%e) + (Sqrt[2*a - 2*c - Sqrt[a”2 + b2 - 2*xaxc + c~2]]*Sqrt[a”2 - b
T2 - 2%a*xc + ¢”2 + (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcTanh[(b"2 - (a
- c)*(a - ¢ + Sqrt[a™2 + b™2 - 2xaxc + c72]) - b*(2%a - 2*xc - Sqrt[a”™2 + b
"2 - 2xaxc + c"2])*Cot[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 -
2xaxc + c”2]]*Sqrt[a”2 - b2 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b2 - 2*ax
c + c”2]]xSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~
2 - 2%axc + c72)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a”2 + b2 - 2*axc + c~2]
1*Sqrt[a”2 - b™2 - 2xaxc + ¢”2 - (a - c)*Sqrt[a”2 + b™2 - 2xa*xc + c~2]]*Arc
Tanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c72]) - b*x(2%a - 2x*c
+ Sqrt[a™2 + b72 - 2xa*xc + c”2])*Cot[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sq
rt[a”2 + b2 - 2%axc + c72]]*Sqrt[a”2 - b72 - 2*%axc + c”2 - (a - c)*Sqrt[a”
2 + b™2 - 2%axc + c”2]]1xSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqr
t[2]*%(a”2 + b72 - 2%axc + c72)7(3/2)*e) - (2x(2*a + b*Cot[d + exx]))/((b"2
- 4xaxc)*exSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2]) + (2*%Cot[d + e*x]~2
*x(2%a + bxCot[d + exx]))/((b™2 - 4*axc)*exSqrt[a + b*Cot[d + e*x] + c*Cot[d
+ exx]"2]) - (2*%Cot[d + e*xx] 4x(2%a + b*Cot[d + exx]))/((b™2 - 4*axc)*e*Sq
rt[a + bxCot[d + exx] + c*Cot[d + e*x]72]) + (2%(ax(b”2 - 2%(a - c)*c) + bx
cx(a + c)*xCot[d + exx]))/((b”2 + (a - ¢c)”"2)*(b"2 - 4xaxc)*exSqrt[a + b*Cot[
d + exx] + cxCot[d + exx]"2]) - ((7#b~2 - 16%axc)*Cot[d + exx] 2*Sqrt[a + b
*Cot[d + exx] + cxCot[d + exx]72])/(3xc™2%(b"2 - 4xaxc)*e) + (2xb*Cotl[d + e
*xx] "3*%Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])/(cx(b~2 - 4xaxc)*e) + ((
3*b~2 - 8*axc - 2xb*cxCot[d + exx])*Sqrt[a + b*Cot[d + exx] + c*xCot[d + exx
172])/(c™2%(b™2 - 4*axc)*e) - ((105%b~4 - 460*a*xb~2%c + 256%a~2%c”2 - 2xbxc
*(35%b~2 - 116xaxc)*Cot[d + exx])*Sqrt[a + b*Cot[d + exx] + cxCot[d + exx]~
2])/(24xc™4*x (b2 - 4xaxc)*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]1*(
f_ )" (m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)I*x(£f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f)"m*(a + b*x™n + c*xx~(2*n)) p)/(f72 + x72), x
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1, x, f*Cot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a ) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 636

Int[((d_.) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)7(3/2), x_Symbo
1] :> Simp[(-2*%(b*xd - 2xa*xe + (2%c*d - bxe)*x))/((b"2 - 4*axc)*Sqrtl[a + b*x
+ c*x72]), x] /; FreeQl{a, b, c, d, e}, x] && NeQ[2*c*d - b*e, 0] && NeQ[b
~2 - 4xaxc, 0]

Rule 738

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[((d + e*xx)"(m - 1)*(d*b - 2*axe + (2xc*d - b*e)*x)*(a + b*x
+ cxx”2)"(p + 1))/ ((p + D)*(b"2 - 4*axc)), x] + Dist[1/((p + D*(b"2 - 4xax
c)), Int[(d + exx)"(m - 2)*Simp[e*(2*a*xex(m - 1) + bxd*(2*%p - m + 4)) - 2%*c
*xd"2%(2xp + 3) + ex(bk*e — 2xd*c)*(m + 2%p + 2)*x, x]*(a + bxx + c*x72)7(p +

1), x1, x] /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*a*xc, 0] && NeQ[c*d~
2 - b*d*e + axe”2, 0] && NeQ[2xc*d - b*e, 0] && LtQ[p, -1] && GtQ[m, 1] &&
IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 779

Int[((d_.) + (e_.)*(x_))*((f_.) + (g_)*x(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x )72)"(p_), x_Symbol] :> -Simp[((b*exgx(p + 2) - c*x(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2)7(p + 1))/(2*%c™2*(p + 1)*(2*xp + 3)), x
1 + Dist[(b™2%exg*(p + 2) - 2*axckxexg + c*(2xckxd*f - bkx(exf + dxg))*(2*p +
3))/(2xc™2x(2xp + 3)), Int[(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, T, g, p}, x] && NeQ[b~™2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%xcxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 832

Int[((d_.) + (e_)*xD) " (m_)*x((£f_.) + (g_)*x_))*x((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> Simp[(g*x(d + exx) m*(a + b*x + c*x~2)7(p +
D)/ (cx(m + 2%p + 2)), x] + Dist[1/(c*x(m + 2%p + 2)), Int[(d + exx)"(m - 1)
*(a + bxx + c*x72) p*xSimp [m* (ckxd*f - axexg) + dx(2kcxf - bxg)x(p + 1) + (mx*
(cxexf + cxd*g - bxexg) + ex(p + 1)*(2*xcxf - bxg))*x, x], x], x] /; FreeQ[{
a, b, c, d, e, f, g, p}, x] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d"2 - bxd*e + a
xe”2, 0] && GtQ[m, 0] && NeQ[m + 2*p + 2, 0] && (IntegerQ[m] || IntegerQ[p]
|| IntegersQ[2*m, 2*%p]) && !(IGtQ[m, 0] && EqQ[f, 0])

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_D)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*x72) 7 (p + 1)*x(d + £*xx72)~
(g + D*x((gxc)*(~(bx(c*xd + a*xf))) + (g*xb - a*h)*(2xc™2*d + b~2xf - c*x(2*axf
)) + cx(gx(2xc™2xd + b~2*f - cx(2*%axf)) - hx(bxcxd + axb*xf))*x))/((b~2 - 4%
axc)*(b™2+d*f + (cxd - axf)"2)*(p + 1)), x] + Dist[1/((b72 - 4*axc)* (b 2*d*
f + (cxd - axf)"2)x(p + 1)), Int[(a + b*x + c*x72)7(p + 1)*(d + £*x72) g*Si
mp [(bxh - 2*gxc)*((cxd - a*xf)"2 - (bxd)*(-(b*f)))*x(p + 1) + (b™2*(g*f) - bx
(h*c*xd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - cxdx(p + 2)) - (2*fx*(
(gxc)* (- (bx(cxd + axf))) + (gxb - axh)*(2%c”™2xd + b~2*xf - cx(2xaxf)))*(p +

q + 2) - (b"2%(g*f) - bk(hkcxd + axh*f) + 2x(grck(cxd - a*f)))*(bxf*(p + 1)
))*x — cxfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(2*p + 2%q
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, £, g, h, q}, x] && NeQ[b™2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - a*xf)~2, 0] && !( !IntegerQ[p
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_ )x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(c*xd - a*f + q) + (hx(cxd - axf - q) - gkxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030
Int[((g_) + (h_)*(x_))/(((a) + (c_)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
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_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx~2, x], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps



7
Subst il dx, x, cot(d + ex
[f (1+x2)(a+bx+cx2)3/2 ( ))

dx = -

e

f cot”(d + ex)
3
(a + beot(d + ex) + ccot?*(d + ex)) !

3

5
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X

Subst[ ( z i z 7+ z i
(a+bx+cx2) (a+bx+cx2) (a+bx+cx2)

(1+x2)(a+bx+cx2)

3/2

e
Subst [ f 55 4x, x, cot(d + ex)] Subst ( f ° dx, x
_ (a+bx+cx2) N (u+bx+cx2)
B e e
2(2a + b cot(d + ex)) 2 cot?(d + e

(b2 - 4uc) e\/a + beot(d + ex) + c cot®(d + ex) (b2 - 4ac) erJa+b

2(2a + b cot(d + ex))

2 cot?(d + e

(b2 - 4ac) e\/a + beot(d + ex) + c cot®(d + ex) (bz - 4ac) erJa+b

2(2a + b cot(d + ex))

2 cot?(d + e

(b2 - 4ac) e\/a + beot(d + ex) + c cot®(d + ex) (bz - 4ac) eJa+b

3btanh ™! ( b2 cotld+ex) ] \/ 2a —2c - Va? + b2 - 2ac

2\/5\/a+h cot(d+ex)+c cotz(d+ex)

2c52¢

3btanh ™ [ be2c cot(d-rex) ] \/ 2a —2c — Va2 + b? - 2ac

2+/cyJa+b cot(d+ex)+c cotz(d+ex)

2c52¢
3btanh™ b2 cotid+ex) 5b (7b2 - 12uc) tanh ™ | —
_ 2\/5\/a+h cot(d+ex)+c cotz(d+ex) 24/
B 2c52¢ 16¢%

Mathematica [C] time = 38.5354, size = 5618, normalized size = 4.72

Result too large to show
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Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~7/(a + b*Cot[d + exx] + cxCot[d + exx]~2)~(3/2),x]

[Out] Result too large to show

Maple [B] time = 0.173, size = 13068424, normalized size = 10991.1

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) "7/ (a+b*cot (e*x+d)+c*cot (exx+d)~2)~(3/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~7/(atbxcot (exx+d)+c*cot(e*xx+d)~2)~(3/2),x, algorithm="

maxima")

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~7/(atbxcot (exx+d)+c*cot(e*xx+d)~2)~(3/2),x, algorithm="

fricas")
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[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**7/(atb*cot (e*xx+d)+c*cot (e*xx+d)**2)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)’ N

3
(c cot (ex + d)* + bcot (ex + d) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)~7/(atb*cot(e*xx+d)+ckxcot(exx+d)~2)~(3/2),x, algorithm="

giac")

[Out] integrate(cot(exx + d)~7/(cxcot(e*xx + d)~2 + bxcot(exx + d) + a)~(3/2), x)
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cot®(d+ex)

3.12 dx

5 312
(a+bcoud+a@+fcot(d+&0)

Optimal. Leaf size=865

3btanh™} [ be2c cot(d+ex) ) \/ 2a—2c— Va2 —2ca +1

2+/crJc cot?(d+ex)+b cot(d+ex)+a
2c52¢

2(2a + bcot(d + ex)) cot?(d + ex)

(bz - 4ac) e\/c cot?(d + ex) + beot(d + ex) + a

[Out] (3*%b*ArcTanh[(b + 2*cxCot[d + exx])/(2xSqrt[c]*Sqrt[a + bxCot[d + exx] + cx*
Cotl[d + exx]~2]1)])/(2xc~(5/2)*e) - (Sqrt[2*a - 2*%c - Sqrt[a”2 + b2 - 2*axc
+ ¢c"2]]*Sqrt[a”2 - b™2 - 2*axc + ¢c”2 + (a - c)*Sqrt[a”2 + b™2 - 2%axc + c”
2]1*ArcTanh[(b~2 - (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2*xaxc + c~2]) - b*x(2xa
- 2%c - Sqrt[a”2 + b™2 - 2*xa*xc + ¢~2])*Cot[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2
xc — Sqrt[a™2 + b72 - 2xaxc + c"2]]*Sqrt[a™2 - b72 - 2%axc + c”2 + (a - c)*
Sqrt[a”2 + b™2 - 2*axc + c”2]]xSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])
1)/(Sqrt[2]*(a”2 + b™2 - 2%a*xc + c~2)7(3/2)*e) + (Sqrt[2*a - 2*c + Sqrtl[a”~2
+ b72 - 2%axc + c"2]]1*Sqrt[a”2 - b72 - 2xaxc + ¢c”2 - (a - c)*Sqrt[a”2 + b~
2 - 2%axc + c”2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ - Sqrt[a”™2 + b~2 - 2*a*xc +
c™2]) - bx(2*a - 2*c + Sqrtl[a”2 + b"2 - 2xaxc + c"2])*Cot[d + exx])/(Sqrt[2
1xSqrt[2*a - 2xc + Sqrt[a”™2 + b72 - 2%a*xc + c”2]]*Sqrt[a”2 - b2 - 2*axc +
c™2 - (a - c)*Sqrt[a”2 + b72 - 2xa*xc + c"2]]*Sqrt[a + bxCot[d + exx] + c*Co
tld + exx]72])]1)/(Sqrt[2]*(a”2 + b™2 - 2xaxc + c72)7(3/2)*e) + (2*(2*a + bx
Cot[d + exx]))/((b~2 - 4xaxc)*exSqrt[a + bxCot[d + exx] + cxCot[d + exx]~2]
) - (2%Cot[d + e*x]"2x(2*a + b*Cot[d + e*x]))/((b~2 - 4xaxc)*exSqrt[a + b*C
ot[d + exx] + c*Cot[d + e*x]"2]) - (2x(ax(b”2 - 2x(a - c)*c) + bkcx(a + c)*
Cotld + e*xx]))/((b"2 + (a - c)"2)*(b"2 - 4*axc)*exSqrt[a + bxCot[d + exx] +
cxCot[d + exx]72]) - ((3*b~2 - 8*axc - 2*bkxcxCot[d + exx])*Sqrt[a + b*Cot[
d + exx] + cxCotl[d + e*xx]72])/(c™2%(b"2 - 4xaxc)*e)

Rubi [A] time = 4.77397, antiderivative size = 865, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 11, integrand size = 33, e o e
integrand size

= 0.333, Rules used = {3701, 6725, 636, 738, 779, 621, 206, 1018, 1036, 1030, 208}

3btanh ™ be2c cot(d+ex) ) \/ 2a—2c— Va2 —2ca +1

2(2a + b cot(d + ex)) cot?(d + ex) . 2feyle cot?(d-+ex)+b cot(d-rex) +a
2c52¢

(b2 - 4ac) e\/c cot?(d + ex) + beot(d + ex) + a

Antiderivative was successfully verified.
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[In] Int[Cot[d + e*xx]"5/(a + b*Cot[d + exx] + c*Cot[d + ex*xx]~2)~(3/2),x]

[Out] (3*b*ArcTanh[(b + 2*cxCot[d + exx])/(2*Sqrt[c]*Sqrt[a + bxCot[d + exx] + cx*
Cot[d + exx]~2]1)])/(2xc~(5/2)*e) - (Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*axc
+ ¢c72]]1*Sqrt[a™2 - b2 - 2*%axc + ¢”2 + (a - c)*Sqrt[a”2 + b2 - 2%axc + ¢~
2]]*ArcTanh[(b"2 - (a - c)*x(a - ¢ + Sqrt[a™2 + b™2 - 2*axc + c¢~2]) - b*(2*a
- 2%c - Sqrt[a”2 + b72 - 2%axc + c"2])*Cot[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2
xc - Sqrt[a™2 + b72 - 2xa*xc + c"2]]*Sqrt[a”2 - b72 - 2%axc + c72 + (a - c)*
Sqrt[a”2 + b2 - 2*axc + c~2]]xSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])
1)/(Sqrt[2]*(a"2 + b™2 - 2%axc + c”2)7(3/2)*e) + (Sqrt[2%a - 2*c + Sqrt[a”2
+ b72 - 2%axc + c¢"2]]xSqrt[a”2 - b72 - 2%axc + ¢”2 - (a - c)*Sqrt[a”2 + b~
2 - 2%axc + c”2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ - Sqrt[a™2 + b~2 - 2*axc +
c"2]) - bx(2%a - 2%c + Sqrt[a”2 + b~2 - 2%axc + c"2])*Cot[d + ex*xx])/(Sqrt[2
1xSqrt[2*a - 2xc + Sqrt[a”™2 + b™2 - 2%a*xc + c”2]]*Sqrt[a”2 - b~2 - 2*a*xc +
c™2 - (a - c)*Sqrt[a™2 + b™2 - 2*axc + c”2]]*Sqrtla + b*xCot[d + exx] + cx*Co
tld + exx]~2])]1)/(Sqrt[2]*(a”2 + b™2 - 2%a*xc + c72)7(3/2)*e) + (2x(2*%a + bx
Cot[d + e*x]))/((b~2 - 4xaxc)*exSqrt[a + b*Cot[d + exx] + c*Cot[d + exx]"2]
) - (2%xCot[d + exx]~2%(2*a + b*Cot[d + e*xx]))/((b72 - 4xa*c)*exSqrt[a + b*C
ot[d + exx] + c*Cotld + exx]72]) - (2%(a*x(b”2 - 2x(a - c)*c) + b*ckx(a + c)*
Cot[d + exx]))/((0"2 + (a - c)72)*(b"2 - 4xaxc)*exSqrt[a + b*Cot[d + e*x] +
cxCot[d + exx]"2]) - ((3*b72 - 8*a*xc - 2*b*c*Cot[d + e*x])*Sqrt[a + b*Cot[
d + exx] + c*xCot[d + e*x]72])/(c™2%(b"2 - 4x*axc)*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]1*(
f_ )" (m_.) + (c_.)*(cot[(d_.) + (e_)*(x)I*(f_.)) " (m2_.))"(p_), x_Symbol]

:> -Dist[f/e, Subst[Int[((x/f)"m*(a + b*x™n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 636

Int[((d_.) + (e_.)*x(x_))/((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(3/2), x_Symbo
1] :> Simp[(-2*(bxd - 2*axe + (2xcxd - b*xe)*x))/((b~2 - 4xaxc)*Sqrt[a + bx*x
+ c*xx72]), x] /; FreeQl{a, b, c, d, e}, x] && NeQ[2*c*d - b*xe, 0] && NeQ[b
~2 - 4xaxc, 0]
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Rule 738

Int[((d_.) + (e_)*(x_)) " (m)*((a_.) + (b_)*(x_) + (c_)*x_)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m - 1)*(d*b - 2*axe + (2xc*d - b*e)*x)*(a + b*x
+ cxx”2)"(p + 1))/ ((p + D)*(b"2 - 4*axc)), x] + Dist[1/((p + D*(b"2 - 4xax
c)), Int[(d + e*xx)"(m - 2)*Simp[ex(2xaxex(m - 1) + b*d*(2*p - m + 4)) - 2%c
*d"2% (2%p + 3) + ex(bxe - 2kd*c)*(m + 2%p + 2)*x, x]*(a + b*x + c*x72) " (p +

1), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d~
2 - b*dxe + axe”2, 0] && NeQ[2xc*d - bxe, 0] && LtQ[p, -1] && GtQ[m, 1] &&
IntQuadraticQ[a, b, ¢, d, e, m, p, xJ

Rule 779

Int[((d_.) + (e_)*(x_))*((£_.) + (g_)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)72)"(p_), x_Symbol] :> -Simp[((b*exg*x(p + 2) - cx(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2) " (p + 1))/ (2*c™2*(p + 1)*x(2*p + 3)), x
] + Dist[(b™2%exgx(p + 2) - 2%akxckxexg + ckx(2kxckxd*f - bkx(exf + dxg))*(2xp +
3))/(2xc™2%(2xp + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, T, g, p}, x] && NeQ[b~™2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%cxx)/Sqrtla + bxx + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*xx72) 7 (p + 1)*(d + £*xx72)~
(g + D*((gxc)*(~(bx(c*xd + a*xf))) + (g*xb - a*h)*(2xc™2*d + b~2xf - c*(2*axf
)) + cx(gx(2%c™2xd + b72*f - cx(2*%axf)) - hx(bkxcxd + axbxf))*x))/((b~2 - 4%
axc)*(b72xd*xf + (c*d - a*xf)"2)*(p + 1)), x] + Dist[1/((b72 - 4xa*xc)*(b~2xdx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*x72)7(p + 1)*(d + £*x72) g*Si
mp[(bxh - 2*gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*f)))*(p + 1) + (b"2*(g*f) - bx
(h*cxd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - cxdx(p + 2)) - (2*fx*(
(gxc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2%d + b~2xf - cx(2xaxf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — cxfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxck(cxd - axf)))*(2*p + 2%q
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+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4%
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - axf)~2, 0] && !( !IntegerQlp
1 && ILtQ[q, -11)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_)*x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x721], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*xh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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5
Subst il dx, x, cot(d + ex
f cot>(d + ex) J (f (142) (a+br+en2) ( ))
X = -
(a + beot(d + ex) + ccot?(d + ex))3/2 ¢
3
Subst - il + al + il ) dx, x, cot(d
B (f( (a+bx+cx2)3/2 (a+bx+cx2)3/2 (1+x2)(u+bx+cx2)3/2 (
- e
Subst f ;3/2 dx,x,cot(d + ex)| Subst f 3 dx, x, cc
B (a+bx+cx2) (u+bx+cx2)
a e e
2(2a + b cot(d + ex)) 2 cot?(d + ex)(2

(b2 - 4ac) e\/a + beot(d + ex) + c cot®(d + ex) (b2 - 4uc) eqja +bcot

2(2a + b cot(d + ex)) 2 cot?(d + ex)(2

) (b2 - 4ac) e\/a + beot(d + ex) + c cot®(d + ex) (b2 - 4ac) eqJa + b ot

3 2(2a + b cot(d + ex)) 2 cot?(d + ex)(2
(b2 - 4ac) e\/a + beot(d + ex) + c cot?(d + ex) (b2 - 4ac) eqJa + b ot
3btanh™ b+2c cot{d+er) \/ 2a—2c — Va2 + b? — 2ac +

2\/5\/a+b cot(d+ex)+c cotz(d+ex)

B 2c52¢ -

Mathematica [C] time = 26.505, size = 737, normalized size = 0.85

1 cos(2(d+ex))-a—b sin(2(d+ex))—c cos(2(d-+ex))—c Z(Sazbzc—2a2b3 sin(2(d+ex))-2a3b2-5a2bc? sin(2(d+ex))+6a3be sin(2(d+ex))-a*b sin(2(d+ex))-4a3
cos(2(d+ex))-1 a c(a—c)(a—ib—c)(a+ib—c)(4ac—b2)(a cos(2(d+ex))—a—b sin(2(d+ex)

e
Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~5/(a + b*Cot[d + exx] + cxCot[d + exx]~2)~(3/2),x]

[Out] (Sqrt[(-a - c + a*Cos[2*(d + e*x)] - c*Cos[2x(d + exx)] - b*Sin[2*(d + e*x)
1)/(-1 + Cos[2%(d + exx)])]*(-((-3*%a"3%b"2 - 3*a*xb”™4 + 8xa~4xc + 15%a~2xb"2
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*xC + b74*xc - 16*%a”3%c”2 - Txaxb"2*c”2 + 12%a"2%c”3 + b72xc”3 - 4*xaxc”4)/((a
- c)x(a - Ixb - c)*(a + I*b - c)*c™2%(-b"2 + 4x*a*xc))) - (2x(-2%a”"3*b"2 - 2
xa*xb"4 + 4xa”4dkxc + 8%a”2*%b"2%c - 4*%a"3*c”2 - a"4xb*xSin[2x(d + exx)] - 2%a”2
*b~3*%Sin[2x(d + e*xx)] - b75xSin[2x(d + e*xx)] + 6*a”3xb*cxSin[2x(d + exx)] +
5xaxb~3xc*xSin[2*%(d + e*x)] - 5xa~2*xbxc”2xSin[2x(d + exx)]))/((a - c)*(a -
Ix¥b - c)*(a + Ixb - c)*c*x(-b"2 + 4xaxc)*(-a - c + axCos[2*(d + exx)] - cx*Co
s[2x(d + exx)] - bxSin[2*(d + exx)]))))/e - (((Ix(a + I*b - c)*c”(5/2)*ArcT
an[(I*¥b + 2*%c + ((2*I)*a + b)*Tan[d + exx])/(2xSqrt[a - I*b - cl*Sqrtlc + T
an[d + e*xx]*(b + a*Tan[d + e*x])])])/Sqrtl[a - I*b - c] + (c~(56/2)*(-a + I*b
+ c)*ArcTanh[(b + (2%I)*c + (2xa + I*b)*Tan[d + exx])/(2*Sqrtl[a + I*b - c]
*Sqrt[c + Tan[d + e*x]*(b + axTan[d + exx])])])/Sqrt[a + I*b - c] - 3*bx(a”
2 + b72 - 2xaxc + c”2)*ArcTanh[(2*%c + b*Tan[d + ex*x])/(2xSqrt[c]*Sqrtlc + T
an[d + e*xx]*(b + a*Tan[d + e*x])])])*Sqrt[a + b*Cot[d + e*xx] + c*Cot[d + ex
x]72]*Tan[d + exx])/(2xc~(5/2)*(a"2 + b2 - 2%axc + c~2)*exSqrt[c + Tan[d +

exx]*(b + axTan[d + e*x])])

Maple [B] time = 0.05, size = 13067692, normalized size = 15107.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) 5/ (a+b*cot (e*xx+d)+c*cot (exx+d)~2)~(3/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (atbxcot (exx+d)+c*cot(e*xx+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Timed out
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (atb*cot(e*xx+d)+ckcot(exx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**5/(atb*cot (e*xx+d)+c*cot (e*xx+d)**2)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)5 i

3
(c cot (ex + d)* + bcot (ex + d) + u)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (at+bxcot (exx+d)+c*cot(e*xx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(cot(e*xx + d)~5/(c*xcot(e*xx + d)~2 + bxcot(e*xx + d) + a)~(3/2), x)
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cot3(d+ex)

3.13 dx

5 312
(a+bcoﬂd+a0+ccot(d+a@)

Optimal. Leaf size=686

_b(_m-
VI NE Zacr P 20-20(a
\2e (a2 —2ac+b? + c2)3/2

\/—\/az —2ac+b%+c%+2a —ZC\/(a—c)\/a2 —2ac+ b2+ 2 + a2 —2ac— b2 + 2 tanh ™!

[Out] (Sgrt[2*a - 2*%c - Sqrt[a”™2 + b~2 - 2xa*xc + c”2]]1*Sqrt[a”™2 - b~2 - 2*a*c + c
"2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ +
Sqrt[a”2 + b™2 - 2%axc + c”2]) - bx(2%xa - 2xc - Sqrt[a”2 + b72 - 2%a*xc + ¢
~2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*a*c + c~2]]
*Sqrt[a”2 - b72 - 2%a*xc + ¢”2 + (a - c)*Sqrt[a”2 + b™2 - 2%a*xc + c~2]]*Sqrt
[a + bxCot[d + exx] + c*Cot[d + e*x]72]1)]1)/(Sqrt[2]*(a”2 + b~2 - 2*a*c + ¢~
2)7(3/2)*%e) - (Sqrt[2*a - 2*c + Sqrt[a”™2 + b™2 - 2*%axc + c~2]]*Sqrt[a”2 - b
T2 - 2%a*xc + ¢72 - (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcTanh[(b"2 - (a
- c)x(a - ¢ - Sqrt[a™2 + b™2 - 2%a*xc + c72]) - b*(2*%a - 2*c + Sqrt[a™2 + b
72 - 2%axc + c72])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2%c + Sqrt[a™2 + b™2 -
2xaxc + c”2]]1*Sqrt[a”™2 - b72 - 2%xa*xc + c”2 - (a - c)*Sqrt[a”2 + b72 - 2xax
c + c"2]]xSqrt[a + b*Cot[d + e*x] + c*xCot[d + e*x]~2]1)]1)/(Sqrt[2]*(a~2 + b~
2 - 2%axc + c72)7(3/2)*e) - (2x(2xa + bxCot[d + exx]))/((b~2 - 4*axc)*e*Sqr
t[a + bxCot[d + exx] + cxCotld + exx]~2]) + (2x(a*x(b”2 - 2x(a - c)*c) + bx*c
x(a + c)*Cot[d + e*xx]))/((b72 + (a - c)"2)* (b2 - 4xaxc)*exSqrtla + b*Cot[d
+ e*xx] + cxCot[d + exx]"2])

Rubi [A] time = 4.59766, antiderivative size = 686, normalized size of antiderivative

1., number of steps used = 10, number of rules used = 7, integrand size = 33, number of rules _

0.212, Rules used = {3701, 6725, 636, 1018, 1036, 1030, 208}

integrand size

—b(—Va2—2a6+h2+c2—
\/E\/—VuZ—Zuc+b2+c2+2a—26\/a
3/2
\2e (az —2ac+b% + cz)

\/—\/az —2ac+b2+c%+2a —ZC\/(a—c)\/a2 —2ac+ b2+ 2+ a2 —2ac- b2 + 2 tanh ™

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]"3/(a + b*xCot[d + e*x] + c*Cot[d + exx]"2)~(3/2),x]

[Out] (Sqgrt[2*a - 2*%c - Sqrt[a”2 + b~2 - 2xa*xc + c~2]]1*Sqrt[a”™2 - b™2 - 2%a*c + c
"2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ +
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Sqrt[a”2 + b™2 - 2%axc + c72]) - b*(2%xa - 2%c - Sqrt[a™2 + b"2 - 2%axc + c
~2])*Cot [d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + "2 - 2%a*c + c~2]]
xSqrt[a”2 - b72 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b2 - 2*axc + c~2]]*Sqrt
[a + b*Cot[d + exx] + cxCot[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2xa*c + c~
2)7(3/2)*e) - (Sqrt[2*a - 2xc + Sqrt[a™2 + b~2 - 2*axc + c”2]]*Sqrt[a”2 - b
T2 - 2%axc + ¢72 - (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcTanh[(b"2 - (a

- c)*(a - ¢ - Sqgrt[a”™2 + b™2 - 2*xa*xc + c”2]) - bx(2%xa - 2*xc + Sqrt[a”2 + b
T2 - 2xaxc + c¢”2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*%c + Sqrt[a”2 + b"2 -

2xaxc + c”2]]*Sqrt[a”2 - b2 - 2%axc + ¢c”2 - (a - c)*Sqrt[a”2 + b2 - 2*ax
c + ¢"2]]1#Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]72]1)]1)/(Sqrt[2]*(a"2 + b~
2 - 2xaxc + c72)7(3/2)xe) - (2x(2*a + bxCot[d + exx]))/((b~2 - 4xaxc)*exSqr
tla + bxCot[d + e*x] + c*Cot[d + e*x]~2]) + (2x(a*x(b™2 - 2*%(a - c)*c) + b*c
x(a + c)*Cot[d + exx]))/((b72 + (a - ¢c)"2)*(b"2 - 4*axc)*e*xSqrt[a + bxCot[d
+ exx] + cxCot[d + exx]"2])

Rule 3701

Int[cot[(d_.) + (e_)*(x_)] " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]x*(
f D)) (n_.) + (c_.)*(cot[(d_.) + (e_.)*x(x )]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f)"m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, f*Cot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 636

Int[((d_.) + (e_)*(x_))/((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(3/2), x_Symbo
1] :> Simp[(-2*(bxd - 2*a*e + (2xcxd - b*e)*x))/((b~2 - 4*xaxc)*Sqrt[a + bx*x
+ c*xx~2]), x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b
~2 - 4xaxc, 0]

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q ), x_Symbol] :> Simp[((a + bxx + c*x72)7(p + 1)*(d + £*xx72)~
(g + D*x((gkc)*(—(bx(c*xd + a*xf))) + (g*xb - a*h)*(2xc™2*d + b~2xf - c*(2*axf
)) + cx(gx(2xc™2xd + b~2*f - cx(2*%axf)) - hx(bxcxd + axb*xf))*x))/((b~2 - 4%
axc)*(b™2+d*f + (cxd - axf)"2)*(p + 1)), x] + Dist[1/((b72 - 4d*axc)* (b~ 2*d*
f + (ckd - a*f)"2)*(p + 1)), Int[(a + bxx + c*x"2)"(p + 1)*(d + f*x~2) g*Si
mp [(bxh - 2*gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*f)))*x(p + 1) + (b™2*(g*f) - bx
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(h*c*xd + axh*xf) + 2x(gxck(cxd - axf)))*(a*xfx(p + 1) - ckxdx(p + 2)) - (2*fx*(
(g*xc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2xd + b~2*xf - cx(2xaxf)))*(p +
q + 2) - (b72x(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — c*xfx(b"2%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(2*p + 2%q
+ 5)*x72, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, g}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*xf + (c*d - axf)~2, 0] && !( !IntegerQlp
1 & ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)*(x_)72]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*e”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*%q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*(x ))/(((a_) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx~2, xJ], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
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3
Subst il dx, x, cot(d + ex
f cot3(d + ex) J (f (14:2)(a+brren2) ( )J
X =-
(a + beot(d + ex) + ccot?*(d + ex))B/ €
Subst il - al ) dx, x, cot(d + ex )
B [f ( (a+bx+cx2)3/2 (1+x2)(a+bx+cx2)3/2 ( )
B e
Subst dx, x, cot(d + ex Subst al ¢
B [f (a+bx+cx2)3/2 ( )] (f (1+x2)(u+bx+cx2)3/2
B e " e
2(2a + b cot(d + ex)) 2 (a (bz - 2

=- +
(b2 - 4uc) e\/a + beot(d + ex) + c cot®(d + ex) (b2 +(a- c)z) (b2 —

_ 2(2a + b cot(d + ex)) N 2 (ﬂ (bz = 2

(b2 - 4ac) e\/a + beot(d + ex) + c cot®(d + ex) (bz +(a- c)z) (b2 —

__ 2(2a + beot(d + ex)) . 2 (a (bZ —2(

(b2 - 4ac) e\/a + beot(d + ex) + c cot®(d + ex) (bz +(a- c)z) (b2 —

\/Za—Zc—\/az+b2—2ac+c2\/a2—b2—2ac+c2+(a—c)\/a2+b2—l

V2

Mathematica [C] time = 25.8227, size = 382, normalized size = 0.56

(ia-+b—ic) tanfl(

(b—2ia) tan(d+ex)—ib+2c ] . .
(—ia+b+ic) t
2vVa+ib—cy/tan(d+ex)(a tan(d+ex)+b)+c +

Va+ib—c

tan(d+ex)

4\/§(b(a2—3ac+b2) cot(d+ex)+a(2a2—2ac+b2))
(a—ib=c)(a+ib—c)(4ac—b2)\/csc?(d+ex)((c—a) cos(2(d-+ex))+a-+b sin(2(d-+ex))+c) (a2-2ac+b2+c?)\/Ean(d
2e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]~3/(a + b*Cot[d + exx] + cxCot[d + exx]~2)7(3/2),x]
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[Out] ((4*Sqrt[2]*(ax(2*a”™2 + b~2 - 2*a*xc) + bx(a”™2 + b2 - 3*a*xc)*Cot[d + e*xx]))
/((a = Ixb - c)x(a + I*b - c)*(~-b~2 + 4xaxc)*Sqrt[Csc[d + e*x]"2*(a + c + (

-a + c)*Cos[2x(d + exx)] + b*Sin[2*(d + e*x)])]) - ((((Ixa + b - Ixc)*ArcTa
n[((-I)*b + 2*c + ((-2%I)*a + b)*Tan[d + ex*x])/(2*Sqrt[a + Ix*b - cl*Sqrtlc

+ Tan[d + e*x]*(b + a*Tan[d + e*x])]1)])/Sqrtla + I*b - c] + (((-I)*a + b +
I*c)*ArcTan[(I*b + 2%c + ((2*I)*a + b)*Tan[d + exx])/(2%Sqrt[a - I*b - c]*S
qrtlc + Tan[d + e*x]*(b + axTan[d + exx])])])/Sqrtla - I*b - c])*Sqrt[a + b

xCot [d + exx] + c*xCot[d + exx]"2]*Tan[d + exx])/((a"2 + b™2 - 2%a*c + c~2)%
Sqrt[c + Tan[d + exx]*(b + a*Tan[d + e*xx])]))/(2*e)

Maple [B] time = 0.042, size = 13067316, normalized size = 19048.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) "3/ (atbxcot(e*xx+d)+cxcot (e*xx+d)~2)~(3/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*cot(e*xx+d)+c*xcot(e*xx+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(exx+d) ~3/(atb*cot(e*xx+d)+ckcot(exx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (d + ex)
dx

3
(a+beot (d + ex) + ccot? (d + ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(atb*cot (e*x+d)+ckcot (exx+d)**2)**(3/2) ,x)

[Out] Integral(cot(d + exx)**3/(a + bxcot(d + exx) + ckxcot(d + e*xx)**2)*x(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + al)3

5 dx
(c cot (ex + d)* + bcot (ex + d) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atb*cot(e*xx+d)+c*xcot(exx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(cot(exx + d)~3/(c*cot(e*x + d)~2 + b*cot(e*xx + d) + a)~(3/2), x)
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cot(d+ex)
314 | S dx

2 3
(a+bcoﬂd+aw+fcot(d+aw)

Optimal. Leaf size=635

_b(_m
Vo NP 2acr B2 20-20\
\2e (a2 —2ac + b? + 02)3/2

\/—\/a2 —2ac+b%+c%+2a- ZC\/(a —o)Va2 = 2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

[Out] -((Sqrt[2*a - 2*c - Sqrt[a”2 + b"2 - 2*a*xc + c"2]]*Sqrt[a”2 - b~2 - 2xaxc +
c™2 + (a - c)*Sqrt[a™2 + b™2 - 2*xaxc + c¢"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
+ Sqrt[a”™2 + b2 - 2%axc + c72]) - bx(2*a - 2%c - Sqrt[a”2 + b72 - 2*axc +
c"2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*a*xc + c72
11*%Sqrt[a™2 - b™2 - 2%a*xc + c”2 + (a - c)*Sqrt[a”™2 + b™2 - 2xa*xc + c~2]]%*Sq
rt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc +
c2)7(3/2)*e)) + (Sqrt[2*a - 2%c + Sqrt[a™2 + b~2 - 2*axc + c~2]]*Sqrt[a™2
- b™2 - 2%xaxc + ¢72 - (a - c)*Sqrt[a”2 + b72 - 2%axc + c”2]]*ArcTanh[(b"2 -
(a - c)x(a - ¢ - Sgrt[a™2 + b™2 - 2xa*xc + c¢72]) - b*x(2%a - 2*c + Sqrtl[a”2
+ b2 - 2%axc + c”2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~
2 - 2%axc + c”2]]*Sqrt[a”2 - b72 - 2%xa*xc + ¢”2 - (a - c)*Sqrt[a”2 + b72 - 2
xaxc + c”2]]1*Sqrt[a + bxCot[d + e*x] + cxCot[d + exx]~2])]1)/(Sqrt[2]*(a~2 +
b72 - 2xaxc + c72)7(3/2)*e) - (2*(ax(b”2 - 2%(a - c)*c) + b*ck(a + c)*Cotl
d + exx]))/((b”2 + (a - c)"2)*(b~2 - 4*a*xc)*exSqrt[a + b*Cot[d + e*x] + c*C
ot[d + exx]"2])

Rubi [A] time = 3.75703, antiderivative size = 635, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 31, LT

integrand size
0.161, Rules used = {3701, 1018, 1036, 1030, 208}

—h(—Vaz—Zac+h2+c
VIN NZ Zacr P 20-2c\
\2e (a2 —2ac+b? + 02)3/2

\/—\/az —2ac+b%+c%+2a- ZC\/(a —o)Va2 —2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

Antiderivative was successfully verified.

[In] Int[Cot[d + ex*x]/(a + b*Cot[d + exx] + c*xCotl[d + exx]~2)"(3/2),x]

[Out] -((Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*xaxc + c~2]]*Sqrt[a”2 - b2 - 2*a*xc +
c”2 + (a - c)*Sqrt[a™2 + b™2 - 2xa*xc + c"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
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+ Sqrt[a™2 + b72 - 2xa*xc + c¢72]) - b*x(2%a - 2%c - Sqrt[a”2 + b2 - 2*axc +
c"2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2%c - Sqrt[a™2 + b~2 - 2%axc + c72
11*%Sqrt[a™2 - b™2 - 2%a*xc + c”2 + (a - c)*Sqrt[a”™2 + b™2 - 2xa*xc + c~2]]%*Sq
rt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc +
c2)7(3/2)*e)) + (Sqrt[2*a - 2%c + Sqrt[a™2 + b™2 - 2*axc + c~2]]*Sqrt[a™2
- b72 - 2%axc + ¢72 - (a - c)*Sqrt[a”2 + b"2 - 2%axc + c"2]]*ArcTanh[(b"2 -
(a - c)*(a - ¢c - Sqgrt[a™2 + b™2 - 2xa*xc + c”2]) - bx(2%a - 2xc + Sqrt[a”2
+ b2 - 2%axc + c”2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~
2 - 2%axc + c”2]]*Sqrt[a”2 - b72 - 2%xa*xc + ¢”2 - (a - c)*Sqrt[a”2 + b"2 - 2
xaxc + c"2]]1*Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx]~2])]1)/(Sqrt[2]*(a~2 +
b~2 - 2%axc + c72)7(3/2)*e) - (2x(a*x(b”2 - 2x(a - c)*c) + bkxckx(a + c)*Cot[
d + exx]))/((b”2 + (a - c)”2)*(b~2 - 4*a*xc)*exSqrt[a + b*Cot[d + e*x] + c*xC
ot[d + exx]"2])

Rule 3701

Int[cot[(d_.) + (e_)*(x_)] " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f )" (@m_.) + (c_.)*(cot[(d_.) + (e_)*(x)I*(f_.))"(m2_.))"(p_), x_Symbol]

:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f°2 + x72), x
1, x, fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*xaxc, 0]

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_I)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*xx72) " (p + 1)*(d + £*xx72)~
(g + D)*x((gkc)*x(—(bx(c*xd + a*f))) + (g*b - a*xh)*(2xc™2*d + b72xf - c*x(2*axf
)) + cx(gx(2%c™2xd + b72+f - c*x(2xa*xf)) - hx(bxckxd + axbxf))*x))/((b™2 - 4x
axc)*(b72xd*xf + (cxd - axf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4xa*xc)*(b~2*dx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*x"2)7(p + 1)*(d + £*x72) g*Si
mp[(bxh - 2*gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*£)))*(p + 1) + (b~2*(g*f) - bx
(h*c*xd + axh*xf) + 2x(gxckx(ckxd - axf)))*(a*xfx(p + 1) - ckxdx(p + 2)) - (2*fx*(
(g*xc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2xd + b~2xf - cx(2xaxf)))*(p +

q + 2) - (b72x(g*xf) - bx(h*ckxd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — c*xfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(2*p + 2%q
+ 5)*x72, x1, x], x] /; FreeQ[{a, b, ¢, 4, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQlp, -1] && NeQ[b~2xd*f + (c*xd - axf)~2, 0] && !( !'IntegerQl[p
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_D)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*xe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
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mp[-(a*h*e) - gx(cxd - axf + q) + (h*x(c*xd - axf - q) - gkcxe)xx, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQl[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
Subst a dx, x, cot(d + ex)]
f COt(d + ex) dx = — [f (1+x2)(a+bx+cx2)3/2
(a +beot(d + ex) + c cot?®(d + ex))3/2 ¢
2 2Su
2 (u (b —2(a - c)c) + be(a + c) cot(d + ex))
- +
(b2 + (a - c)z) (b2 - 4ac) e\/a + beot(d + ex) + c cot®(d + ex)
Sub:

2 (a (b2 —2(a - c)c) + be(a + ¢) cot(d + ex))

(b2 +(a - c)z) (bz - 4ac) e\/u + beot(d + ex) + c cot?(d + ex)

2 (a (b2 —2(a - c)c) + be(a + ¢) cot(d + ex))

(b (8

(b2 +(a- c)2) (bz - 4ac) e\/a + beot(d + ex) + c cot?(d + ex)

+

\/211—2(:—\/512 +b2—2ac+c2\/a2 —b% -2ac+c% + (a—-c)Va® + b?
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Mathematica [C] time = 24.9992, size = 375, normalized size = 0.59

. . -1 (b—2ia) tan(d+ex)—ib+2c . . -1 (b+2ia) tan(d+ex)+ib+2c
(ia+b—ic) tan Nortoftand — = (—ia+b+ic) tan o eviant — =
a+ib—cr/tan(d+ex)(a tan(d+ex)+b)+c + a—ib—cy/tan(d+ex)(a tan(d+ex)+b)+c \/a+b cot(d+ex)+ccot2(d+ex)

tan(d+ex
( ) Va+ib—c Va—ib—c

(u2—2ac+b2+c2)\/tan(d+ex)(a tan(d+ex)+b)+c

(a—ib-

2e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]/(a + bxCot[d + exx] + c*Cot[d + exx]~2)7(3/2),x]

[Out] ((-4xSqrt[2]*(-(axb™2) + 2*ax(a - c)*c - b*xcx(a + c)*Cot[d + exx]))/((a - I
xb - c)x(a + Ixb - c)*(-b"2 + 4*axc)*Sqrt[Csc[d + e*x] 2x(a + ¢ + (-a + c)*
Cos[2x(d + e*xx)] + bx3in[2*(d + exx)])]) + ((((I*a + b - Ixc)*ArcTan[((-I)*
b + 2%c + ((-2%I)*a + b)*Tan[d + e*x])/(2*Sqrt[a + I*b - c]*Sqrtlc + Tan[d
+ exx]*(b + a*xTan[d + e*x])])])/Sqrtla + Ixb - c] + (((-I)*a + b + I*c)*Arc
Tan[(I*b + 2xc + ((2*I)*a + b)*Tan[d + exx])/(2xSqrt[a - I*b - c]l*Sqrtlc +
Tan[d + exx]*(b + a*Tan[d + e*x])])])/Sqrt[a - I*b - c])*Sqrt[a + bxCot[d +
exx] + cxCot[d + exx]~2]*Tan[d + exx])/((a”2 + b2 - 2xaxc + c~2)*Sqrtlc +
Tan[d + exx]*(b + a*Tan[d + e*x])]))/(2xe)

Maple [B] time = 0.04, size = 13067191, normalized size = 20578.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)/(at+tbxcot (exx+d)+c*xcot(exx+d)~2)"(3/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxcot(e*xx+d)+ckcot(exx+d)~2)~(3/2),x, algorithm="ma

xima")
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[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(a+bxcot(e*x+d)+c*cot(e*xx+d)~2)~(3/2),x, algorithm="fr

icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot (d + ex) i

3
(a+beot (d + ex) + ccot? (d + ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*xx+d)+ckcot (e*xx+d)**2)**(3/2),x)

[Out] Integral(cot(d + exx)/(a + bxcot(d + exx) + ckxcot(d + exx)**2)**(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d) i

3
(c cot (ex + d)* + bcot (ex + d) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*x+d)+c*cot (e*xx+d)~2)~(3/2),x, algorithm="gi

ac n

[Out] integrate(cot(e*x + d)/(c*cot(e*x + d)~2 + b*cot(exx + d) + a)~(3/2), x)
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tan(d-+ex)
315 | > dx

2 3
(a+bcoﬂd+aw+fcot(d+aw)

Optimal. Leaf size=749

Nz
\/E\/—Vaz—Zac+b2+c2+2a—2c\l(a—c‘,
3/2
\2e (a2 —2ac+b? + cz)

\/—\/az —2ac+b2+c%2+2a —ZC\/(a—c)\/aZ —2ac+ b2 +c2+a2-2ac- b2 + 2 tanh !

[Out] ArcTanh[(2*a + b*Cot[d + exx])/(2+Sqrt[a]l*Sqrt[a + b*Cot[d + e*x] + c*Cotl[d
+ exx]72])]/(a~(3/2)*e) + (Sqrt[2*a - 2xc - Sqrt[a™2 + b~2 - 2*axc + c~2]]
xSqrt[a”2 - b72 - 2%axc + ¢72 + (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcT
anh[(b72 - (a - c)*(a - ¢ + Sqrt[a”™2 + b™2 - 2%a*xc + c~2]) - bx(2%a - 2%c -
Sqrt[a”2 + b™2 - 2*axc + c~2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc - Sqr
t[a”2 + b™2 - 2%a*xc + c”2]]*Sqrt[a”2 - b~2 - 2*axc + c”2 + (a - c)*Sqrt[a”2
+ b72 - 2%axc + c”2]]1*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]72])]1)/(Sqrt
[2]*%(a”2 + b2 - 2%axc + c”2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a™2 + b2 -
2xaxc + c”2]]*Sqrt[a”2 - b2 - 2%axc + ¢c”2 - (a - c)*Sqrt[a”2 + b2 - 2*ax
c + ¢c"2]]*ArcTanh[(b"2 - (a - c)*x(a - ¢ - Sqrt[a”™2 + b2 - 2%a*xc + c72]) -
bx(2%¥a - 2%c + Sqrt[a™2 + b72 - 2*a*c + c¢"2])*Cot[d + e*x])/(Sqrt[2]*Sqrt[2
xa - 2xc + Sqrt[a”2 + b2 - 2%axc + c¢"2]]xSqrt[a”2 - b72 - 2%axc + ¢”2 - (a
- c)*Sqrt[a”2 + b72 - 2xaxc + c"2]]*Sqrt[a + bxCot[d + exx] + cxCot[d + ex
x]1721)1)/(Sqrt[2]*(a”2 + b2 - 2*axc + c~2)7(3/2)*e) - (2%x(b"2 - 2%a*xc + bx
cxCot[d + exx]))/(ax(b~2 - 4xaxc)*exSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x
172]) + (2x(a*x(b™2 - 2%(a - c)*c) + bkxckx(a + c)*Cot[d + e*xx]))/((b"2 + (a -
c)"2)*%(b"2 - 4*axc)*exSqrt[a + b*xCot[d + exx] + cxCot[d + exx]~2])

Rubi [A] time = 4.47623, antiderivative size = 749, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 10, integrand size = 31, number of rules

= 0.323, Rules used = {3701, 6725, 740, 12, 724, 206, 1018, 1036, 1030, 208}

integrand size

—b(—\/aZ—Zac+b2+c2+2
\/E\/—Vaz—2a0+b2+cz+2a—2cwl(a—c:
3/2
\2e (a2 —2ac+b? + cz)

\/—\/az -2ac+b2+c%+2a- 2c\/(a —o)Va2 —2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

Antiderivative was successfully verified.

[In] Int[Tan[d + ex*x]/(a + b*Cot[d + exx] + cxCot[d + exx]~2)"(3/2),x]
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[Out] ArcTanh[(2*xa + b*Cot[d + exx])/(2*Sqrt[al*Sqrt[a + b*Cot[d + e*xx] + c*Cot[d
+ exx]72])]1/(a"(3/2)*e) + (Sqrt[2*a - 2%c - Sqrt[a”™2 + b™2 - 2*a*xc + c"2]]
xSqrt[a”2 - b72 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcT
anh[(b"2 - (a - c)*(a - ¢ + Sqrt[a”™2 + b™2 - 2%xa*xc + c~2]) - bx(2%a - 2%c -
Sqrt[a”2 + b~2 - 2xaxc + c"2])*Cot[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqr
t[a™2 + b72 - 2%axc + c"2]]*Sqrt[a”2 - b™2 - 2*axc + ¢c”2 + (a - c)*3qrt[a”2
+ b"2 - 2*axc + c"2]]1*Sqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqrt
[2]*%(a"2 + b2 - 2%axc + c”2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a”™2 + b2 -
2xaxc + c”2]]*Sqrt[a”2 - b2 - 2%axc + ¢c”2 - (a - c)*Sqrt[a”2 + b2 - 2*ax
c + ¢c”2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c72]) -
bx(2%a - 2%c + Sqrt[a™2 + b~2 - 2*xaxc + c¢~2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2
xa - 2xc + Sqrt[a”2 + b2 - 2%axc + c¢"2]]xSqrt[a”2 - b72 - 2%axc + ¢72 - (a
- c)*Sqrt[a”2 + b72 - 2xaxc + c"2]]*Sqrt[a + b*xCot[d + exx] + cxCot[d + ex
x]1721)1)/(Sqrt[2]*(a”2 + b2 - 2*axc + c~2)7(3/2)*e) - (2x(b~2 - 2%a*xc + bx
cxCot [d + exx]))/(ax(b™2 - 4xaxc)*exSqrt[a + bxCot[d + exx] + cxCot[d + exx
1721) + (2%(a*x(d™2 - 2%(a - c)*c) + bkxcx(a + c)*Cotld + exx]))/((b"2 + (a -
c)"2)* (b2 - 4xaxc)*exSqrta + b*Cot[d + exx] + cxCot[d + exx]~2])

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]1*(
f_ )" (a_.) + (c_.)*(cot[(d_.) + (e_)*(x)I*(f_.))"(m2_.))"(p_), x_Symbol]

:> -Dist[f/e, Subst[Int[((x/f)"m*(a + b*x™n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 740

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D)"2)"(p_), x_8S
ymbol] :> Simp[((d + e*x)"(m + 1)*(b*cxd - b~2%e + 2%axc*e + c*x(2xcxd - bxe
Y*kx)*(a + b*xx + c*xx"2) " (p + 1))/ ((p + 1)*(b"2 - 4xaxc)*(c*d”2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*(b"2 - 4xa*xc)*(c*d"2 - bxd*e + a*e”2)), Int[(d +
exx) "m*Simp [bxckd*xe*x(2*%p - m + 2) + b72%e”2x(m + p + 2) - 2%c”2xd"2%(2*xp +
3) - 2%axcxe”2x(m + 2*%p + 3) - ckex(2xcxd - b*e)*(m + 2*p + 4)*x, x]*(a +
b*x + c*x72)7(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b"2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/C((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1018

Int[((g_.) + (h_)*x(x_))*((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_)*((d_) + (f
_I)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*x72) " (p + 1)*x(d + £*xx72)~
(g + 1)*((g*c)*(-=(bx(cxd + a*xf))) + (g*b - a*h)*(2*c™2*d + b72*f - c*(2kaxf
)) + cx(gx(2%c™2xd + b~2*f - c*x(2xaxf)) - hx(bxcxd + axbxf))*x))/((b~2 - 4%
axc)*(b72xd*xf + (cxd - axf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4xa*xc)* (b~ 2*dx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*x"2)7(p + 1)*(d + £*x72) g*Si
mp [(b*h - 2xgxc)*((c*xd - axf)”"2 - (bxd)*(-(b*f)))*(p + 1) + (b~2*(gxf) - bx
(h*c*xd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - ckxdx(p + 2)) - (2*fx*(
(g*xc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2xd + b~2*xf - cx(2xaxf)))*(p +

q + 2) - (b72x(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))kx — ckfx(b~2%(gkf) - bk(hxckd + axh*xf) + 2% (gkck(ckxd — axf)))*(2xp + 2%q
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - axf)~2, 0] && !( !IntegerQlp
1 && ILtQlq, -1]1)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)*x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]
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Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[axh™2*e + 2xgxh*(cxd - axf) - g~ 2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
1
Subst dx, x, cot(d + ex
f tan(d + ex) J (f x(1+x2)(a+bx+cx2)3/2 ( )]
X =-
312
(a + beot(d + ex) + ccot?(d + ex)) ; €
1 X
Subst - dx, x, cot(d + ex
_ (f (x(u+bx+cx2)3/2 (1+x2)(u+bx+cx2)3/2) ( )]
Bl e
Subst | [— 22— dx, x, cot(d + ex Subst al
B (f x(a+bx+cx2)3/2 ( )) N (f (1+x2)(a+bx+cx2)3/
B e e
2 (b2 — 2ac + be cot(d + ex)) 2 (a (b2 -
=- +
a (b2 - 4ac) e\/a + beot(d + ex) + c cot?(d + ex) (bz +(a- c)2) (bz
2 (bz — 2ac + bc cot(d + ex)) 2 (u (b2 -
=- +
a (b2 - 4ac) e\/a + beot(d + ex) + c cot?(d + ex) (b2 +(a- c)2) (b2
2 (b2 —2ac + bc cot(d + ex)) 2 (a (b2 -
=- +
a (b2 - 4ac) e\/a + beot(d + ex) + c cot®(d + ex) (b2 +(a- c)2) (b2
tanh ™ 2a+b cot(d+ex) \/ 2a —2c — Va2 + b? — 2ac + ¢
2\/5\/41+b cot(d+ex)+c cot?(d-+ex)

a32e
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Mathematica [C] time = 48.8399, size = 558961, normalized size = 746.28

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]/(a + b*Cot[d + exx] + c*Cot[d + e*x]~2)7(3/2),x]

[Out] Result too large to show

Maple [B] time = 50.648, size = 21243685, normalized size = 28362.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)/(a+b*xcot (exx+d)+c*xcot (exx+d) ~2)~(3/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxcot(e*x+d)+c*cot(exx+d)~2)~(3/2),x, algorithm="ma

xima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(exx+d)/(atbxcot(e*x+d)+c*xcot(exx+d)~2)~(3/2),x, algorithm="fr

icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex) i

3
(a+bcot (d +ex) + ccot?® (d +ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot (exx+d)+c*cot (e*xx+d)**2)**(3/2),x)

[Out] Integral(tan(d + exx)/(a + bxcot(d + exx) + ckxcot(d + exx)**2)**(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d) i

3
(c cot (ex + d)* + beot (ex + d) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxcot(e*x+d)+c*xcot(exx+d)~2)~(3/2),x, algorithm="gi

a.C”)

[Out] integrate(tan(exx + d)/(c*xcot(exx + d)"2 + bxcot(exx + d) + a)~(3/2), x)
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tan>(d+ex)

3.16 dx

5 312
(a+bcoﬂd+a0+ccot(d+a@)

Optimal. Leaf size=1008

(sz - 12ac) \/c cot?(d + ex) + beot(d + ex) + a tan®(d + ex) 2 (bz + ccot(d + ex)b — Zac) tan?(d + ex) b (1

202 (bz B 4“) € a (bz - 4ac) e\/c cot?(d + ex) + beot(d + ex) + a

[Out] -(ArcTanh[(2*a + b*Cot[d + exx])/(2*Sqrt[a]*Sqrtla + b*Cot[d + e*xx] + c*Cot
[d + exx]~2])]1/(a~(3/2)*e)) + (3x(6%b~2 - 4xaxc)*ArcTanh[(2+a + bxCot[d + e
xx])/(2xSqrt[al*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(8%a~(7/2)x*e
) - (Sqrt[2*a - 2*%c - Sqrt[a”2 + b™2 - 2*axc + c”2]]xSqrt[a”2 - b~2 - 2xax*c
+ ¢c”2 + (a - c)*Sqrt[a”™2 + b72 - 2xa*xc + c~2]]*ArcTanh[(b"2 - (a - c)*(a -
c + Sqrt[a™2 + b2 - 2%axc + c¢72]) - b*(2%a - 2%c - Sqrt[a”2 + b72 - 2x*a*c
+ ¢c72])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc - Sqrt[a™2 + ™2 - 2xa*c + ¢
~2]]*Sqrt[a”2 - b72 - 2*axc + ¢c”2 + (a - c)*Sqrt[a”2 + b"2 - 2*xa*xc + c”2]]*
Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])]1)/(Sqrt[2]*(a”2 + b™2 - 2xax*c
+ ¢c72)7(3/2)*%e) + (Sqrt[2*a - 2*c + Sqrt[a”2 + b2 - 2*axc + c~2]]*Sqrt[a”2
- b72 - 2%axc + c”2 - (a - c)*Sqrt[a”2 + b~2 - 2*axc + c”2]]*ArcTanh[(b~2
- (a - c)*x(a - c - Sqrt[a™2 + b2 - 2%axc + c¢72]) - b*(2%a - 2*%c + Sqrt[a”2
+ b2 - 2%axc + c¢72])*Cot[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a™2 + b
72 - 2%axc + c¢"2]]*Sqrt[a”2 - b72 - 2*%axc + c”2 - (a - c)*Sqrt[a”2 + b72 -
2%axc + c~2]]xSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*(a~2
+ b72 - 2%axc + c¢72)7(3/2)xe) + (2x(b"2 - 2%a*xc + b*c*Cot[d + exx]))/(ax(b”
2 - 4xaxc)*xexSqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2]) - (2x(ax(b~2 - 2%
(a - c)*c) + bxcx(a + c)*Cot[d + e*xx]))/((b72 + (a - c)72)*(b72 - 4*axc)*ex
Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2]) - (b*(156%b~2 - B2*axc)*Sqrt[a
+ b*Cot[d + exx] + c*Cot[d + exx] 2]*Tan[d + exx])/(4*a”3*(b~2 - 4xax*c)x*e)
- (2%x(b72 - 2xa*xc + b*cxCot[d + exx])*Tan[d + e*xx]~2)/(ax(b”2 - 4xa*c)*exSq
rt[a + bxCot[d + exx] + cxCot[d + exx]~2]) + ((5%b~2 - 12xaxc)*Sqrt[a + b*C
ot[d + exx] + cxCot[d + exx]"2]*Tan[d + exx]"2)/(2%a"2%(b~2 - 4*a*c)*e)

Rubi [A] time = 4.85061, antiderivative size = 1008, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 18, number of rules used = 12, integrand size = 33, =
integrand size

= 0.364, Rules used = {3701, 6725, 740, 834, 806, 724, 206, 12, 1018, 1036, 1030, 208}

(Sb2 - 12ac) \/c cot?(d + ex) + beot(d + ex) + a tan®(d + ex) 2 (b2 + c cot(d + ex)b — 2ac) tan?(d + ex) b (1

202 (b2 B 4ac) € a (bz - 4ac) e\/ ccot?(d + ex) + beot(d + ex) + a
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Antiderivative was successfully verified.

[In] Int[Tan[d + ex*x]~3/(a + b*Cot[d + exx] + c*Cot[d + exx]~2)"(3/2),x]

[Out] -(ArcTanh[(2*a + b*Cot[d + exx])/(2*Sqrt[a]*Sqrt[a + b*Cot[d + e*x] +
[d + exx]72])]/(a”(3/2)*e)) + (3*%(5xb~2 - 4*axc)*ArcTanh[(2%a + b*Cot[d + e
*x])/(2*Sqrt [al *Sqrt[a + b*Cot[d + e*xx] + c*Cot[d + exx]~2])])/(8xa~(7/2)x*e
) - (Sqrt[2*a - 2*%c - Sqrt[a”2 + b™2 - 2*axc + c~2]]*Sqrt[a™2 - b™2 - 2xa*c
+ ¢c”2 + (a - c)*Sqrt[a™2 + b72 - 2xa*xc + c”2]]*ArcTanh[(b"2 - (a - c)*(a -
c + Sqrt[a™2 + b2 - 2%axc + c72]) - b*(2%a - 2%c - Sqrt[a”2 + b72 - 2x*a*c
+ ¢"2])*Cot [d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a™2 + b™2 - 2*a*c + ¢
~2]]*Sqrt[a”2 - b72 - 2*axc + ¢c”2 + (a - c)*Sqrt[a”2 + b"2 - 2%xa*xc + c"2]]*
Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2xax*c

+ ¢c72)7(3/2)*%e) + (Sqrt[2*a - 2*c + Sqrt[a”2 + b2 - 2*axc + c~2]]*Sqrt[a”2
- b72 - 2%axc + c”2 - (a - c)*Sqrt[a”2 + b~2 - 2*axc + c”2]]*ArcTanh[(b~2

- (a - c)*x(a - c - Sqrt[a™2 + b™2 - 2%xaxc + c~2]) - b*(2%a - 2*%c + Sqrt[a”2
+ b72 - 2%axc + c”2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc + Sqrt[a™2 + b
72 - 2%axc + c¢72]]*Sqrt[a”2 - b72 - 2%axc + c”2 - (a - c)*Sqrt[a”2 + b72 -

2%axc + c~2]]xSqrt[a + b*Cot[d + e*xx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*(a~2

+ D72 - 2%axc + c¢72)7(3/2)xe) + (2x(b"2 - 2%a*xc + b*c*Cot[d + exx]))/(ax(b”
2 - 4xaxc)xexSqrt[a + b*Cot[d + e*x] + c*Cotl[d + e*x]~2]) - (2x(ax(b”2 - 2%
(a = c)*c) + bkxcx(a + c)*Cotld + exx]))/((b72 + (a - c)72)*(b72 - 4xa*c)*ex*
Sqrt[a + b*Cot[d + exx] + cxCot[d + exx]"2]) - (b*(156%b~2 - B2*axc)*Sqrt[a

+ b*Cot[d + exx] + cxCot[d + exx] 2]*Tan[d + exx])/(4*a”3*(b~2 - 4xax*c)x*e)

- (2%x(b72 - 2xa*xc + b*xcxCot[d + exx])*Tan[d + e*xx]~2)/(ax(b~2 - 4xa*c)*exSq
rt[a + bxCot[d + exx] + cxCot[d + exx]~2]) + ((5%b~2 - 12xaxc)*Sqrt[a + b*C
ot[d + exx] + cxCot[d + exx] 2]*Tan[d + e*x]72)/(2*%a™2x(b"2 - 4*a*c)*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f D)) (a_.) + (c_)*(cot[(d_.) + (e_)*(x )]1*(£f_.))"(n2_.))"(p_), x_Symbol]

:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 740
Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S

cxCot
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ymbol] :> Simp[((d + e*x)~(m + 1)*(bk*ckxd - b~2%e + 2%axcke + cx(2kcxd - b*e
)*¥x)*k(a + b*x + cxx"2)7(p + 1))/ ((p + 1)*(b72 - 4xa*xc)*(c*d™2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*x(b"2 - 4*a*xc)*(cxd"2 - b*d*e + axe”2)), Int[(d +
exx) “m*Simp [bxckd*e*x(2*%p - m + 2) + b72%e”2x(m + p + 2) - 2%xc”2xd"2*%(2*p +
3) - 2%axcxe”2*(m + 2*p + 3) - cxex(2xcxd - bkxe)*(m + 2*p + 4)*x, x]*(a +

b*xx + c*xx”2)"(p + 1), x], x] /; FreeQl[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*xe + a*xe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 834

Int[((d_.) + (e_)*xD) " (m)*x((£f_.) + (g_)*x_))*x((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> Simp[((exf - dxg)*(d + exx)"(m + 1)*(a + bx

x +cxx”2)7(p + 1))/((m + 1)*x(cxd”™2 - bxdxe + axe”2)), x] + Dist[1/((m + 1)
*(cxd™2 - b*d*e + axe”2)), Int[(d + exx)"(m + 1)*(a + b*x + c*x~2) p*Simp [(
cxd*f - fxbxe + axexg)*x(m + 1) + bx(d*g - exf)*x(p + 1) - cx(exf - d*xg)*x(m +
2%p + 3)*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, p}, x] && NeQ[b~2 -

4xaxc, 0] && NeQ[cxd~™2 - bxdxe + axe”2, 0] && LtQ[m, -1] && (IntegerQ[m] ||
IntegerQlp] || IntegersQ[2*m, 2x*p])

Rule 806

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> -Simp[((e*f - d*xg)*(d + exx)"(m + 1)*(a + b
*x + c*xx”2) 7 (p + 1))/ (2x(p + 1)*(c*d”2 - bxd*e + a*xe”2)), x] - Dist[(b*(exf
+ d*xg) - 2% (c*xd*xf + axexg))/(2+(c*d”2 - bxd*e + a*xe”2)), Int[(d + exx)"(m
+ 1)*(a + b*x + c*x”2)7p, x], x] /; FreeQl{a, b, ¢, d, e, f, g, m, p}, x] &
& NeQ[b~2 - 4x*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify([m +
2xp + 3], 0]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4%c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
*xaxe — bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*xc*d - b*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1018

Int[((g_.) + (h_)*(x_))*x((a) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (£
_D)*(x_)72)7(q ), x_Symbol] :> Simp[((a + bxx + c*x72)7(p + 1)*(d + £*x72)~
(g + D*x((gkc)*(—(bx(cxd + a*f))) + (g*b - a*xh)*(2xc™2*xd + b™2xf - c*x(2*axf
)) + cx(gx(2%c™2xd + b~2*f - c*x(2xaxf)) - hx(bxcxd + axbxf))*x))/((b~2 - 4%
axc)*(b72xd*xf + (c*d - a*xf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4xax*xc)* (b~ 2*dx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*xx"2)"(p + 1)*(d + £*x~2) g*Si
mp [(b*h - 2xgkc)*((c*xd - axf)"2 - (bkd)*x(-(bxf)))*(p + 1) + (b™2x(gxf) - bx
(h*c*xd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - cxdx(p + 2)) - (2*fx*(
(gxc)*(-=(bx(cxd + axf))) + (g*b - a*h)*(2xc™2*d + b 2xf - c*x(2*a*xf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))xx — cxfx(b”2%(g*f) - bk (h*c*d + axhxf) + 2x(gxckx(cxd - a*xf)))*(2*p + 2xq
+ 6)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, £, g, h, g}, x] && NeQ[b™2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - a*xf)~2, 0] && !( !IntegerQlp
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*cxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*x(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrt[d + e*x + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(c*d - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2%gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps



tan®(d + ex)

I

35 0% = =
2
a+ bcot(d + ex) + c cot (d+ex))
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1

Subst ( f 7 dx, x, cot(d + ex))

x3(1+x2)(a+bx+cx2)

e

1 i .
Subst - + dx, x, cot(c
[ (x3 (a+bx+cx2)3/2 x(a+bx+cx2)3/2 (1+X2)(11+bx+Cx2)3/2] 7 Ay

e

Subst [f ! 75 dx, x, cot(d + ex)) Subst (f ;3/2 dx,
_ x3(a+bx+cx2) N x(u+bx+cx2)
B e e
2 (b2 —2ac + be cot(d + ex)) 2 (a (b2 -2

a (b2 - 4ac) e\/a + beot(d + ex) + c cot?(d + ex) (b2 + (a - c)z) (bz —

2 (b2 —2ac + be cot(d + ex)) 2 (a (bz -2

a (b2 - 4ac) e\/a + beot(d + ex) + c cot?(d + ex) . (b2 +(a- c)Z) (b2 —

2 (b2 — 2ac + be cot(d + ex)) 2 (a (b2 -2

a (b2 - 4ac) e\/a + beot(d + ex) + c cot?(d + ex) i (bz +(a - c)2) (bz -

tanh ™" ( 2a+bcot(drer) ] \/ 20 —2¢ — Va2 + b2 - 2ac + 2
2\/5\/a+b cot(d+ex)+c cot?(d-+ex)
B ad2e -
tanh ™’ ( 2a+bcot(d+ex) J 3 (5192 - 4ac) tanh™ [ 2
2\/5\/a+b cot(d+ex)+c cotz(d+ex) 2+farJa+bc
T a32e 8a7/2¢

Mathematica [C]

time = 53.2015, size = 930953, normalized size = 923.56

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]~3/(a + b*Cot[d + exx] + cxCotl[d + exx]~2)7(3/2),x]
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[Out] Result too large to show

Maple [F] time = 180., size = 0, normalized size = 0.

3

f (tan (ex + d))3 (a + bcot (ex + d) + c(cot (ex + d))z)_5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*xx+d) "3/ (at+b*cot(e*xx+d)+c*cot(exx+d)~2)"(3/2),x)

[Out] int(tan(exx+d) "3/ (atb*cot(e*xx+d)+cxcot (e*xx+d)~2)~(3/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*cot(e*xx+d)+c*cot(exx+d)~2)~(3/2),x, algorithm="

maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 3/ (atb*cot(e*xx+d)+c*cot(exx+d)~2)~(3/2),x, algorithm="

fricas")

[Out] Timed out




126

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)
dx

3
(a +beot (d + ex) + ccot? (d + ex))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(atb*cot (e*x+d)+c*cot (e*xx+d)**2)**(3/2),x)

[Out] Integral(tan(d + exx)**3/(a + b*cot(d + e*x) + ckcot(d + e*xx)**2)**x(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)3 i

3
(c cot (ex + d)* + bcot (ex + d) + u)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 3/ (atb*cot(e*xx+d)+ckxcot(exx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(tan(e*xx + d)~3/(c*xcot(e*xx + d)~2 + bxcot(e*xx + d) + a)~(3/2), x)
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cot?(d+ex)

3.17 dx

\/a+b(xﬁ2(d+ex)+c(xﬁA(d+ex)

Optimal. Leaf size=182

(b +2c) tanh ™" b+2c cot? (d-+ex) tanh! 2a+(b-2c) cot? (d+
2\/2\/u+b cotz(d+ex)+c cot4(d+ex) \/ﬂ +b COtz(d + ex) +cC C0t4(d + ex) 2Va—b+cyJa+b cotz(d+ex)4
- +
4¢32¢ 2ce 2eVa—b+c

[Out] ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*xx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + bx
Cot[d + e*x]"2 + cxCot[d + e*xx]"4])]/(2+Sqrtla - b + cl*e) + ((b + 2*c)*Arc
Tanh[(b + 2*c*Cot[d + e*x]~2)/(2xSqrt[c]*Sqrt[a + bxCot[d + exx]~2 + c*Cot[

d + exx]74])]1)/(4xc”(3/2)*%e) - Sqrtl[a + b*Cot[d + exx]"2 + cxCot[d + exx]~4

1/ (2%cxe)

Rubi [A] time = 0.388619, antiderivative size = 182, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 35, e -

0.2, Rules used = {3701, 1251, 1653, 843, 621, 206, 724}

integrand size

(b+2¢) tanh ™ b+2c cot?(d+ex) I 20+ (b-20) cot?(d+
2\/2\/a+b cotz(d+ex)+c cot4(d+ex) \/a +b COtz(d + ex) +c COt4(d + ex) 2Va—b+crja+b cotz(d+ex)4
- +
4¢32¢ 2ce 2eNa—-b+c

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx]~5/Sqrt[a + b*Cot[d + e*xx]"2 + cxCot[d + exx]~4],x]

[Out] ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*xx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + bx
Cot[d + e*x]"2 + cxCot[d + exx]~4])]/(2+Sqrtla - b + cl*e) + ((b + 2%c)*Arc
Tanh[(b + 2*c*Cot[d + e*x]~2)/(2*Sqrt[c]*Sqrt[a + bxCot[d + exx]~2 + c*Cot[

d + exx]74])]1)/(4xc”(3/2)*%e) - Sqrtl[a + b*Cot[d + exx]"2 + cxCot[d + exx]~4

1/ (2%cxe)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)] " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]x*(
f D)) (n_.) + (c_.)*(cot[(d_.) + (e_.)*x(x )]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f)"m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*%n] && NeQ[b~2 - 4x*xaxc, 0]
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Rule 1251

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x”2)7p, x], x, x72], x] /; FreeQ[{a, b, c, d, e, p, 9}, x] && Inte
gerQ[(m - 1)/2]

Rule 1653

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[(fx(d + exx)"(m + g - 1)*(a + bxx + c*xx"2)"(p + 1))/(c*xe”(q - 1)*(m + q
+ 2%p + 1)), x] + Dist[1/(cxe"gx(m + q + 2%p + 1)), Int[(d + e*x)"mx(a + b
*x + c*x”2) pxExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%xp + 1
)*(d + exx)”q - £*x(d + e*xx)”(q - 2)*(bxd*ex(p + 1) + a*xe™2x(m + q - 1) - c*
d™2x(m + q + 2%p + 1) - e*x(2%cxd - bxe)*x(m + q + p)*x), x], xJ, x] /; GtQlq
, 11 && NeQ[m + q + 2*xp + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] & Poly
Q[Pq, x] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] && !'(IGtQ
[m, O] &% RationalQ[a, b, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Rule 843

Int[((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxd*e + a*e”2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 724

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxd*e + 4*a*xe™2 - x72), x], x, (2
xaxe — bxd - (2%cxd - bk*e)*x)/Sqrt[a + bxx + c*x"2]]1, x] /; FreeQ[{a, b, c,
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d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps

x°
Subst (f m dx, x, COt(d + EX))

e

cot®(d + ex)

dx = -

\/a + beot?(d + ex) + c cot*(d + ex)

2
ot (e o+ )
_Sus f(1+x)mxxco( ex)

2e

b1
373 (b+2c)x

\/a + beot?(d + ex) + c cot*(d + ex) Subst (f (LtxVarbrio? dx, x, ¢

2ce 2ce

1
\/u + beot?(d + ex) + c cot*(d + ex) ) Subst (f CeoVortnrc? dx, x, ¢
2ce 2e

24

Subst| [ ——— dx,x,
\/a+bcot2(d+ex)+ccot4(d+ex) oS (f da-aprac—2 % \/;

= - +
2ce e
- _ 2 _
tanh_l 2a—-b+(b—-2c) cot”(d+ex) (b " ZC) tanh 1 b+2¢
2\/a—b+c\/a+b COtZ(d+€x)+C cot(d+ex) 2+/crja+b cot’

+
2Va—-b +ce 4c%2¢

Mathematica [C] time = 34.3707, size = 179905, normalized size = 988.49

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~5/Sqrtl[a + bxCot[d + exx]"2 + c*Cotl[d + exx]~4],x]

[Out] Result too large to show

Maple [A] time = 0.117, size = 240, normalized size = 1.3

—L\/a + b (cot (ex + d))2 + ¢ (cot (ex + d))4 + E In ((? + c(cot (ex + d))z) i + \/u + b (cot (ex + ol))2 + ¢ (cot (e
2ce 4e

2 Ve
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) 5/ (a+b*cot (e*xx+d) "2+c*xcot (exx+d)~4)~(1/2),x)

[Out] -1/2*(a+b*cot (exx+d) ~2+c*cot (e*xx+d) ~4)~(1/2)/c/e+1/4/exb/c”(3/2)*1n((1/2*b+
cxcot (exx+d) ~2)/c” (1/2)+(a+b*xcot (exx+d) “2+c*cot (exx+d) "4) ~(1/2))+1/2/ex1n ((
1/2*xb+cxcot (exx+d) "2) /¢~ (1/2) +(a+b*xcot (exx+d) "2+c*cot (e*xx+d) "4)~(1/2))/c~ (1
/2)+1/2/e/(a-b+c) " (1/2) *1n((2*a-2*b+2*c+(b-2*c) * (cot (exx+d) “2+1)+2* (a-b+c)~
(1/2)*((cot (e*xx+d) ~2+1) "2*xc+(b-2*c) * (cot (e*x+d) "2+1)+a-b+c) " (1/2) )/ (cot (e*x

+d) "2+1))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] Timed out

Fricas [B] time = 15.3129, size = 5068, normalized size = 27.85

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~5/(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/8*(2*sqrt(a - b + c)*c"2xlog(2%(a”2 - 2%axb + b2 + 2%(a - b)*c + c”2)*c
os(2xexx + 2xd)"2 + 2%¥a”2 - b72 + 2%c”2 + 2%((a - b + c)*cos(2*e*xx + 2%d) "2
- (2%a - b)*cos(2xe*x + 2%d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*co
s(2xexx + 2*%d)"2 - 2x(a - c)*cos(2xexx + 2*d) + a + b + c)/(cos(2*e*x + 2xd
)72 - 2%cos(2xexx + 2%d) + 1)) - 4*x(a”2 - axb + bxc - c”2)*cos(2%exx + 2xd)
) + (axb - b2 + (2%xa - b)*c + 2xc”2)*sqrt(c)*log(((b"2 + 4x(a - 2*b)*c + 8
*xc72)*cos(2%e*xx + 2%d)”"2 + b72 + 4%x(a + 2%b)*c + 8*%c”2 + 4*x((b - 2*c)*cos(2
xexx + 2%d)72 - 2*xbxcos(2%e*xx + 2xd) + b + 2*c)*sqrt(c)*sqrt(((a - b + c)*c
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os(2xexx + 2%xd)~"2 - 2%(a - c)*cos(2*exx + 2*d) + a + b + c)/(cos(2*e*x + 2%
d)"2 - 2*cos(2*exx + 2*d) + 1)) - 2%(b72 + 4*axc - 8*xc”2)*cos(2xe*xx + 2xd))
/(cos(2xexx + 2%d) "2 - 2%cos(2xexx + 2*d) + 1)) - 4*x((a - b)*c + c"2)*sqrt(
((a = b + c)*cos(2*exx + 2xd)"2 - 2%x(a - c)*cos(2*e*xx + 2*xd) + a + b + ¢)/(
cos(2%exx + 2%d) "2 - 2*cos(2xexx + 2%d) + 1)))/(((a - b)*c™2 + ¢~ 3)*e), 1/4
x(sqrt(a - b + c)*c™2*xlog(2x(a”2 - 2xa*xb + b™2 + 2x(a - b)*c + c”2)*cos(2x*e
*x + 2*%d)72 + 2*¥a”2 - b72 + 2*c”2 + 2x((a - b + c)*cos(2%exx + 2*xd)"2 - (2%
a - b)*cos(2%exx + 2xd) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2*ex
X + 2%xd)"2 - 2x(a - c)*cos(2*exx + 2*d) + a + b + c)/(cos(2*e*xx + 2*xd)"2 -
2xcos (2*e*xx + 2xd) + 1)) - 4*x(a”2 - axb + b*c - c"2)*cos(2%exx + 2*d)) + (a
xb - b72 + (2%a - b)*xc + 2xc”2)*sqrt(-c)*arctan(-1/2x((b - 2x*c)*cos(2*exx +
2xd) "2 - 2xb*cos(2*exx + 2%d) + b + 2xc)*sqrt(-c)*sqrt(((a - b + c)*cos(2*
exx + 2*%d)72 - 2*x(a - c)*cos(2xexx + 2%d) + a + b + c)/(cos(2xexx + 2%d) "2
- 2%cos(2*exx + 2*xd) + 1))/(((a - b)*c + c"2)*cos(2*xexx + 2xd)"2 + (a + b)*
c + ¢c”2 - 2x(a*c - c"2)*cos(2xexx + 2*d))) - 2x((a - b)*c + c”2)*sqrt(((a -
b + c)*xcos(2*e*xx + 2*%d)"2 - 2*x(a - c)*cos(2*e*xx + 2*d) + a + b + ¢)/(cos(2
xexx + 2%d) 72 - 2xcos(2*exx + 2%d) + 1)))/(((a - b)*c”2 + c"3)*e), -1/8x(4x
sqrt(-a + b - c)*c™2xarctan(((a - b + c)*cos(2xe*x + 2*d)~2 - (2*%a - b)*cos
(2%e*xx + 2xd) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2*kexx + 2xd)~
2 - 2%(a - c)*cos(2*xexx + 2xd) + a + b + c)/(cos(2xexx + 2*xd)"2 - 2*cos(2*e
xx + 2xd) + 1))/((a"2 - 2xa*b + b2 + 2x(a - b)*c + c"2)*cos(2xe*xx + 2%d)"2
+ a2 - b72 + 2*%axc + ¢72 - 2x(a”2 - a*b + b*c - c"2)*xcos(2*exx + 2xd))) -
(a*xb - b™2 + (2%a - b)*c + 2*c”2)*sqrt(c)*log(((b™2 + 4x(a - 2xb)*c + 8*c~
2)*%cos(2*e*xx + 2%d)"2 + b72 + 4x(a + 2%b)*c + 8*c”2 + 4x((b - 2*c)*cos(2*ex
X + 2%xd)”"2 - 2xb*cos(2*%exx + 2%d) + b + 2xc)*sqrt(c)*sqrt(((a - b + c)*cos(
2xexx + 2%d)"2 - 2*(a - c)*cos(2%exx + 2%d) + a + b + c)/(cos(2xe*xx + 2xd)”~
2 - 2*xcos(2%exx + 2*%d) + 1)) - 2*%(b"2 + 4*a*xc - 8xc”2)*cos(2xexx + 2*d))/(c
os(2xexx + 2xd)"2 - 2%cos(2%e*x + 2%d) + 1)) + 4*x((a - b)*c + c™2)*sqrt(((a
- b + c)*cos(2*xexx + 2*xd)"2 - 2+x(a - c)*cos(2*exx + 2*xd) + a + b + c)/(cos
(2%exx + 2%d) "2 - 2xcos(2xexx + 2xd) + 1)))/(((a - b)*c™2 + c"3)*xe), -1/4%(
2xsqrt(-a + b - c)*c”2*arctan(((a - b + c)*cos(2%e*xx + 2xd)"2 - (2*a - b)*c
os(2%exx + 2%d) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2*exx + 2*d
)72 - 2%(a - c)*cos(2*e*xx + 2%d) + a + b + c)/(cos(2*xe*xx + 2xd)"2 - 2xcos(2
xexx + 2*d) + 1))/((a"2 - 2xa*xb + b2 + 2*x(a - b)*c + c”2)*cos(2*e*x + 2*d)
T2 + a2 - bT2 + 2*xaxc + ¢72 - 2+%(a”2 - axb + b*c - c¢"2)*cos(2%e*x + 2x%d)))
- (axb - b72 + (2%xa - b)*c + 2xc”2)*sqrt(-c)*arctan(-1/2x((b - 2*c)*cos (2%
exx + 2xd)”"2 - 2xb*cos(2*exx + 2%d) + b + 2*c)*sqrt(-c)*sqrt(((a - b + c)*c
os(2xexx + 2%d)~"2 - 2%(a - c)*cos(2*exx + 2*d) + a + b + c)/(cos(2*e*x + 2%
d)"2 - 2*xcos(2xexx + 2*d) + 1))/(((a - b)*c + c"2)*cos(2*e*x + 2*d)"2 + (a
+ b)xc + c72 - 2*(a*xc - c"2)*cos(2xexx + 2*d))) + 2x((a - b)*c + c”2)*sqrt(
((a = b + c)*cos(2*e*xx + 2%d)"2 — 2%x(a - c)*cos(2*xe*xx + 2*xd) + a + b + ¢)/(
cos(2*exx + 2%d) "2 - 2*cos(2xexx + 2%d) + 1)))/(((a - b)*c™2 + ¢~ 3)*e)]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**5/(atb*cot (e*xx+d)**2+c*cot (exx+d)**4)**(1/2) ,%)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (atb*cot(e*xx+d) 2+cxcot(exx+d)~4)~(1/2),x, algorithm

="giac")

[Out] Timed out
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cot3(d+ex)

3.18 dx

\/a+b(xﬁ2(d+ex)+ccxm4(d+ex)

Optimal. Leaf size=141

- 2a+(b—2¢) cot?(d-+ex)—b - b+2c cot?(d+ex
tanh™! (b=2c) cot” (d+ex) tanh™! ot*(d+ex)
2 a—b+c\/ a+b cotz(d+ex)+c cot4(d+ex) 2\/2\/ a+b Cotz(d+ex)+c cot4(d+ex)

2eNa-b+c 2+/ce

[Out] -ArcTanh[(2*a - b + (b - 2*c)*Cot[d + exx]~2)/(2+Sqrt[a - b + cl*Sqrt[a + b
*xCot[d + exx]"2 + cxCot[d + exx]~4])]/(2xSqrtla - b + cl*e) - ArcTanh[(b +
2xcxCot [d + exx]~2)/(2+Sqrt[cl*Sqrtl[a + b*Cot[d + e*x]~2 + c*Cot[d + e*xx]"4

1)1/ (2%8qrt [c]*e)

Rubi [A] time = 0.213623, antiderivative size = 141, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 35, e .

0.171, Rules used = {3701, 1251, 843, 621, 206, 724}

integrand size

- 2a+(b—2¢) cot?(d-+ex)—b - b+2c cot?(d+ex
tanh™! (b=2c) cot” (d+ex) tanh™! ot*(d+ex)
2 a—b+c\/ a+b cotz(d+ex)+c cot4(d+ex) 2\/2\/ a+b Cotz(d+ex)+c cot4(d+ex)

2eNa-b+c 2+/ce

Antiderivative was successfully verified.

[In] Int[Cot[d + e*x]~3/Sqrtl[a + b*Cot[d + e*x]"2 + c*Cot[d + e*xx]~4],x]

[Out] -ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2xSqrt[a - b + c]xSqrt[a + b
*xCot[d + exx]”2 + cxCot[d + exx]~4])]1/(2%Sqrtla - b + c]*e) - ArcTanh[(b +
2xc*Cot [d + ex*x]~2)/(2*xSqrt[c]l*Sqrt[a + b*Cot[d + exx]~2 + cxCot[d + exx]"4

1)1/ (2+8qrt [c]*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*((a_.) + (b_.)*x(cot[(d_.) + (e_.)*(x_)]1x*(
f_ )" (m_.) + (c_.)*(cot[(d_.) + (e_)*x(x)I*(f_.))"(m2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + cxx~(2*n)) p)/(f72 + x72), x
1, x, fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1251
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Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + e*xx)"(m + 1)*x(a + b*xx +
c*x”2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*xx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 211)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps



cot? (d +ex) 1+x2)\/a+bx2+cx4

dx = -
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Subst ( f (# dx, x, cot(d + ex))

\/a + beot?(d + ex) + c cot*(d + ex) ¢

Sub t( -
s f(1+x)\/a+bx+cx2

dx, x, cot?(d + ex))

2e

1 2 1
Subst (f — dx, x, cot“(d + ex)) Subst (f A= dx, x

=- +

2e

b+2¢ cotz(d+ex)

2e

Subst ( f ﬁ dx, x,

\/ a+b cotz(d+ex)+c Cot4(d+ex)

1
] Subst [f 4a—4b+4c—x2

e

_ -~ 2
tanh_l[ 2a—b+(b—-2c) cot“(d+ex) )

2\/a—b+c\/u+b cotz(d+ex)+c cot4(d+ex)

b+2c cotz(d+|

tanh ™
2+/crJa+b cot?(d+ex)+

2Va—-b +ce

Mathematica [C] time = 44.198, size = 64578, normalized size = 458.

Result too large to show

Warning: Unable to verify antiderivative.

2+/ce

[In] Integrate[Cot[d + exx]~3/Sqrtl[a + bxCot[d + exx]~2 + cxCot[d + exx]~4],x]

[Out] Result too large to show

Maple [A] time = 0.064, size = 155, normalized size = 1.1

1 1

2e 2

Ve Ve 2e

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*xx+d) 3/ (at+b*cot(exx+d) “2+c*xcot (exx+d)~4)~(1/2),x)

L ((é + ¢ (cot (ex + d))z) R \/a + b (cot (ex + d))* + ¢ (cot (ex + d))4) S

n( ! 5 (25[—
(cot(ex +4d))" +1

[Out] -1/2/ex1n((1/2*b+cxcot (exx+d)~2)/c”(1/2)+(a+b*cot (e*xx+d) "2+c*cot (e*xx+d) ~4)~
(1/2))/c~(1/2)-1/2/e/ (a-b+c) ~(1/2) *1n((2*a-2%b+2*c+(b-2%c) * (cot (e*xx+d) ~2+1)
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+2% (a-b+c) " (1/2)*((cot (e*xx+d) ~2+1) ~2*c+(b-2%c) * (cot (exx+d) ~2+1)+a-b+c) ~(1/2
))/ (cot (exx+d) ~2+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)3

dx

\/ccot (ex + d)4 + bcot (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atbxcot (exx+d) 2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(cot(e*xx + d)~3/sqrt(c*cot(exx + d)~4 + b*cot(exx + d)72 + a), x)

Fricas [B] time = 10.7441, size = 4124, normalized size = 29.25

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/4x(sqrt(a - b + c)xc*xlog(2*x(a”2 - 2*%axb + b™2 + 2x(a - b)*c + c~2)*cos(2
xexx + 2*%d)72 + 2%a”2 - b72 + 2xc”2 - 2*x((a - b + c)*cos(2*exx + 2xd)"2 - (
2%a - b)*cos(2%exx + 2%d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2%
exx + 2*%d)"2 - 2x(a - c)*cos(2*e*x + 2xd) + a + b + c)/(cos(2xexx + 2%d)"2
- 2%cos(2%exx + 2xd) + 1)) - 4%(a”2 - a*b + b*c - c"2)*cos(2%exx + 2%xd)) +
(a = b + c)*sqrt(c)*log(((b™2 + 4x(a - 2*b)*c + 8xc~2)*cos(2xexx + 2%d) "2 +
b™2 + 4x(a + 2xb)*c + 8*xc”2 - 4*x((b - 2xc)*cos(2*exx + 2*d)~2 - 2*xb*cos(2*
exx + 2xd) + b + 2*c)*sqrt(c)*sqrt(((a - b + c)*cos(2xexx + 2%d)"2 - 2*(a -
c)*xcos(2%exx + 2xd) + a + b + c)/(cos(2xe*xx + 2%d)~2 - 2*cos(2xe*xx + 2xd)
+ 1)) - 2x(b72 + 4xaxc - 8+c”2)*cos(2*exx + 2xd))/(cos(2*e*xx + 2*d)~2 - 2x*c
os(2xexx + 2%d) + 1)))/(((a - b)*c + c"2)*e), -1/4x(2x(a - b + c)*sqrt(-c)*
arctan(-1/2*((b - 2*c)*cos(2*e*x + 2%d) "2 - 2*b*cos(2*xexx + 2*%d) + b + 2*c)
xsqrt(-c)*sqrt(((a - b + c)*cos(2xe*xx + 2*%d)~2 - 2*x(a - c)*cos(2*e*xx + 2xd)
+ a + b+ c)/(cos(2%e*xx + 2xd)~2 - 2*cos(2xexx + 2*xd) + 1))/(((a - b)*c +
c"2)*cos(2%e*x + 2*%d)"2 + (a + b)*xc + ¢c72 - 2*(a*c - c~2)*cos(2xexx + 2x%d))
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) - sqrt(a - b + c)xcxlog(2x(a”™2 - 2%a*xb + b2 + 2x(a - b)*c + c~2)*cos(2*e
*x + 2*%d)72 + 2*¥a”2 - b72 + 2*c”2 - 2x((a - b + c)*cos(2%exx + 2*xd)"2 - (2%
a - b)*cos(2%exx + 2xd) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2xex
X + 2%d)"2 - 2%x(a - c)*cos(2*exx + 2*d) + a + b + c)/(cos(2*e*xx + 2*xd)"2 -
2xcos (2%e*xx + 2xd) + 1)) - 4*x(a”2 - axb + b*c - c~2)*cos(2*xexx + 2*d)))/(((
a - b)xc + c"2)xe), 1/4x(2xsqrt(-a + b - c)*cxarctan(((a - b + c)*cos(2xe*x
+ 2%d)"2 - (2*a - b)*cos(2*exx + 2*d) + a - c)*sqrt(-a + b - c)*sqrt(((a -
b + c)*xcos(2%e*x + 2*%d)"2 - 2*x(a - c)*xcos(2%e*x + 2*%d) + a + b + ¢)/(cos(2
xexx + 2%d) "2 - 2*cos(2%exx + 2*d) + 1))/((a"2 - 2xa*b + b~2 + 2x(a - b)*c
+ c72)*cos(2%exx + 2*d)"2 + a”2 - b”2 + 2*%a*xc + ¢c”2 - 2*(a”2 - axb + bxc -

c"2)*cos(2*%exx + 2%d))) + (a - b + c)*sqrt(c)*log(((b”2 + 4*(a - 2%b)*c + 8
*Cc72)*cos(2%exx + 2*%d)"2 + b72 + 4x(a + 2*b)*c + 8*xc”2 - 4% ((b - 2*c)*cos(2
xe*xx + 2%d)”2 - 2xb*cos(2%exx + 2xd) + b + 2*c)*sqrt(c)*sqrt(((a - b + c)*c
os(2%e*x + 2*%d)"2 - 2*x(a - c)*cos(2%e*x + 2*%d) + a + b + c)/(cos(2*e*xx + 2%
d)"2 - 2*xcos(2%exx + 2*d) + 1)) - 2%(b~2 + 4*a*xc - 8*c”2)*cos(2xe*xx + 2xd))
/(cos(2*e*x + 2xd) "2 - 2xcos(2*e*x + 2xd) + 1)))/(((a - b)*c + c"2)*e), 1/2
x(sqrt(-a + b - c)*cxarctan(((a - b + c)*cos(2xe*x + 2*d)~"2 - (2*a - Db)*cos
(2xexx + 2%d) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2%e*xx + 2xd)~
2 - 2¢(a - c)*cos(2xexx + 2xd) + a + b + c)/(cos(2xexx + 2xd)~2 - 2*cos(2x*e
xx + 2*%d) + 1))/((a"2 - 2xa*xb + b2 + 2x(a - b)*c + c~2)*cos(2xe*xx + 2xd)"2
+ a2 - b72 + 2%axc + ¢c72 - 2x(a”2 - axb + b*c - c"2)*cos(2*exx + 2*xd))) -
(a = b + c)*sqrt(-c)*arctan(-1/2*%((b - 2*c)*cos(2xe*xx + 2*d)~2 - 2*b*cos(2
*xexx + 2%d) + b + 2xc)*sqrt(-c)*sqrt(((a - b + c)*cos(2*e*xx + 2%d)"2 - 2x(a
- c)*cos(2*xexx + 2xd) + a + b + c)/(cos(2*xexx + 2*d) "2 - 2*cos(2*e*x + 2*d
) + 1))/(((a = b)*c + c"2)*cos(2*exx + 2xd)"2 + (a + b)*c + c~2 - 2*(axc -
c"2)*cos (2%xe*xx + 2*d))))/(((a - b)*c + c"2)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (d + ex)

dx
f \/a + beot? (d + ex) + ccot* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(atbkcot (e*xx+d)**2+ckcot (exx+d)**4)**x(1/2) ,x)

[Out] Integral(cot(d + exx)**3/sqrt(a + bkxcot(d + e*xx)**2 + ckcot(d + e*x)**4), x
)
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Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm
="giac")

[Out] Timed out
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319 f cot(d+ex) dx

\/ a+b cotz(d +ex)+c Cot4(d+ex)

Optimal. Leaf size=79

tanh_l 2a+(b-2c) cotz(d+ex)—b
2\/a—b+c\/a+b cotz(d+ex)+c cot4(d+ex)

2eNa-b+c

[Out] ArcTanh[(2%a - b + (b - 2*xc)*Cot[d + exx]~2)/(2xSqrt[a - b + c]*Sqrt[a + bx*
Cot[d + e*x]~2 + c*xCot[d + exx]~4])]/(2+Sqrtla - b + c]l*e)

Rubi [A] time = 0.116462, antiderivative size = 79, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 33, o e

0.121, Rules used = {3701, 1247, 724, 206}

integrand size

2a+(b-2c¢) cotz(d+ex)—b
2\/u—b+c\/a+b cotz(d+ex)+c cot4(d+ex)

2eNVa-b+c

Antiderivative was successfully verified.

tanh ™

[In] Int[Cot[d + exx]/Sqrtla + b*Cot[d + e*x]~2 + c*Cot[d + e*xx]~4],x]

[Out] ArcTanh[(2*a - b + (b - 2xc)*Cot[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrtl[a + bx
Cot[d + e*x]”2 + c*xCot[d + exx]~4])]/(2+Sqrtla - b + c]l*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f D)) (n_.) + (c_.)*(cot[(d_.) + (e_.)*x(x)]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)72)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)”g*(a + bxx + c*x"2)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, g}, x]
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Rule 724

Int[1/(C(d_.) + (e_.)x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - b*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps

Subst (f m dx, X, COt(d + ex))

e

cot(d + ex) gy = —

\/a + beot?(d + ex) + c cot*(d + ex)
1 2
Subst ( f Vi dx, x, cot“(d + ex))
2e

—h—(— 2
Subst ( f _ dx. x 2a—b—(=b+2c) cot(d+ex) J

_ _ 2 4 7
da-db+ie—x \/a+bcotz(d+ex)+ccot4(d+ex)

e

- 2a-b+(b-2c) cot?(d+ex
tanh™ (b—2c) cot(d-+ex)
2\/a—b+c\/a+b cotz(d+ex)+c cot4(d+ex)

2Va—-b +ce

Mathematica [C] time = 33.9262, size = 24736, normalized size = 313.11

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]/Sqrtl[a + b*Cot[d + e*x]~2 + c*Cot[d + exx]~4],x]

[Out] Result too large to show
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Maple [A] time = 0.057, size = 102, normalized size = 1.3

. ln( ! (2a—2b+2c+(b—ZC)((Cot(ex+d))2+1)+2m\/((00t(ex+d))2+1)2C+(b_

2e (cot (ex + d))* +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d)/(a+b*xcot (exx+d) "2+c*cot (exx+d)~4)~(1/2),x)

[Out] 1/2/e/(a-b+c)~(1/2)*1n((2%xa-2%b+2*c+(b-2%c)* (cot (exx+d) ~2+1)+2* (a-b+c) ~(1/2
Y*x((cot(exx+d) "2+1) “2*xc+(b-2*c) * (cot (exx+d) “2+1)+a-b+c) ~(1/2) )/ (cot (exx+d) "~

2+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + d) i

\/ccot (ex + d)4 + b cot (ex + cl)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*xx+d) "2+c*cot(exx+d)~4)~(1/2),x, algorithm="

maxima"

[Out] integrate(cot(e*x + d)/sqrt(cxcot(e*x + d)~4 + b*cot(exx + d)72 + a), x)

Fricas [B] time = 3.20633, size = 1040, normalized size = 13.16

10g(2(a2—2ab+b2+2(a—b)c+c2)cos(26x+2d)2+2a2—b2+2c2+2((a—b+c)cos(2€x+2d)2—(2a—b)(

4va -

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(exx+d)/(atbxcot (e*x+d) "2+c*kcot(e*xx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4x1log(2*(a”2 - 2xaxb + b™2 + 2%(a - b)*c + c~2)*cos(2xexx + 2*d)~2 + 2xa
T2 - b72 + 2%xc”2 + 2x((a - b + c)*xcos(2xexx + 2xd)"2 - (2%a - b)*cos(2%e*x
+ 2%d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2xexx + 2xd)"2 - 2*(a
- c)xcos(2xe*xx + 2%d) + a + b + c)/(cos(2*%exx + 2%d) "2 - 2*cos(2*%exx + 2xd
) + 1)) - 4x(a”2 - a*xb + bxc - c"2)*cos(2%e*xx + 2xd))/(sqrt(a - b + c)*e),
-1/2*sqrt(-a + b - c)*arctan(((a - b + c)*cos(2*exx + 2xd)~2 - (2%a - b)*co
s(2xe*xx + 2*%d) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2*e*xx + 2xd)
72 - 2x(a - c)xcos(2xe*xx + 2%d) + a + b + c)/(cos(2%e*xx + 2%d)~2 - 2%cos(2*
exx + 2%d) + 1))/((a”2 - 2%a*xb + b™2 + 2%(a - b)*c + c"2)*cos(2xexx + 2xd)~
2 + 2”2 - b72 + 2*%axc + c72 - 2*%(a”2 - axb + bxc - c"2)*cos(2%exx + 2xd)))/
((@a = b + c)xe)]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot (d + ex)

dx
f Va +beot? (d + ex) + c cot* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxcot (e*xx+d)**2+c*xcot (exx+d)**4)**x(1/2),%)

[Out] Integral(cot(d + exx)/sqrt(a + bkxcot(d + e*x)**2 + ckcot(d + e*x)**4), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*xx+d) "2+c*cot(exx+d)~4)~(1/2),x, algorithm="
giac")

[Out] Timed out
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390 f tan(d+ex) dx

\/ a+b cotz(d +ex)+c Cot4(d+ex)

Optimal. Leaf size=142

tanh_l 2a+b cotz(d+ex) tanh_l 2a+(b—-2c) cotz(d+ex)—b
2\/5\/a+b Cotz(d+ex)+c cot? (d+ex) 2\/u—b+c\/a+b cotz(d+ex)+c cot4(d+ex)

2+/ae 2eVa—-b+c

[Out] ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2xSqrt[a]*Sqrt[a + bxCot[d + exx]~2 + cx*C

ot[d + exx]~4])]/(2+Sqrt[al*e) - ArcTanh[(2*xa - b + (b - 2*c)*Cot[d + e*x]~
2)/(2xSqrtla - b + cl*Sqrt[a + bxCot[d + exx]~2 + cxCot[d + exx]~4])]1/(2%Sq
rtla - b + clxe)

Rubi [A] time = 0.243711, antiderivative size = 142, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 33, e =

0.152, Rules used = {3701, 1251, 960, 724, 206}

integrand size

tanh ™

2a+b Cotz(d+ex) tanh_l 2a+(b-2c) cotz(d+ex)—b
2\/;1\/a+b cotz(d+ex)+c cot? (d+ex) 2\/a—b+c\/a+b cotz(d+ex)+c cot4(d+ex)

2+/ae 2eVa-b+c

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]/Sqrtla + b*Cot[d + exx]~2 + cxCot[d + exx]~4],x]

[Out] ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + bxCot[d + exx]~2
ot[d + exx]~4])]/(2+Sqrt[al*e) - ArcTanh[(2*a - b + (b - 2*c)*Cot[d + exx]~
2)/(2*%Sqrt[a - b + cl*Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + e*x]~4])]/(2%Sq
rtla - b + cl*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*((a_.) + (b_.)*x(cot[(d_.) + (e_.)*(x_)]1x*(
f_ )" (m_.) + (c_.)*(cot[(d_.) + (e_)*x(x)I*(f_.))"(m2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + cxx~(2*n)) p)/(f72 + x72), x
1, x, fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

+ c*C
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Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_.)*x(x_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "n*(a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[exf - dxg, 0] &% NeQ[b~2 - 4xa*c, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[n, 01)

Rule 724

Int[1/C((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxd*e + 4*a*xe™2 - x72), x], x, (2
xaxe - bxd - (2%cxd - bxe)*x)/Sqrtl[a + b*xx + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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1
Subst | | ——=dx, x, cot(d +
tan(d + ex) J s (f x(1+x2) Va+bx2+cxt X %, €O ( eX))
X = -
\/a + beot?(d + ex) + ccot*(d + ex) ¢
1 2
Sbt( —————dx,x,cot“(d + )
_ os fx(1+x)\/a+hx+cx2 %X, Cot( ex)
2e
1 1
Sbt(( + )d,, t2(d + )
s f (-1-x)Va+bx+cx2  xVa+bx+cx? XX, €0 ( eX)
2e
Subst (f ' dx, x, cot?(d + ex)) Subst (f '
- _ (-1-x)Va+bx+cx? _ Vatbxicx®
2e 2e
1 2a+b cotz(d +ex) 1
Subst dx, x, Subst| | —————
(f da—x? \/a+h cotz(d+ex)+c c0t4(d+ex)) (f da~4b+ac—x?
B e
tanh_l 2a+b cotz(d+ex) tanh_l 2a-b+(b—-2c) cotz(d+e
2\/5\/u+b cotz(d+ex)+c cot4(d+ex) 2Va-b+c+Ja+b COtz(d+6X)+C(

2+/fae 2Va-b+ce

Mathematica [C] time = 28.0792, size = 44361, normalized size = 312.4

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]/Sqrtl[a + b*Cot[d + e*x]~2 + c*Cot[d + ex*xx]~4],x]

[Out] Result too large to show

Maple [F] time = 0.452, size = 0, normalized size = 0.

1
f tan (ex + d) dx

\/a + b (cot (ex + d))2 + ¢ (cot (ex + al))4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d)/(a+b*cot (e*xx+d) ~2+c*xcot (e*xx+d)~4)~(1/2),x)
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[Out] int(tan(e*xx+d)/(at+b*cot (e*x+d) "2+c*cot (exx+d)~4)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d) i

\/ccot (ex + d)4 + b cot (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*cot (e*xx+d) "2+c*cot(exx+d)~4)~(1/2),x, algorithm="
maxima"

[Out] integrate(tan(e*x + d)/sqrt(cxcot(e*x + d)74 + bxcot(e*xx + d)72 + a), x)

Fricas [B] time = 10.3366, size = 2809, normalized size = 19.78

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxcot(e*x+d) "2+c*kcot(e*xx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4x((a - b + c)*sqrt(a)*log(8*a~2+tan(e*x + d)~4 + 8*axbkxtan(e*xx + d)72 +
b2 + 4xaxc + 4x(2xaxtan(e*x + d)~4 + bxtan(exx + d)~2)*sqrt(a)*sqrt((a*xta
n(e*xx + d)~4 + bxtan(exx + d)72 + c)/tan(e*xx + d)74)) + sqrt(a - b + c)*axl
og(((8%a~™2 - 8*axb + b~2 + 4*axc)*tan(exx + d)~4 + 2x(4*a*xb - 3*b~2 - 4x*(a
- b)*c)*tan(e*x + d)72 + b™2 + 4%x(a - 2xb)*c + 8*%c”2 - 4*x((2*a - b)*tan(e*x
+d)74 + (b - 2xc)*tan(exx + d)"2)xsqrt(a - b + c)*sqrt((axtan(exx + d)~4
+ bxtan(e*x + d)72 + c)/tan(e*x + d)74))/(tan(e*x + d)~4 + 2*tan(exx + d)~2
+ 1)))/((a”2 - axb + a*c)*e), -1/4x(2xsqrt(-a)*(a - b + c)*arctan(1l/2*(2xa
xtan(e*xx + d)74 + bxtan(e*x + d)~2)*sqrt(-a)*sqrt((a*xtan(e*x + d)~4 + b*tan
(exx + d)72 + c)/tan(exx + d)~4)/(a"2*xtan(exx + d)"4 + axbxtan(e*x + d)~2 +
axc)) - sqrt(a - b + c)*axlog(((8*a~2 - 8*axb + b~2 + 4xaxc)*tan(e*x + d)~
4 + 2%(4xaxb - 3*xb"2 - 4*(a - b)*c)*tan(e*xx + d)72 + b2 + 4x(a - 2%b)*c +
8xc”2 - 4*x((2*a - b)*tan(exx + d)74 + (b - 2*c)*tan(exx + d)"2)*sqrt(a - b
+ c)xsqrt((a*xtan(exx + d)~"4 + bxtan(exx + d)72 + c)/tan(exx + d)~4))/(tan(e
xx + d)74 + 2xtan(exx + d)72 + 1)))/((a”2 - axb + a*xc)*e), -1/4x(2xaxsqrt(-
a + b - c)xarctan(-1/2+%((2xa - b)*tan(exx + d)74 + (b - 2*c)*tan(e*xx + d)72
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)*sqrt(-a + b - c)*sqrt((axtan(e*xx + d)~4 + bxtan(exx + d)~2 + c)/tan(exx +
d)~4)/((a”2 - a*b + axc)xtan(exx + d)"4 + (axb - b™2 + b*c)*tan(e*x + d)~2
+ (a - Db)kc + c72)) - (a - b + c)*sqrt(a)*log(8xa~2xtan(exx + d)~4 + 8xax*b

*tan(exx + d)72 + b72 + 4xaxc + 4x(2*xaxtan(e*xx + d)74 + bxtan(exx + d)~2)*s

grt(a)*sqrt((axtan(exx + d)~4 + bxtan(e*x + d)~2 + c)/tan(exx + d)~4)))/((a

"2 - axb + axc)xe), -1/2x(sqrt(-a)*(a - b + c)*arctan(1l/2*x(2*xa*xtan(e*x + d)

~4 + bxtan(e*xx + d) 2)*sqrt(-a)*sqrt((a*xtan(e*xx + d)"4 + b*tan(e*x + d)72 +
c)/tan(e*xx + d)~4)/(a"2xtan(exx + d)~4 + axb*tan(exx + d)72 + axc)) + ax*sq

rt(-a + b - c)*arctan(-1/2*((2*xa - b)*tan(exx + d)74 + (b - 2*c)*tan(e*xx +

d)"2)*sqrt(-a + b - c)*sqrt((axtan(e*x + d)~4 + bxtan(e*x + d)~2 + c)/tan(e

xx + d)74)/((a”2 - axb + a*xc)*tan(exx + d)74 + (axb - b™2 + b*c)*tan(e*xx +

d)72 + (a - b)xc + ¢72)))/((a"2 - a*b + axc)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex)

dx
f \/a + beot? (d + ex) + ccot* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*cot (e*xx+d)**2+c*cot (e*xx+d)**4)**(1/2),x)

[Out] Integral(tan(d + exx)/sqrt(a + bxcot(d + exx)**2 + cxcot(d + exx)**4), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxcot(e*x+d) "2+c*xcot(e*xx+d)~4)~(1/2),x, algorithm="
giac")

[Out] Timed out
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3
391 f tan”(d+ex) dx

\/ a+b COtz(d +ex)+c cot4(d+ex)

Optimal. Leaf size=249

btanh! 2a+b cot?(d+ex) tanh 2a+b cot?
2\/;1\/a+b cotz(d+ex)+c cot4(d+ex) tanz(d + EX)\/LZ +b COtz(d + ex) +c C0t4(d + ex) 2+/aJa+b cotz(d+e.
—_ + —_
4a32¢ 2ae 2+/ae
[Out] -ArcTanh[(2%a + b*Cot[d + e*xx]~2)/(2xSqrt[al*Sqrt[a + b*Cot[d + e*x]"2 + cx
Cot[d + e*x]~4])]/(2xSqrt[al*e) - (b*ArcTanh[(2xa + b*Cot[d + e*x]~2)/(2xSq
rt[al*Sqrtla + b*Cot[d + e*x]~2 + c*Cot[d + e*xx]~4])])/(4xa~(3/2)*e) + ArcT
anh[(2%¥a - b + (b - 2*c)*Cot[d + e*xx]~2)/(2xSqrt[a - b + cl*Sqrt[a + b*Cot[
d + exx]"2 + cxCot[d + exx]~4])]/(2*Sqrt[a - b + cl*e) + (Sqrtl[a + b*Cot[d
+ exx] "2 + c*xCot[d + e*x] 4]*Tan[d + exx]~2)/(2*axe)
Rubi [A] time = 0.318505, antiderivative size = 249, normalized size of antiderivative =
1., number of steps used = 11, number of rules used = 6, integrand size = 35, M =
integrand size
0.171, Rules used = {3701, 1251, 960, 730, 724, 206}
2 2
btanh_l 2a+b cot“(d+ex) tanh_l 2a+b cot
2\/1;\/a+b cotz(d+ex)+c c0t4(d+ex) tanz(d + ex)\/a +b COtz(d + ex) t+c C0t4(d + ex) 2\/1;\151+b cotz(d+e‘
+ —_
4a%2¢ 2ae 2+/ae

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~3/Sqrtl[a + b*Cot[d + e*xx]~2 + cxCot[d + exx]~4],x]

[Out] -ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2xSqrt[a]*Sqrtl[a + b*Cot[d + e*x]~"2 + c*
Cot[d + exx]~4])]/(2xSqrt[al*e) - (b*ArcTanh[(2*a + bxCot[d + exx]~2)/(2%Sq
rt[al*Sqrtla + b*Cot[d + e*x]~2 + c*Cot[d + e*xx]~4])])/(4xa~(3/2)*e) + ArcT
anh[(2%¥a - b + (b - 2*%c)*Cot[d + e*x]~2)/(2xSqrt[a - b + cl*Sqrt[a + b*Cot[

d + exx]"2 + c*Cot[d + exx]~4])]/(2xSqrt[a - b + cl*e) + (Sqrt[a + b*Cotl[d

+ e*xx] 72 + cxCot[d + exx] 4]*Tanl[d + e*xx]~2)/(2*axe)

Rule 3701

Int[cot[(d_.) + (e_.)*x(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]x*(
f D)) (m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(f_.))"(n2_.))"(p_), x_Symboll]
:> -Dist[f/e, Subst[Int[((x/f) m*x(a + b*x™n + c*x~(2%n))"p)/(f72 + x72), x
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1, x, £f*Cot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*x(x_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "n*(a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[exf - dxg, 0] &% NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[n, 01)

Rule 730

Int[((d_.) + (e_)*(x D))" (m)*x((a_.) + (b_)*(x) + (c_)*x)D)"2)"(p_), x_8S
ymbol] :> Simp[(e*x(d + e*xx)”"(m + 1)*(a + b*x + c*xx"2)7(p + 1))/((m + 1)*(c*
d”"2 - bxd*e + axe”2)), x] + Dist[(2*c*d - bxe)/(2*x(c*xd”2 - bxd*e + a*e”2)),
Int[(d + exx)"(m + 1)*x(a + b*x + cxx"2)7p, x], x] /; FreeQ[{a, b, c, d, e,
m, p}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - b*xdxe + axe”2, 0] && NeQ[2
xcxd - bxe, 0] && EqQ[m + 2%p + 3, 0]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xakxe - b¥d - (2%cxd - bke)*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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1
Subst (f (i VerbErent

e

d
tan3(d ex) o dx, x, cot(d + ex))

\/a + beot?(d + ex) + c cot*(d + ex)

1
S bst( —— dx,x,cot?>(d + ex )
_ " f x2(14+x) Va+bx+cx? ( )
2e
Subst ( f ( ! - ! + ! ) dx, x, cotz(d + ex))
B 2Vatbx+c®  xVatbx+ex®  (1+x)Va+bx+ca?
2e
1 1
Subst ( ————dx, x, cot?(d + ex ) Subst ( ————dx, x, CC
__ f x2Va+bx+cx? ( ) n f xVa+bx+cx?
2e 2e
1
Subst| [ — dx, x,
\/ a + beot?(d + ex) + c cot*(d + ex) tan?(d + ex) (f 4a—x*
B 2ae -
tanh_l 2a+b cotz(d+ex) tanh_l 2a-b+(b-2c) cotz(d+e
Zﬁ\/a+b cotz(d+ex)+c cot4(d+ex) 2Va-b+cqJa+b cotz(d+cx)+c [
=- +
2+/fae 2Va—b+ce
2 2
tanh_1 2a+b cot(d+ex) btanh_l 2a+b cot(d+ex)
2\/5\/ a+b cot?(d+ex)+c cot*(d+ex) 2\/5\/ a+b cot?(d+ex)+c cot
a 2+/ae 4a32¢

Mathematica [C] time = 31.4706, size = 37459, normalized size = 150.44

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]~3/Sqrtl[a + bxCot[d + exx]~2 + cxCot[d + exx]~4],x]

[Out] Result too large to show

Maple [F] time = 0.44, size = 0, normalized size = 0.

f(tan (ex + d))3 ! dx

\/a + b (cot (ex + d))* + ¢ (cot (ex + d))*
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "3/ (a+b*xcot (e*x+d) "2+c*xcot (exx+d)~4)~(1/2),x)

[Out] int(tan(e*xx+d) "3/ (at+b*cot (e*x+d) "2+c*cot (exx+d)~4)~(1/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*cot(e*xx+d) "2+cxcot(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] Timed out

Fricas [A] time = 13.6969, size = 3499, normalized size = 14.05

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 3/ (atbxcot (exx+d) 2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/8%(2*sqrt(a - b + c)*a"2xlog(((8*a”2 - 8*axb + b~2 + 4xa*c)*tan(exx + d)
“4 + 2x(4xaxb - 3%b72 - 4x(a - b)*c)*tan(e*xx + d)72 + b72 + 4x(a - 2*b)*c +
8xc”2 + 4x((2%a - b)xtan(exx + d)74 + (b - 2*c)*tan(exx + d)"2)*sqrt(a - b
+ c)*sqrt((a*xtan(exx + d)~4 + bxtan(exx + d)~2 + c)/tan(exx + d)~4))/(tan(
exx + d)74 + 2xtan(exx + d)72 + 1)) + 4x(a”2 - a*b + a*c)*sqrt((axtan(e*x +
d)"4 + bxtan(exx + d)72 + c)/tan(exx + d)"4)*tan(exx + d)72 + (2%xa”2 - a*b
- b72 + (2xa + b)*c)*sqrt(a)*log(8*a~2*tan(e*x + d)~4 + 8xaxbxtan(exx + d)
T2 + b72 + 4xaxc - 4x(2*axtan(exx + d)”4 + bxtan(exx + d)”2)*sqrt(a)*sqrt((
axtan(e*xx + d)74 + bxtan(exx + d)72 + c)/tan(exx + d)74)))/((a"3 - a™2*b +
a~2xc)*e), 1/4x(sqrt(a - b + c)*a"2xlog(((8*xa~2 - 8*axb + b~2 + 4xa*c)x*tan(
exx + d)74 + 2x(4*axb - 3%b72 - 4x(a - b)*c)*tan(e*xx + d)72 + b™2 + 4x(a -
2*¥b)*c + 8*c”2 + 4*x((2xa - b)*tan(exx + d)74 + (b - 2*c)*tan(e*xx + d)~2)*sq
rt(a - b + c)*sqrt((a*xtan(exx + d)~4 + bxtan(e*x + d)~2 + c)/tan(exx + d)~4
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))/(tan(exx + d)~4 + 2xtan(e*x + d)72 + 1)) + 2*(a”2 - axb + a*c)*sqrt((axt
an(exx + d)74 + b¥tan(e*x + d)72 + c)/tan(exx + d) 4)xtan(exx + d)72 + (2*a
T2 - axb - b72 + (2%a + b)*c)*sqrt(-a)*arctan(l/2*(2*a*xtan(exx + d)"4 + bxt
an(exx + d)~2)*sqrt(-a)*sqrt((a*tan(exx + d)~4 + bxtan(exx + d)~2 + c)/tan(
exx + d)74)/(a"2xtan(e*x + d)~4 + axbxtan(exx + d)72 + axc)))/((a”"3 - a~2*b
+ a”2%c)*e), 1/8*(4*a"2xsqrt(-a + b - c)*arctan(-1/2*%((2%a - b)*tan(exx +
d)"4 + (b - 2xc)*tan(exx + d)"2)*sqrt(-a + b - c)*sqrt((axtan(exx + d)~4 +
bxtan(e*x + d)~2 + c)/tan(exx + d)74)/((a”2 - axb + axc)*tan(e*xx + d)~4 + (
axb - b2 + bxc)*tan(exx + d)72 + (a - b)*c + c72)) + 4x(a”2 - a*xb + axc)*s
grt((a*xtan(e*x + d)~4 + bxtan(exx + d)~2 + c)/tan(e*xx + d)~4)*tan(e*xx + d)~
2 + (2%a”2 - a*xb - b72 + (2%a + b)*c)*sqrt(a)*log(8*a~2*tan(exx + d)~4 + 8x
axb*tan(e*x + d)72 + b72 + 4kakc - 4*x(2%axtan(e*x + d)74 + bxtan(e*xx + d)72
)*sqrt(a)*sqrt((axtan(exx + d)74 + bxtan(exx + d)72 + c)/tan(exx + d)74)))/
((@a”3 - a™2*b + a~"2xc)*e), 1/4x(2xa"2*sqrt(-a + b - c)*arctan(-1/2x((2*xa -
b)*tan(exx + d)74 + (b - 2*c)*tan(e*xx + d)~2)*sqrt(-a + b - c)*sqrt((axtan(
exx + d)74 + bxtan(exx + d)72 + c)/tan(e*xx + d)74)/((a"2 - a*b + a*c)*tan(e
*x + d)74 + (axb - b72 + bkc)*tan(e*x + d)72 + (a - b)*c + c72)) + 2*x(a”2 -
axb + axc)x*sqrt((axtan(exx + d)74 + bxtan(exx + d)72 + c)/tan(exx + d)~4)*
tan(exx + d)72 + (2%a”2 - a*xb - b™2 + (2%a + b)*c)*sqrt(-a)*arctan(1l/2*(2xa
xtan(exx + d)~4 + bxtan(e*x + d)~2)*sqrt(-a)*sqrt((a*xtan(e*x + d)~4 + b*tan
(exx + d)72 + c)/tan(exx + d)~4)/(a"2*tan(exx + d)"4 + axbxtan(e*x + d)~2 +
axc)))/((a”3 - a”2*b + a"2%c)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan® (d + ex)
\/a +beot? (d + ex) + ccot? (d + ex)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(atb*cot (e*xx+d)**2+c*cot (exx+d)**4)**(1/2),x)

[Out] Integral(tan(d + exx)**3/sqrt(a + bkxcot(d + e*xx)**2 + ckcot(d + e*x)**4), x
)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(exx+d) ~3/(atb*cot(e*xx+d) "2+cxcot(e*xx+d)~4)~(1/2),x, algorithm
= s n
="giac")

[Out] Timed out
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3.22 f cot” (d+ex)\/a + bcot?(d + ex) + c cot*(d + ex) dx

Optimal. Leaf size=270

b+2c C0t2(d +ex)

Zﬁ\/a+b COtZ(d+€x)+C cot4(d+ex) (2c(b + ZC) COtZ(d + ex) + (b - ZC)(b |
+

(—4bc(a —2¢) - 8c?(a + 2c) + 2b%c + b3) tanh ™ [

32c5/2¢

[Out] (Sqrtla - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b
+ c]*Sqrt[a + b*Cot[d + e*x]”"2 + c*Cot[d + e*x]~4]1)]1)/(2*e) - ((b~3 + 2xb~
2%c - 4xbx(a - 2%c)*c - 8*c”2x(a + 2%c))*ArcTanh[(b + 2*c*Cot[d + exx]~2)/(
2xSqrt [c]*Sqrt[a + bxCot[d + exx]"2 + cxCot[d + exx]~4])]1)/(32xc~(5/2)*e) +

(((b = 2%c)*(b + 4%c) + 2xc*x(b + 2*c)*Cot[d + e*xx]~2)*Sqrt[a + b*Cot[d + e
*x] 72 + c*xCot[d + exx]~4])/(16%c™2*e) - (a + bxCot[d + e*x]"2 + cxCot[d + e
*xx]74)7(3/2)/ (6*c*e)

Rubi [A] time = 0.556128, antiderivative size = 270, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 35, i L

0.229, Rules used = {3701, 1251, 1653, 814, 843, 621, 206, 724}

integrand size

b+2c cotz(d +ex)

2\/2\/a+b cot?(d+ex)+c cot4(d+ex) (2c(b + 2C) COtz(d + ex) + (b - ZC)(I? |
+

(—4bc(a —2¢) — 8c2(a + 2¢) + 2b%c + b3) tanh ™

32¢52¢

Antiderivative was successfully verified.

[In] Int[Cot[d + exx] 5*Sqrtl[a + b*Cot[d + e*x]"2 + c*Cot[d + e*x]~4],x]

[Out] (Sqrtla - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]"2)/(2*Sqrt[a - b
+ c]*Sqrt[a + b*Cot[d + exx]™2 + cxCot[d + exx]~4])]1)/(2%e) - ((b™3 + 2%b~
2xc - 4xbx(a - 2xc)*c - 8*c”2x(a + 2xc))*ArcTanh[(b + 2*c*Cot[d + e*xx]~2)/(
2x3qrt [c]*Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]"4]1)])/(32*c~(5/2)*e) +

(C((b - 2%c)*(b + 4%c) + 2%ckx(b + 2*c)*Cot[d + e*xx]"2)*Sqrt[a + b*Cot[d + e
*x] 72 + c*Cot[d + e*x]74])/(16%c™2%e) - (a + b*Cot[d + e*x]"2 + cxCot[d + e
*x]74) 7~ (3/2)/ (6xcxe)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)] " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f D))" (m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x)]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n))"p)/(f°2 + x72), x
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1, x, £f*Cot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1653

Int [(Pq_)*((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[(fx(d + exx)"(m + q - D*(a + bxx + c*x"2)"(p + 1))/(c*xe”(q - D*(m + q
+ 2%p + 1)), x] + Dist[1/(cxeg*x(m + q + 2*%p + 1)), Int[(d + e*x) " mx(a + b
*x + c*x”2) p*ExpandToSum[c*e”q*(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%xp + 1
)*(d + exx)”q - f*x(d + exx)”"(q - 2)*(bxd*ex(p + 1) + a*xe™2x(m + q - 1) - c*
d™2x(m + q + 2%p + 1) - e*x(2*cxd - bxe)*x(m + q + p)*x), x], x], x] /; GtQlq
, 11 && NeQ[m + q + 2%p + 1, 011 /; FreeQ[{a, b, ¢, d, e, m, p}, x] & Poly
Q[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*e + a*e”2, 0] && !'(IGtQ
[m, 0] && RationalQ[a, b, c, d, el && (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Rule 814

Int[((d_.) + (e_)*(x_))"(m )*((f_.) + (g_)*xx_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> Simp[((d + e*x)"(m + 1)*(ckxexfx(m + 2%p + 2
) — gx(c*xd + 2xcxd*p - bxexp) + gxckxex(m + 2%p + 1)*x)*(a + b*x + c*x72)p)
/(cxe”™2x(m + 2*%p + 1)*(m + 2*p + 2)), x] - Dist[p/(c*xe™2x(m + 2*%p + 1)*(m +
2xp + 2)), Int[(d + exx) m*x(a + bxx + c*x72)7(p - 1)*Simp[cxe*xfx(bxd - 2xa
xe)x(m + 2xp + 2) + gk(axex(bxe - 2%ckd*m + bxe*xm) + bkdx(bxe*xp - c*d - 2%c
xd*p)) + (ckexf*(2*cxd - bxe)*(m + 2%p + 2) + gx(b™2%e™2x(p + m + 1) - 2%c”
2xd"2x (1 + 2*p) - cxex(b*xdx(m - 2%p) + 2xa*xex(m + 2*xp + 1))))*x, x], x], x]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[cxd~2
- bxd*e + a*xe”2, 0] && GtQ[p, O] && (IntegerQlp] || !'RationalQ[m] || (GeQ[
m, -1] && LtQ[m, 0])) &% !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]
|| IntegersQ[2*m, 2x*p])

Rule 843

Int[((d_.) + (e_)*x_))"m_)*((f_.) + (g_)*xx_)N*((a_.) + (b_.)*(x_) + (c
_I)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + b*x +
c*¥x"2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*xx) m*x(a + b*x + c*x"2)7p,
x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
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NeQ[c*xd™2 - b*d*e + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4%c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*xc*d - bxe, 0]

Rubi steps
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Subst ( f % dx, x, cot(d + ex))

fcot5(d + ex)\/a + bcot?(d + ex) + c cot*(d + ex) dx = — .

Subst (f x2Va+bx+cx

2 2
. dx, x, cot“(d + ex))

2e

Subst
(a + beot?(d + ex) + ccot*(d + ex))a/2 o (f

6ce
((b —20)(b + 4c) + 2¢(b + 2¢) cot?(d + ex)) \Ja + beot?(d +
B 16c2e
((b —20)(b + 4c) + 2¢(b + 2¢) cot?(d + ex)) \Ja + beot?(d +
B 16c2e
((b = 20)(b + 4c) + 2c(b + 2¢) cot?(d + ex)) \Ja + beot*(d +.
B 16c2e

_ _ 2
Mtanh_l 2a—b+(b-2c) cot(d+ex) ) (b3 +

2\/a—b+c\/a+b cotz(d+ex)+c Cot4(d+ex)
2e

Mathematica [C] time = 38.3006, size = 539292, normalized size = 1997.38

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx] 5*Sqrtl[a + b*Cot[d + exx]~2 + c*Cot[d + exx]~4],x]

[Out] Result too large to show

Maple [B] time = 0.066, size = 684, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(e*xx+d) ~5*(at+b*cot(e*xx+d) "2+c*xcot (exx+d)~4)~(1/2),x)

[Out] -1/6*(a+b*xcot (exx+d) ~2+c*cot (e*x+d) "4)~(3/2)/c/e+1/8/exb/c* (a+b*cot (e*xx+d)~
2+cxcot (e*xx+d) "4) " (1/2) *cot (exx+d) "2+1/16/e*b™2/c”2* (a+b*cot (e*xx+d) "2+c*cot
(exx+d)~4)~(1/2)+1/8/exb/c”(3/2) *1n((1/2*b+c*cot (exx+d) "2) /c~(1/2) +(a+b*cot
(exx+d) "2+cxcot (e*xx+d) ~4)~(1/2))*a-1/32/exb~3/c~(5/2) *1n((1/2*b+c*cot (exx+d
)72)/c”(1/2)+(a+b*xcot (exx+d) “2+cxcot (exx+d) ~4) ~(1/2) ) +1/4/ex (a+bxcot (e*xx+d)
~2+c*cot (e*xx+d) "4) " (1/2) *cot (exx+d) "2+1/8/e/c*(a+b*xcot (exx+d) “2+c*cot (e*x+d
)"4)"(1/2)*%b+1/4/e/c” (1/2)*1In((1/2%b+c*cot (e*xx+d) "2) /¢~ (1/2) +(a+b*cot (e*xx+d
) "2+c*cot (exx+d) "4) " (1/2))*a-1/16/e/c~(3/2) *1n((1/2*b+c*cot (exx+d) ~2) /c~(1/
2)+(a+b*cot (exx+d) "2+c*cot (exx+d) ~4)~(1/2) ) *b~2-1/2/e*x((cot (exx+d) ~2+1) "2xc
+(b-2*xc) *(cot (exx+d) "2+1)+a-b+c) ~(1/2)-1/4/ex1n((1/2xb-c+c* (cot (exx+d) ~2+1)
)/c”(1/2)+((cot (exx+d) ~2+1) "2*xc+(b-2*c) * (cot (e*x+d) "2+1)+a-b+c)~(1/2))/c~ (1
/2)*b+1/2/ex1n((1/2*¥b-c+cx(cot (e*xx+d) "2+1)) /c~(1/2)+((cot (exx+d) ~2+1) ~2xc+(
b-2*c)*(cot (exx+d) "2+1)+a-b+c) " (1/2))*xc~(1/2)+1/2/e*(a-b+c) ~(1/2) *1n((2*a-2
*b+2*c+(b-2*c) * (cot (exx+d) “2+1)+2* (a-b+c) ~(1/2) *((cot (exx+d) “2+1) "2*c+(b-2%
c)*(cot (exx+d) "2+1)+a-b+c) ~(1/2))/(cot (exx+d) "2+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/c cot (ex + d)4 + bcot (ex + d)2 + acot (ex + d)5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~5*(atb*cot (e*xx+d) "2+cxcot(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(sqrt(c*cot(exx + d)~4 + b*cot(exx + d)~2 + a)*cot(exx + d)~5, x)

Fricas [B] time = 35.1001, size = 7181, normalized size = 26.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5% (atbxcot (exx+d) 2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="fricas")
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[Out] [1/192%(48x(c”3*cos(2*e*x + 2*d) "2 - 2*xc~3*cos(2xexx + 2*d) + c”3)*sqrt(a -
b + c)*log(2x(a”2 - 2%a*b + b™2 + 2x(a - b)*c + c"2)*cos(2xe*xx + 2%d)"2 +
2%a"2 - b72 + 2*c”2 + 2x((a - b + c)*cos(2*exx + 2xd)"2 - (2*a - b)*cos(2x*e
xx + 2%d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2%e*xx + 2xd)"2 - 2
*(a - c)*cos(2*exx + 2*d) + a + b + c)/(cos(2*e*xx + 2*%d) "2 - 2xcos(2*e*x +
2%d) + 1)) - 4x(a”2 - axb + bxc - c"2)*cos(2*e*x + 2*xd)) - 3*x(b"3 - 8x(a -
b)*c”2 - 16*c”3 + (b73 - 8%(a - b)*c™2 - 16*%c”3 - 2% (2xa*b - b~2)*c)*cos(2*
exx + 2*%d)"2 - 2x(2*axb - b72)*c - 2x(b"3 - 8+(a - b)*c”2 - 16*%c”3 - 2% (2*a
xb - b~2)*c)*cos(2*%exx + 2xd))*sqrt(c)*Llog(((b~2 + 4x(a - 2xb)*c + 8*c”2)*c
os(2xexx + 2xd)”"2 + b"2 + 4*x(a + 2%¥b)*c + 8*%c”2 + 4*x((b - 2xc)*cos(2xexx +
2xd) "2 - 2xbkxcos(2%exx + 2xd) + b + 2*xc)*sqrt(c)*sqrt(((a - b + c)*cos(2xex
X + 2%d)"2 - 2*¢(a - c)*cos(2%exx + 2*%d) + a + b + c)/(cos(2*e*x + 2xd)"2 -
2%cos(2%e*xx + 2*%d) + 1)) - 2%x(b72 + 4*a*xc - 8*c”2)*cos(2xexx + 2%d))/(cos(2
xexx + 2%d) 72 - 2*%cos(2%exx + 2*d) + 1)) + 4*(3%b"2xc - 4%(2%xa - b)*c”2 - 2
0%c™3 + (3*b72%c - 8*(a - b)*c”™2 - 44xc”3)*cos(2%exx + 2*d) "2 - 2x(3*b~2*c
- 2x(4*a - 3xb)*c”2 - 16%c”3)*cos(2xexx + 2*d))*sqrt(((a - b + c)*cos(2xe*x
+ 2%d)"2 - 2x(a - c)*cos(2%exx + 2%d) + a + b + c)/(cos(2*xe*xx + 2*d)"2 - 2
*cos (2%e*x + 2*xd) + 1)))/(c"3*excos(2*e*x + 2*d) "2 — 2*xc"3xexcos(2ke*x + 2%
d) + c"3*xe), -1/96%(3*x(b"3 - 8x(a - b)*c™2 — 16*c”3 + (b”3 - 8x(a - b)*c"2
- 16*c™3 - 2x(2*a*b - b~2)*c)*cos(2xexx + 2%d) "2 - 2*x(2*axb - b"2)*c - 2*x(b
73 - 8*%(a - b)*c”2 - 16%c”3 - 2%(2xaxb - b72)*c)*cos(2xexx + 2%d))*sqrt(-c)
xarctan(-1/2*((b - 2*c)*cos(2*e*xx + 2%d)~2 - 2*b*cos(2xexx + 2%d) + b + 2*c
)*ksqrt(-c)*sqrt(((a - b + c)*cos(2*exx + 2xd)"2 - 2x(a - c)*cos(2xe*x + 2*d
) +a+ b+ c)/(cos(2xexx + 2xd) "2 - 2*cos(2*e*xx + 2xd) + 1))/(((a - b)*c +
c"2)*cos(2%e*xx + 2xd)"2 + (a + b)*c + ¢c”2 - 2*%(axc - c"2)*cos(2xexx + 2x%d)
)) - 24x(c”3*cos(2%e*xx + 2%d) "2 - 2*c”3*cos(2%e*xx + 2xd) + c”3)xsqrt(a - b
+ c)*log(2x(a”2 - 2%a*b + b™2 + 2%(a - b)*c + c"2)*cos(2*e*xx + 2%d)72 + 2%*a
T2 - b2 4+ 2%c”2 + 2%((a - b + c)*cos(2*e*x + 2*%d)”"2 - (2*a - b)*cos(2*e*x
+ 2%d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2*exx + 2xd)~2 - 2x(a
- c)*cos(2*xexx + 2*xd) + a + b + c)/(cos(2*xexx + 2*xd) "2 - 2*cos(2*e*xx + 2*d
) + 1)) - 4x(a”2 - a*b + bxc - c"2)*cos(2%exx + 2*d)) - 2x(3*b”2%c - 4*x(2*a
- b)*c”2 - 20%c”3 + (3*b72%c - 8*(a - b)*c”2 - 44*xc”3)*cos(2*e*x + 2*d) "2
- 2% (3*%b"2xc - 2*(4%a - 3*b)*c”2 - 16%c”3)*cos(2*e*xx + 2%d))*sqrt(((a - b +
c)*cos(2%e*xx + 2*%d)"2 - 2x(a - c)*cos(2%e*x + 2*%d) + a + b + c)/(cos(2*e*x
+ 2%d) "2 - 2xcos(2%exx + 2*d) + 1)))/(c"3*excos(2*e*xx + 2%d) "2 - 2*c " 3*exc
os(2%e*xx + 2*xd) + c"3*xe), -1/192%(96*(c"3*cos(2*e*xx + 2*d) "2 - 2*c~3*cos (2%
exx + 2xd) + c”3)xsqrt(-a + b - c)*arctan(((a - b + c)*cos(2*e*xx + 2xd)"2 -
(2*xa - b)*cos(2*exx + 2xd) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos
(2%exx + 2xd)"2 - 2x(a - c)*cos(2%exx + 2xd) + a + b + c)/(cos(2%exx + 2*d)
"2 - 2%cos(2*exx + 2xd) + 1))/((a”2 - 2*a*xb + b72 + 2x(a - b)*xc + c~2)*cos(
2xexx + 2%d)72 + a”2 - b72 + 2*axc + c¢”2 - 2+x(a”2 - a*b + b*xc - c”2)*cos(2x*
exx + 2%d))) + 3x(b"3 - 8*(a - b)*c”2 - 16%c”3 + (b™3 - 8*(a - b)*c”2 - 16%
c”3 - 2%(2xaxb - b"2)*c)*cos(2%exx + 2*d) "2 - 2x(2*a*b - b"2)*c - 2%(b"3 -
8x(a - b)*c™2 - 16%c™3 - 2% (2*axb - b~2)*c)*cos(2*exx + 2xd))*sqrt(c)*log((
(b™2 + 4x(a - 2*b)*c + 8xc”2)*cos(2xexx + 2*%d)"2 + b™2 + 4x(a + 2*b)*c + 8%
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c”2 + 4x((b - 2xc)*cos(2%exx + 2%d)~2 - 2xb*cos(2%exx + 2*%d) + b + 2%c)*sqr
t(c)*sqrt(((a - b + c)*cos(2xexx + 2*d)"2 - 2x(a - c)*cos(2*e*xx + 2xd) + a

+ b + c)/(cos(2xexx + 2%d)"2 - 2*cos(2*e*xx + 2xd) + 1)) - 2%(b"2 + 4*axc -

8xc”2)*cos (2xexx + 2xd))/(cos(2*e*x + 2*d) "2 — 2xcos(2xexx + 2+d) + 1)) - 4
*(3*xb”"2*%c - 4x(2*a - b)*c”2 - 20*%c”3 + (3*b72%c - 8*(a - b)*c”2 - 44*c”3)*c
os(2%e*x + 2%d)~2 - 2% (3*xb"2xc - 2% (4*a - 3*b)*c”2 - 16*c”3)*cos(2*e*xx + 2%
d))*sqrt(((a - b + c)*cos(2xe*xx + 2xd)"2 - 2x(a - c)*cos(2*e*xx + 2%d) + a +
b + c)/(cos(2%e*xx + 2%d) "2 - 2*xcos(2xexx + 2*d) + 1)))/(c " 3*excos(2xexx +

2%d) "2 - 2*xc"3*excos(2kxexx + 2%xd) + c"3*e), —-1/96*%x(48*(c"3*cos(2xe*x + 2%*d)
T2 - 2%c”3*cos(2%e*xx + 2xd) + c”3)xsqrt(-a + b - c)*arctan(((a - b + c)*cos
(2%exx + 2xd)"2 - (2%xa - b)*cos(2%exx + 2*d) + a - c)*sqrt(-a + b - c)*sqrt
(((a - b + c)xcos(2xe*xx + 2*%d)~2 - 2x(a - c)*cos(2*exx + 2%d) + a + b + c)/
(cos(2%exx + 2%d) 72 - 2*cos(2xexx + 2%d) + 1))/((a"2 - 2*a*b + b™2 + 2x(a -
b)*c + c72)*cos(2%e*x + 2*d)72 + a”2 - b72 + 2%axc + ¢c72 - 2%(a”2 - axb +

b*c - c72)*cos(2%exx + 2*d))) + 3*(b”"3 - 8x(a - b)*c”2 - 16*%c”3 + (b"3 - 8%
(a - b)*c™2 - 16*%c™3 - 2x(2*%a*b - b~2)*c)*cos(2xe*xx + 2%d)"2 - 2*x(2%a*xb - b
“2)xc - 2%(b73 - 8*%(a - b)*c”2 - 16%c”3 - 2*(2*axb - bT2)*c)*cos(2*e*x + 2%
d))*sqrt(-c)*arctan(-1/2x((b - 2%c)*cos(2*%exx + 2%d) "2 - 2*b*cos(2xe*x + 2%
d) + b + 2xc)*sqrt(-c)*sqrt(((a - b + c)*xcos(2%e*xx + 2*xd)~2 - 2x(a - c)*cos
(2xexx + 2%d) + a + b + c)/(cos(2%exx + 2*d) "2 - 2*xcos(2%exx + 2*xd) + 1))/(
((a = b)*c + c™2)*cos(2*exx + 2*%d)"2 + (a + b)*c + ¢c72 - 2x(a*xc - c~2)*cos(
2xe*xx + 2%d))) - 2*%(3*b72%c - 4x(2%a - b)*c”2 - 20%c”3 + (3*b"2*c - 8*(a -

b)*c™2 - 44xc”3)*cos(2*e*x + 2*xd) "2 - 2% (3%b72%c - 2*(4*a - 3*b)*c”2 - 16%c
~3)*cos(2%exx + 2xd))*sqrt(((a - b + c)*cos(2%e*xx + 2xd)~2 - 2x(a - c)*cos(
2xexx + 2%d) + a + b + c)/(cos(2%exx + 2*%d) "2 - 2xcos(2%exx + 2*xd) + 1)))/(
c"3xexcos (2%xe*x + 2*d) "2 - 2*xc"3xexcos(2%exx + 2%d) + c”3*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

L[iVZ—kbcotz(d—kex)4—cc0t4(d—kex)cot5(d—kex)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot (exx+d)**5* (at+tbxcot (e*xx+d) **2+c*cot (exx+d)**4)**(1/2) ,x)

[Out] Integral(sqrt(a + b*cot(d + e*x)**2 + c*cot(d + e*x)**4)*cot(d + exx)*x5, x

)
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Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5% (at+b*cot (exx+d) "2+c*xcot (e*xx+d)~4)~(1/2),x, algorithm
g g

= 1 n

="giac")

[Out] Timed out
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3.23 f cot? (d+ex)\/a + bcot?(d + ex) + c cot*(d + ex) dx

Optimal. Leaf size=209

b+2c cot?(d +ex)

2\/5\/,”;, cot?(d+ex)+c C0t4(d+ex)] (b + 2¢ cotz(d + ex) — 4(:) \/ a+bcot?(d + ex) +c cot’

(—4c(a +20) + % + 4bc) tanh ™" {

16¢32¢ 8ce

[Out] -(Sqgrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Cot[d + exx]~2)/(2%Sqrt[a -
b + cl*Sqrt[a + b*xCot[d + exx]~2 + c*Cot[d + e*x]"4]1)])/(2*xe) + ((b™2 + 4xb

xc — 4xckx(a + 2*c))*ArcTanh[(b + 2*cxCot[d + exx]~2)/(2%Sqrt[cl*Sqrt[a + bx
Cot[d + e*x]"2 + cxCot[d + exx]~4]1)]1)/(16%c~(3/2)*e) - ((b - 4xc + 2*c*xCot[

d + e*xx]"2)*Sqrt[a + bxCot[d + exx]"2 + cxCot[d + exx]~4])/(8*cxe)

Rubi [A] time = 0.341141, antiderivative size = 209, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 35, e e =

0.2, Rules used = {3701, 1251, 814, 843, 621, 206, 724}

integrand size

b+2c cotz(d+ex)
2\/;\/“;, cot2(d+ex)+c cotd(d+ex) (b +2c cotz(d +ex) — 4c) \/ a+b cotz(d +ex)+c cot’
16c3/2¢ - 8ce

(—4c(a +20) + 1% + 4bc) tanh™

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx] 3xSqrtl[a + b*Cot[d + e*xx]"2 + cxCot[d + exx]~4],x]

[Out] -(Sqrt[a - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Cot[d + exx]~2)/(2*Sqrt[a -
b + cl*Sqrt[a + b*xCot[d + exx]~2 + c*Cot[d + ex*x]"4]1)])/(2*xe) + ((b~2 + 4xb

xc — 4*xckx(a + 2xc))*ArcTanh[(b + 2xc*Cot[d + exx]~2)/(2*Sqrt[c]*Sqrtla + Dbx
Cotl[d + e*x]”2 + cxCot[d + exx]~4]1)])/(16%c~(3/2)*e) - ((b - 4*c + 2xc*xCot[

d + exx]"2)*Sqrt[a + b*Cot[d + e*x]"2 + c*Cot[d + ex*x]~4])/(8*cx*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1 " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f_ )" (@m_.) + (c_.)*(cot[(d_.) + (e_)*(x)I*(f_.))"(m2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + cxx~(2*n))"p)/(f72 + x72), x
1, x, fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1251
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Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx) g*(a +
b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 814

Int[((d_.) + (e_D)*(x_))" (@ )*((f_.) + (g_)*(x_))*((a_.) + (b_)*(x_) + (c
_D)*(x_)72) " (p_.), x_Symbol] :> Simp[((d + e*x)"(m + 1)*(ckxexfx(m + 2%p + 2
) - gx(c*xd + 2%cxd*p - bkexp) + gkckxex(m + 2*p + 1)*x)*(a + b*x + c*x~2)7p)
/(cxe”™2x(m + 2*%p + 1)*(m + 2*p + 2)), x] - Dist[p/(c*xe™2x(m + 2*p + 1)*(m +
2xp + 2)), Int[(d + exx) " mx(a + b*x + c*x72) " (p - 1)*Simp[ckexf*x(b*xd - 2xa
xe)*x(m + 2xp + 2) + gkx(axex(bxe - 2*cxd*m + b*exm) + bkxdx(b*e*xp - c*xd - 2%c
xd*p)) + (ckexf*(2*kcxd - bxe)*(m + 2%xp + 2) + gx(b™2%e™2x(p + m + 1) - 2x%c”
2xd72* (1 + 2%p) - cxe*x(bxdx(m - 2*%p) + 2*xaxex(m + 2*p + 1))))*x, x], x], x]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[cxd"2

- bxd*xe + axe”2, 0] && GtQ[p, 0] && (IntegerQlp] || !'RationalQ[m] || (GeQ[
m, -1] && LtQ[m, 0])) &% !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]

|| IntegersQ[2*m, 2x*p])

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_I)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*xx)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe™2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + c*xx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
*xaxe - bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
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d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps

34/
Subst ( f %ﬁ;ﬂx‘l dx, x, cot(d + ex))

e

Subst ( f % dx, x, cotz(d + ex))

fcot3(d + ex)\/a + beot?(d + ex) + ccot*(d + ex) dx = —

2e

(b —4c + 2c cot?(d + ex)) \/a +beot?(d + ex) + ccot*(d + e

8ce

(b —4c + 2c cot?(d + ex)) \/a +beot?(d + ex) + ccot*(d + e

8ce

(b —4c + 2c cot?(d + ex)) \/a + beot?(d + ex) + ccott(d + e
8ce

—b+(b— 2
1/[1 b+ ctanh_l[ 2a-b+(b—2c) cot*(d+ex) (bz 4

2\/a—b+c\/¢z+b Cotz(d+ex)+c cot(d+ex)
2e

Mathematica [C] time = 36.5876, size = 412434, normalized size = 1973.37

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~3*Sqrtl[a + bxCot[d + exx]"2 + cxCot[d + exx]~4],x]

[Out] Result too large to show

Maple [B] time = 0.064, size = 467, normalized size = 2.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(e*xx+d) " 3*(at+b*cot(e*xx+d) "2+c*cot (exx+d)~4)~(1/2),x)

[Out] -1/4/e*x(a+b*xcot (exx+d) “2+c*cot (e*xx+d) ~4) " (1/2)*cot (exx+d) ~2-1/8/e/c*(a+b*co
t (exx+d) "2+cxcot (e*xx+d) "4) " (1/2)*b-1/4/e/c”(1/2) *1n((1/2*b+c*cot (exx+d) ~2)/

¢~ (1/2)+(a+b*cot (exx+d) "2+c*cot (exx+d) ~4) ~(1/2))*a+1/16/e/c”(3/2)*1n((1/2*b
+cxcot (exx+d) ~2) /c” (1/2)+ (atb*cot (e*xx+d) “2+c*cot (exx+d) "4) ~(1/2) ) *b"2+1/2/e
*((cot (e*xx+d) ~2+1) "2*c+(b-2*c) * (cot (exx+d) "2+1)+a-b+c) ~(1/2)+1/4/ex1n((1/2*
b-c+cx(cot (exx+d) "2+1)) /c” (1/2)+((cot (exx+d) "2+1) "2*c+(b-2*c) * (cot (exx+d) "2
+1)+a-b+c) " (1/2))/c”(1/2)*¥b-1/2/e*1n((1/2*b—c+c* (cot (exx+d) "2+1)) /c~ (1/2) +(

(cot (exx+d) "2+1) "2*c+(b-2*c) *(cot (e*xx+d) "2+1)+a-b+c) " (1/2) ) *xc~(1/2)-1/2/e*(
a-b+c) 7 (1/2) *1n((2*a-2xb+2*c+(b-2%c) * (cot (e*xx+d) “2+1) +2* (a-b+c) ~(1/2) *((cot
(exx+d) "2+1) "2*c+(b-2*c) * (cot (exx+d) "2+1)+a-b+c) ~(1/2) )/ (cot (exx+d) "2+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/c cot (ex + d)4 + bcot (ex + cl)2 + acot (ex + cl)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3*(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(sqrt(c*cot(e*xx + d)~4 + bkxcot(exx + d)~2 + a)*cot(exx + d)73, x)

Fricas [B] time = 26.6028, size = 5638, normalized size = 26.98

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3x(atb*cot(e*xx+d) “2+cxcot(exx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/32%x(8x(c™2*cos(2*%exx + 2xd) - c”2)*sqrt(a - b + c)*log(2*(a”2 - 2*axb +
b~2 + 2%(a - b)*c + c"2)*cos(2%e*xx + 2xd)"2 + 2%¥a”2 - b72 + 2xc”2 - 2*x((a -
b + c)*cos(2xe*xx + 2*%d)~2 - (2*a - b)*cos(2*%exx + 2xd) + a - c)*sqrt(a - b
+ c)*sqrt(((a - b + c)*cos(2xe*xx + 2*%d)~2 - 2x(a - c)*cos(2*exx + 2xd) + a
+ b + c)/(cos(2xe*xx + 2%d)"2 - 2*kcos(2xe*x + 2%d) + 1)) - 4*x(a”2 - a*b + b
*C — c72)*cos(2%e*x + 2%d)) + (b72 - 4%(a - b)*c - 8*%c”2 - (b72 - 4x(a - b)
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*xC — 8%cT2)*cos(2xexx + 2%d))*sqrt(c)*log(((b™2 + 4x(a - 2%b)*c + 8*c™2)*co
s(2xexx + 2%d)"2 + b72 + 4x(a + 2%b)*c + 8*c”2 - 4x((b - 2*c)*cos(2*e*x + 2
xd) "2 - 2xbkcos(2*xexx + 2*d) + b + 2xc)*sqrt(c)*sqrt(((a - b + c)*cos(2*e*xx
+ 2%d)"2 - 2*¢(a - c)*cos(2%exx + 2*%d) + a + b + c)/(cos(2*e*x + 2xd)"2 - 2
xcos(2*xe*xx + 2xd) + 1)) - 2x(b72 + 4xaxc - 8*c~2)*cos(2*exx + 2*d))/(cos(2x*
exx + 2%d)"2 - 2*cos(2xexx + 2%d) + 1)) + 4x(bxc - 2*xc”2 - (b*c - 6*c”2)*co
s(2xexx + 2*d))*sqrt(((a - b + c)*cos(2xe*xx + 2xd)"2 - 2x(a - c)*cos(2*ex*x
+ 2%d) + a + b + c)/(cos(2%e*xx + 2*d)"2 - 2xcos(2xexx + 2xd) + 1)))/(c™2*ex
cos(2*xexx + 2xd) - c"2xe), -1/16%x((b"2 - 4%(a — b)*c - 8*c™2 - (b"2 - 4x(a
- b)*c - 8*c”2)*cos(2*e*xx + 2xd))*sqrt(-c)*arctan(-1/2x((b - 2%c)*cos(2xe*x
+ 2%d) "2 - 2%b*cos(2%exx + 2*%d) + b + 2*c)*sqrt(-c)*sqrt(((a - b + c)*cos(
2xexx + 2%d)"2 - 2*%(a - c)*cos(2*e*x + 2%d) + a + b + c)/(cos(2xe*xx + 2xd)”~
2 - 2%xcos(2*exx + 2xd) + 1))/(((a - b)*c + c"2)*cos(2xexx + 2%d)"2 + (a + b
Yxc + ¢72 - 2x(a*xc - c"2)*cos(2xexx + 2%d))) - 4*x(c"2*cos(2*xexx + 2*xd) - ¢~
2)*sqrt(a - b + c)*log(2x(a”2 - 2xa*xb + b™2 + 2x(a - b)*c + c~2)*cos(2*xe*x
+ 2%d)72 + 2%¥a”2 - b72 + 2xc”2 - 2+%((a - b + c)*cos(2xe*xx + 2xd)"2 - (2%a -
b)*xcos(2%e*x + 2*d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2xe*x +
2%d) "2 - 2*x(a - c)*cos(2xexx + 2%d) + a + b + c)/(cos(2xexx + 2%d) "2 - 2x*c
0s(2%e*x + 2*%d) + 1)) - 4x(a”2 - a*xb + b*c - c"2)*cos(2xexx + 2*d)) - 2*(b*
c - 2%c”2 - (b*c - 6*%c”2)*cos(2*exx + 2xd))*sqrt(((a - b + c)*cos(2*e*xx + 2
*d)"2 - 2%(a - c)*cos(2xexx + 2%d) + a + b + c)/(cos(2xexx + 2%d)"2 - 2*cos
(2xexx + 2xd) + 1)))/(c"2*excos(2*e*xx + 2%d) - c”2*e), 1/32x(16*(c™2*cos(2x*
exx + 2xd) - c"2)*xsqrt(-a + b - c)*arctan(((a - b + c)*cos(2*%exx + 2xd)"2 -
(2%a - b)*cos(2%e*xx + 2xd) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos
(2xexx + 2%d)~2 - 2x(a - c)*cos(2*exx + 2*%d) + a + b + c)/(cos(2*e*x + 2*d)
2 - 2*xcos(2xexx + 2%d) + 1))/((a”2 - 2*a*xb + b~2 + 2*(a - b)*c + c”2)*cos(
2%exx + 2*%d)"2 + a”2 - b72 + 2%a*xc + ¢c”2 - 2*%(a”2 - axb + bxc - c72)*cos(2%
exx + 2%d))) + (b™2 - 4*x(a - b)*c - 8%c™2 - (b"2 - 4x(a - b)*c - 8*c~2)*cos
(2%e*xx + 2xd))*sqrt(c)*log(((b™2 + 4x(a - 2*¥b)*c + 8xc~2)*cos(2*kexx + 2xd)~
2 + b72 + 4x(a + 2*b)*c + 8*c”2 - 4%x((b - 2*c)*cos(2*xe*x + 2xd)~2 - 2xbxcos
(2%e*xx + 2xd) + b + 2*c)*sqrt(c)*sqrt(((a - b + c)*cos(2xe*xx + 2*d)"2 - 2%(
a - c)*cos(2*exx + 2xd) + a + b + c)/(cos(2*e*xx + 2*xd) "2 - 2xcos(2*e*x + 2%
d) + 1)) - 2+%(b"2 + 4*axc - 8*xc”2)*cos(2xe*xx + 2%d))/(cos(2%exx + 2*d)"2 -
2%cos(2*exx + 2*%d) + 1)) + 4x(b*xc - 2*%c”2 - (b*c - 6*c”2)*cos(2*e*x + 2*d))
xsqrt(((a - b + c)*cos(2xexx + 2%d)"2 - 2*%(a - c)*cos(2%e*xx + 2xd) + a + b
+ c)/(cos(2xexx + 2xd) "2 - 2%cos(2*exx + 2*xd) + 1)))/(c"2*e*xcos(2*e*xx + 2*d
) - c"2%e), 1/16%(8x(c"2*cos(2%exx + 2%d) - c"2)*sqrt(-a + b - c)*arctan(((
a - b + c)xcos(2xe*xx + 2%d)”"2 - (2*a - b)*cos(2xe*x + 2%d) + a - c)*sqrt(-a
+ b - c)*sqrt(((a - b + c)*cos(2*exx + 2xd)~2 - 2*(a - c)*cos(2xe*x + 2%d)
+ a+ b+ c)/(cos(2%exx + 2%d) "2 - 2*cos(2xexx + 2xd) + 1))/((a"2 - 2*ax*b
+ b72 + 2%(a - b)*c + c”2)*xcos(2*e*x + 2*xd)”2 + a”2 - b72 + 2xaxc + ¢c72 - 2
*(a”2 - a*b + bxc - c"2)*cos(2xexx + 2%d))) - (b”2 - 4*x(a - b)*c - 8*%c"2 -
(b™2 - 4x(a - b)*c - 8*c~2)*cos(2*exx + 2*d))*sqrt(-c)*arctan(-1/2x((b - 2%
c)*cos(2*xe*xx + 2*%d) "2 - 2xbxcos(2xexx + 2xd) + b + 2xc)*sqrt(-c)*sqrt(((a -
b + c)*xcos(2%e*xx + 2*%d)"2 - 2*x(a - c)*xcos(2%e*x + 2*%d) + a + b + ¢)/(cos(2
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xexx + 2%d) "2 - 2xcos(2xe*xx + 2*%d) + 1))/(((a - b)*c + c”2)*cos(2%e*xx + 2xd
)72 + (a + b)*c + ¢c72 - 2x(axc - c"2)*cos(2%e*x + 2*d))) + 2x(bxc - 2%c”2 -

(bxc - 6*c”2)*cos(2xe*xx + 2*d))*sqrt(((a - b + c)*cos(2xe*x + 2*d)~2 - 2%(
a - c)*cos(2*exx + 2*d) + a + b + c)/(cos(2*e*xx + 2*d)"2 — 2xcos(2*e*x + 2%
d) + 1)))/(c"2*xexcos(2*xexx + 2%¥d) - c " 2x*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +beot? (d + ex) + ccot (d + ex) cot® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot (exx+d)**3* (a+tb*cot (e*xx+d) **2+c*cot (exx+d)**4)**(1/2) ,x)

[Out] Integral(sqrt(a + b*cot(d + e*x)**2 + c*cot(d + e*x)**4)*cot(d + exx)**3, x

)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) "3*(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm
=n 3 n
="giac")

[Out] Timed out
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3.24 fcot(d+ex)\/a + beot?*(d + ex) + ccot*(d + ex) dx

Optimal. Leaf size=179

Va— b+ ctanh” | 22 cotdre b (b~ 2¢) tanh ™
\/El +b COtZ(d + ex) +c C0t4(d + ex) Zm\/a+b cot?(d+ex)+c cot*(d+ex)

] . ] 2y

2e 2e 44/

[Out] (Sqrtla - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b
+ c]*Sqrt[a + bxCot[d + exx]”2 + c*Cot[d + exx]~4])]1)/(2%¥e) - ((b - 2*xc)*A
rcTanh[(b + 2*c*Cot[d + e*xx]~2)/(2xSqrt[c]*Sqrt[a + bxCot[d + exx]~2 + c*Co

tld + exx]~4])])/(4*xSqrtc]*e) - Sqrtla + b*Cot[d + exx]"2 + c*Cot[d + ex*x]
~4]/(2%e)

Rubi [A] time = 0.221058, antiderivative size = 179, normalized size of antiderivative
number of rules

1., number of steps used = 8, number of rules used = 7, integrand size = 33,
0.212, Rules used = {3701, 1247, 734, 843, 621, 206, 724}

integrand size

Va-b+ctanh™ 2u+{b-20) cot?(dren) b (b - 2¢) tanh™
\/ﬂ +b COtz(d +ex)+c C0t4(d +ex) 2\/a—b+c\/a+b cot?(d+ex)+c cot(d+ex) 2\/5\/;
— + —
2e 2e 44/

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]*Sqrt[a + b*Cot[d + e*x]~2 + c*xCot[d + exx]~4],x]

[Out] (Sqrtla - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b
+ c]*Sqrt[a + b*Cot[d + e*x]”"2 + c*Cot[d + e*x]~4]1)]1)/(2*e) - ((b - 2xc)*A
rcTanh[(b + 2*c*Cot[d + e*xx]~2)/(2xSqrt[c]*Sqrt[a + bxCot[d + exx]~2 + cx*Co

tld + exx]~4])])/(4*xSqrtc]*e) - Sqrtla + b*Cot[d + exx]"2 + c*Cot[d + ex*x]
~4]/(2%e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f D))" (a_.) + (c_.)*(cot[(d_.) + (e_.)*x(x )]1*(f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f)"m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £f*Cot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]
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Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*xx)"g*(a + b*x + c*x72)7p, x],
x, x72], x] /; FreeQ[{a, b, c, d, e, p, qf, x]

Rule 734

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m + 1)*(a + b*x + c*x72)"p)/(ex(m + 2%p + 1)), x
] - Dist[p/(ex(m + 2xp + 1)), Int[(d + e*xx) mxSimp[b*d - 2*a*xe + (2*cxd - b
xe)xx, x]*(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2%p, O] &% IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*x)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + axe™2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 211)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxd*e + 4xa*xe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps
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Subst ( f % dx, x,cot(d + ex))
fcot(d + ex)\/a + beot?(d + ex) + ccot*(d + ex) dx = — .
Subst ( f arbed dx, x, cot?(d + ex))
1+x
T 2e
—2a+b—(b-2c).
~ _\/a + beot?(d + ex) + c cot*(d + ex) N Subst (f (Lex)Vatbere
B 2e 4
_ \/a + beot?(d + ex) + c cot*(d + ex) ) (b —2c) Subst (f o
2e

1
b—2c)Subst]| | —
\/a+bcot2(d+ex)+ccot4(d+ex) ( c) Subs (f dc—x

2e

_ _ 2
\/mtanh_l ( 2a—b+(b-2c¢) cot“(d+ex) ) (b _ 2C)

2\/a—b+c\/a+b cotz(d+ex)+c cot4(d+ex)
2e

Mathematica [C] time = 34.9679, size = 286262, normalized size = 1599.23

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]*Sqrt[a + b*Cot[d + e*x]~2 + cxCot[d + exx]~4],x]

[Out] Result too large to show

Maple [A] time = 0.058, size = 289, normalized size = 1.6

_%\/((cot(ex+d))2 +1)2c+ (b-20) ((cot(ex+al))2 +1) +a-b+c— %“‘((g _C+c((cot(ex+d))2 +1)) L +

Nz
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d)*(a+bxcot (exx+d) "2+c*cot (e*xx+d)~4)~(1/2),x)
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[Out] -1/2/e*x((cot(e*x+d) ~2+1) "2*c+(b-2*c)*(cot (exx+d) "2+1)+a-b+c) " (1/2)-1/4/e*1n
((1/2%b-c+cx(cot (exx+d) "2+1)) /c”(1/2)+((cot (e*xx+d) ~2+1) "2*xc+(b-2*c) * (cot (ex

x+d) "2+1)+a-b+c)~(1/2))/c”(1/2)*¥b+1/2/ex1n((1/2*b-c+c*x (cot (exx+d) "2+1)) /c~(
1/2)+((cot (exx+d) "2+1) "2*c+(b-2*c) * (cot (exx+d) "2+1)+a-b+c) " (1/2) ) *c~(1/2)+1
/2/e*(a-b+c) " (1/2)*1n((2*xa-2*b+2*c+ (b-2*c) * (cot (exx+d) "2+1)+2* (a-b+c) ~(1/2)
*((cot (e*xx+d) "2+1) "2*c+(b-2*c) *(cot (exx+d) "2+1)+a-b+c) ~(1/2))/(cot (exx+d) "2

+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/c cot (ex + cl)4 + bcot (ex + d)2 + acot (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*cot (e*xx+d) "2+c*cot(exx+d)~4)~(1/2),x, algorithm="
maxima")

[Out] integrate(sqrt(c*cot(exx + d)"4 + b*cot(exx + d)~2 + a)*cot(exx + d), x)

Fricas [B] time = 18.3588, size = 4745, normalized size = 26.51

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxcot (e*x+d) "2+c*kcot (e*xx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/8*(2*sqrt(a - b + c)*cxlog(2x(a”2 - 2%a*b + b™2 + 2x(a - b)*c + c~2)*cos
(2%exx + 2%d) "2 + 2%¥a”2 - b72 + 2xc”2 + 2x((a - b + c)*cos(2%e*xx + 2%d)"2 -
(2*%a - b)*cos(2xe*x + 2%d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(
2*%e*xx + 2%d)"2 - 2*%(a - c)*cos(2xexx + 2*%d) + a + b + c)/(cos(2%e*xx + 2xd)~
2 - 2%cos(2*%exx + 2xd) + 1)) - 4x(a”2 - a*b + b*kc - c"2)*cos(2%e*xx + 2%d))
- (b - 2*c)*sqrt(c)*log(((b™2 + 4x(a - 2*b)*c + 8xc~2)*cos(2xexx + 2%d)"2 +
b™2 + 4x(a + 2%b)*c + 8%c™2 + 4*x((b - 2%c)*cos(2xexx + 2xd)”2 - 2*b*cos (2%
exx + 2xd) + b + 2*c)*sqrt(c)*sqrt(((a - b + c)*cos(2*xe*xx + 2xd)"2 - 2*(a -
c)*cos(2ke*xx + 2%d) + a + b + c)/(cos(2xexx + 2xd)"2 - 2*cos(2%e*x + 2%d)
+ 1)) - 2%(b72 + 4xaxc - 8xc"2)*cos(2*e*xx + 2%d))/(cos(2xexx + 2%d) "2 - 2%c
os(2xexx + 2%d) + 1)) - 4xcxsqrt(((a - b + c)*cos(2*exx + 2xd)"2 - 2x(a - ¢



172

)xcos(2%e*x + 2*%d) + a + b + c)/(cos(2ke*x + 2%d) "2 - 2*cos(2ke*x + 2xd) +

1)))/(c*xe), -1/4%x((b - 2*c)*sqrt(-c)*arctan(-1/2x((b - 2*c)*cos(2*xexx + 2xd
)72 - 2%bxcos(2%e*xx + 2xd) + b + 2*c)*sqrt(-c)*sqrt(((a - b + c)*cos(2*e*x

+ 2%d) 72 - 2x(a - c)*cos(2xexx + 2xd) + a + b + c)/(cos(2%e*x + 2%d)~2 - 2%
cos(2xexx + 2xd) + 1))/(((a - b)*c + c”2)*cos(2xexx + 2xd)"2 + (a + b)*c +

c™2 - 2x(axc - c"2)*cos(2%e*xx + 2*xd))) - sqrt(a - b + c)*cxlog(2*(a”™2 - 2*a
*b + b72 + 2%x(a - b)*c + c72)*cos(2%exx + 2%d)72 + 2%a”2 - b2 + 2%cT2 + 2%
((@a - b + c)*cos(2%exx + 2xd)~2 - (2%xa - b)*cos(2xe*x + 2*d) + a - c)*sqrt(
a - b+ c)xsqrt(((a - b + c)*cos(2xexx + 2%d) "2 - 2*(a - c)*cos(2%e*xx + 2xd
) + a+ b+ c)/(cos(2xexx + 2xd) "2 - 2%cos(2%e*x + 2%d) + 1)) - 4*%(a”2 - ax
b + b*c - c”2)*cos(2*exx + 2xd)) + 2*cxsqrt(((a - b + c)*cos(2*exx + 2%d) "2
- 2x(a - c)*cos(2%e*x + 2xd) + a + b + c)/(cos(2%e*xx + 2%d)"2 - 2%cos(2%e*
x + 2xd) + 1)))/(cxe), -1/8*(4*sqrt(-a + b - c)*c*xarctan(((a - b + c)*cos(2
xexx + 2*%d)72 - (2%a - b)*cos(2*%exx + 2xd) + a - c)*sqrt(-a + b - c)*sqrt((
(a = b + c)*cos(2xexx + 2%d)"2 - 2*(a - c)*cos(2%e*xx + 2xd) + a + b + ¢c)/(c
os(2xexx + 2xd) "2 - 2%cos(2%exx + 2xd) + 1))/((a”2 - 2%a*b + b™2 + 2x(a - b
)*¥c + cT2)*cos(2%e*xx + 2%d)72 + a”2 - b72 + 2%kakc + ¢c72 - 2%(a”2 - axb + bx
c - c”2)*cos(2%exx + 2xd))) + (b - 2*xc)*sqrt(c)*log(((b™2 + 4x(a - 2xb)*c +
8xc~2) *cos(2%exx + 2xd)"2 + b72 + 4*x(a + 2%b)*c + 8*%c”2 + 4x((b - 2%c)*cos
(2%e*xx + 2xd)~2 - 2xb*cos(2*%exx + 2%d) + b + 2xc)*sqrt(c)*sqrt(((a - b + ¢)
xcos(2%e*xx + 2*d)~"2 - 2x(a - c)*cos(2*exx + 2*%d) + a + b + c)/(cos(2*e*xx +

2%d) 72 - 2xcos(2kexx + 2%d) + 1)) - 2%(b72 + 4kakxc - 8*c”2)*cos(2xexx + 2xd
))/(cos(2%exx + 2%d)~2 - 2xcos(2*exx + 2*%d) + 1)) + 4xc*xsqrt(((a - b + c)*c
os(2xexx + 2%d)"2 - 2*%(a - c)*cos(2%exx + 2xd) + a + b + c)/(cos(2xe*x + 2%
d)"2 - 2*xcos(2xexx + 2*%d) + 1)))/(c*e), -1/4x(2xsqrt(-a + b - c)*c*arctan((
(a = b + c)*cos(2xexx + 2%d)"2 - (2%a - b)*cos(2%e*xx + 2xd) + a - c)*sqrt(-
a+ b - c)xsqrt(((a - b + c)*cos(2*xexx + 2%d)"2 - 2%(a - c)*cos(2%e*xx + 2xd
) +a+ b+ c)/(cos(2xe*xx + 2%d)"2 - 2*kcos(2xexx + 2%d) + 1))/((a”2 - 2*axb
+ b2 + 2%(a - b)*c + c"2)*cos(2%exx + 2%xd)"2 + a2 - b"2 + 2*axc + ¢c72 -

2%x(a”2 - axb + bxc - c”2)*cos(2*%exx + 2xd))) + (b - 2*c)*sqrt(-c)*arctan(-1
/2%((b - 2xc)xcos(2%e*x + 2*d)~2 - 2xb*cos(2*%exx + 2xd) + b + 2*c)*sqrt(-c)
xsqrt(((a - b + c)*cos(2%exx + 2xd)"2 - 2x(a - c)*cos(2%exx + 2xd) + a + b

+ c)/(cos(2%exx + 2*%d)~"2 - 2xcos(2*exx + 2*d) + 1))/(((a - b)*c + c"2)*cos(
2%exx + 2%d)"2 + (a + b)*c + c72 - 2x(a*xc - c"2)*cos(2*%exx + 2%d))) + 2%c*s
grt(((a - b + c)*cos(2*exx + 2xd)~2 - 2*(a - c)*cos(2xe*x + 2*d) + a + b +

c)/(cos(2xe*xx + 2*d)~2 - 2*xcos(2xe*xx + 2*d) + 1)))/(cx*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/u + beot? (d + ex) + ccot? (d + ex) cot (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(exx+d)*(atbxcot (e*xx+d)**2+c*xcot (exx+d)**4)**(1/2) ,%)

[Out] Integral(sqrt(a + bkxcot(d + e*x)**2 + ckcot(d + e*xx)**4)*cot(d + e*x), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*cot (e*xx+d) "2+c*cot(exx+d)~4)~(1/2),x, algorithm="

giac")

[Out] Timed out
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3.25 f \/a + beot?(d + ex) + c cot*(d + ex) tan(d+ex) dx

Optimal. Leaf size=203

2 _ 2 _
\/Etanh_l ( 2a+Db cot“(d+ex) ) /—ﬂ b+t tanh_l [ 2a+(b-2c) cot“(d+ex)-b ] \/Etanh_l ( b

Zﬁ\/a+b cot?(d+ex)+c cot(d+ex) 2Vu—b+c\/a+b cot?(d+ex)+c cot*(d+ex) 2+/cyJa+b
2e 2e 2

[Out] (Sqgrt[a]l*ArcTanh[(2*a + bxCot[d + exx]~2)/(2%Sqrt[al*Sqrt[a + b*Cot[d + e*x
172 + cxCot[d + exx]~4])]1)/(2%e) - (Sqrtla - b + cl*ArcTanh[(2*%a - b + (b -
2xc)*Cot [d + exx]~2)/(2+Sqrt[a - b + c]*Sqrtla + bxCot[d + exx]~2 + cx*Cot[

d + exx]74]1)]1)/(2%e) - (Sqrtlcl*ArcTanh[(b + 2*c*Cot[d + ex*xx]~2)/(2*xSqrt[c]
xSqrt[a + b*Cot[d + e*xx]”™2 + cxCot[d + exx]74])])/(2xe)

Rubi [A] time = 0.269807, antiderivative size = 203, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 33, number of rules _

0.212, Rules used = {3701, 1251, 895, 724, 206, 843, 621}

integrand size

2 _ 2 - _
\/Etanh_l 2a+b cot“(d+ex) ) /—a b+ tanh_l [ 2a+(b—-2c) cot“(d+ex)-b ] \/Etanh 1 ( b

2\/1;\/a+b cotz(d+ex)+c cot4(d+ex) 2\/u—b+c\/a+b cotz(d+ex)+c cot4(d+ex) 2\/E\Ia+b(
2e 2e 2

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Cot[d + e*x]”2 + c*Cot[d + e*xx] 4]*Tan[d + ex*x],x]

[Out] (Sqrtl[al*ArcTanh[(2*a + b*Cot[d + e*xx]~2)/(2xSqrt[al*Sqrt[a + b*xCot[d + exx
172 + cxCot[d + exx]~4])]1)/(2%e) - (Sqrtla - b + cl*ArcTanh[(2*%a - b + (b -
2xc)*Cot [d + exx]~2)/(2xSqrtla - b + c]*Sqrtla + b*Cot[d + e*xx]~2 + cxCot[

d + exx]”4])]1)/(2xe) - (Sqrtlc]*ArcTanh[(b + 2*c*Cot[d + exx]~2)/(2xSqrt[c]
xSqrt[a + b*Cot[d + exx]~2 + cxCot[d + exx]~4])])/(2*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1 " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f_ )" (@m_.) + (c_.)*(cot[(d_.) + (e_)*(x)I*(f_.))"(m2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + cxx~(2*n))"p)/(f72 + x72), x
1, x, fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1251
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Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx) g*(a +
b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 895

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_)/C((d_.) + (e_.)*x(x_))*x((f_.) +
(g_.)*(x_))), x_Symbol] :> Dist[(c*d™2 - bxd*e + axe”2)/(ex(exf - d*xg)), I
nt[(a + bxx + c*xx"2)"(p - 1)/(d + exx), x], x] - Dist[1/(ex(exf - dxg)), In
t[(Simp [cxd*f - bkxexf + akxexg - ck(exf - dxg)*x, x]*(a + bxx + cxx"2) " (p -

D)/ (£ + gxx), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg,
0] && NeQ[b~™2 - 4xaxc, 0] && NeQ[c*xd~2 - b*d*e + axe”2, 0] && FractionQ[p]
&& GtQlp, O]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_)*(x_) + (c
_)*x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*¥x"2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*xx) m*x(a + b*x + c*x"2) p,
x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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Va+bx2+cxt
SU.bSt (f W

e

Subst ( f Z?—i‘;xz dx, x, cotz(d + ex))

dx, x, cot(d + ex))
f \Ja+ beot?(d +ex) + ¢ coth(d + ex) tan(d + ex) dx = -

2e

a-b—cx 2
) Subst (f PN prrmwei dx, x, cot*(d + ex)) a Subst (f

2e

1 2a+b cotz(d+ex)
a Subst (f y—s dx, x, ) ¢ Subst (f

\/ a+b cotz(d+ex)+c cot(d+ex)

xVa+

e
\a tanh ™ 20+bcot?(drer) ¢ Subst [ f ! 5 d:
2\/5\/a+b cot?(d+ex)+c cot*(d+ex) demx
2e
\/E tanh ™! 22 b cott(d+ex) \/m tanh™!
~ 2aya+b cot?(d-+ex) +c cot(d-+ex)
2e

Mathematica [A] time = 12.737, size = 253, normalized size = 1.25

2
tan?(d + ex)\/a + beot?(d + ex) + c cot(d + ex) [—\/E tanh ™! ( 20 ton (den)th ] +Va-b+ctanh™ (—

2\/5\/51 tan*(d+ex)+b tan®(d+ex)+c 2+

Ze\/a tan*(d + ex)+b tan?(d + ex) + ¢

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + e*xx] 4]*Tan[d + e*x],x]

[Out] -((-(Sqrtl[al*ArcTanh[(b + 2*a*Tan[d + e*x]~2)/(2xSqrt[al*Sqrt[c + bxTan[d +
exx] "2 + axTan[d + exx]~4])]) + Sqrtla - b + cl*ArcTanh[(b - 2%c + (2xa -
b)*Tan[d + e*x]~2)/(2xSqrtla - b + cl*Sqrtlc + b*Tan[d + e*xx]~2 + axTan[d +
exx]~4])] + Sqrtl[cl*ArcTanh[(2*c + b*Tan[d + exx]~2)/(2*Sqrt[c]*Sqrtlc + b
xTan[d + exx]~2 + axTan[d + e*x]~4])])*Sqrt[a + b*Cot[d + e*x]~2 + c*Cotl[d

+ exx]"4]*Tan[d + e*x]~2)/(2xexSqrt[c + b*Tan[d + e*xx]”2 + axTan[d + exx]"4

D
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Maple [F] time = 0.364, size = 0, normalized size = 0.

f \/a + b (cot (ex + d))* + ¢ (cot (ex + d))* tan (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(exx+d) "2+c*xcot (e*xx+d)~4)~(1/2)*tan(e*xx+d) ,x)

[Out] int((atb*cot(e*x+d) “2+c*cot (exx+d) ~4)~(1/2)*tan(e*x+d) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ccot (ex + d)4 + bcot (ex + d)2 +atan (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(e*xx+d) “2+c*xcot(exx+d)~4)~(1/2)*tan(exx+d) ,x, algorithm="
maxima")

[Out] integrate(sqrt(c*cot(e*xx + d)~4 + bkxcot(exx + d)~2 + a)*tan(exx + d), x)

Fricas [A] time = 5.86361, size = 6334, normalized size = 31.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*xx+d) “2+c*xcot(exx+d)~4)~(1/2)*tan(exx+d) ,x, algorithm="
fricas")

[Out] [1/4x(sqrt(a)*log(8*a~2*tan(e*x + d)~4 + 8*axb*tan(e*xx + d)~2 + b2 + 4xaxc
+ 4x(2*axtan(exx + d)74 + bxtan(e*x + d)~2)*sqrt(a)*sqrt((a*xtan(e*xx + d)~4
+ bxtan(e*x + d)~2 + c)/tan(e*x + d)74)) + sqrt(a - b + c)*log(((8*a"2 - 8
*axb + b72 + 4kakc)*tan(exx + d)74 + 2%(4xaxb - 3xb72 - 4x(a - b)*c)*tan(ex
x +d)72 + b72 + 4x(a - 2%b)*c + 8*%c”2 - 4x((2*a - b)*tan(e*x + d)74 + (b -
2xc)*tan(exx + d)"2)xsqrt(a - b + c)*sqrt((axtan(exx + d)"4 + bxtan(exx +
d)"2 + c)/tan(e*xx + d)74))/(tan(e*x + d)~4 + 2xtan(e*x + d)~2 + 1)) + sqrt(
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c)*log(((b™2 + 4xaxc)*tan(exx + d)~4 + 8*bkcxtan(e*xx + d)72 + 8%c™2 - 4x(bx
tan(exx + d)74 + 2xcxtan(e*xx + d)~2)*sqrt(c)*sqrt((axtan(exx + d)"4 + b*xtan
(exx + d)72 + c)/tan(exx + d)~4))/tan(exx + d)~"4))/e, 1/4*%(2*sqrt(-c)*arcta
n(2*sqrt(-c)*sqrt((a*xtan(e*xx + d)~4 + b*xtan(exx + d)72 + c)/tan(exx + d)74)
xtan(e*xx + d)~2/(b*tan(exx + d)~2 + 2%c)) + sqrt(a)*log(8*a~2xtan(e*xx + d)~
4 + 8xaxbxtan(e*x + d)72 + b72 + 4*akxc + 4*(2xaxtan(e*xx + d)74 + bxtan(exx
+ d)"2)*sqrt(a)*sqrt((axtan(e*xx + d)~4 + bxtan(exx + d)~2 + c)/tan(exx + d)
~4)) + sqrt(a - b + c)*log(((8*a~2 - 8*axb + b~2 + 4xakxc)*tan(exx + d)"4 +
2% (4xaxb - 3*b"2 - 4*x(a - b)*c)*tan(e*x + d)72 + b™2 + 4*(a - 2xb)*c + 8*c”
2 - 4x((2%a - b)xtan(e*xx + d)74 + (b - 2*c)*tan(exx + d)"2)*sqrt(a - b + ¢)
xsqrt ((a*xtan(e*xx + d)74 + bxtan(e*xx + d)72 + c)/tan(e*xx + d)~4))/(tan(exx +
d)"4 + 2xtan(exx + d)72 + 1)))/e, -1/4x(2xsqrt(-a)*arctan(2*sqrt(-a)*sqrt(
(axtan(e*x + d)~4 + b*tan(e*xx + d)~2 + c)/tan(e*xx + d)~4)*tan(exx + d)~2/(2
xaxtan(e*xx + d)~2 + b)) - sqrt(a - b + c)*log(((8*xa™2 - 8*axb + b~2 + 4xax*c
)*¥tan(exx + d)74 + 2%(4xaxb - 3xb72 - 4x(a - b)*c)*tan(e*xx + d)72 + b™2 + 4
x(a - 2%b)*c + 8%c”2 - 4*x((2*a - b)*tan(exx + d)74 + (b - 2xc)*tan(e*x + d)
~“2)*sqrt(a - b + c)*sqrt((axtan(exx + d)~4 + bxtan(exx + d)~2 + c)/tan(exx
+ d)"4))/(tan(e*x + d)"4 + 2xtan(exx + d)72 + 1)) - sqrt(c)*log(((b™2 + 4xa
xc)*tan(e*xx + d)~4 + 8xbkxcxtan(exx + d)72 + 8%c”2 - 4x(bxtan(exx + d)74 + 2
xcxtan(exx + d)~2)*sqrt(c)*sqrt((axtan(exx + d)74 + bxtan(exx + d)72 + c)/t
an(exx + d)74))/tan(e*xx + d)~4))/e, -1/4x(2xsqrt(-a)*arctan(2*sqrt(-a)*sqrt
((a*xtan(e*x + d)74 + bxtan(e*xx + d)72 + c)/tan(e*x + d)74)*tan(e*x + d)~2/(
2*axtan(e*x + d)72 + b)) - 2*sqrt(-c)*arctan(2*sqrt(-c)*sqrt((axtan(e*xx + d
)~4 + bxtan(exx + d)72 + c)/tan(exx + d)~4)*tan(exx + d)~2/(b*tan(e*x + d)~
2 + 2%c)) - sqrt(a - b + c)*log(((8*a"2 - 8*axb + b~2 + 4*axc)xtan(exx + d)
“4 + 2x(4xaxb - 3%b72 - 4x(a - b)*c)*tan(e*xx + d)72 + b72 + 4x(a - 2*b)*c +
8xc”2 - 4x((2%¥a - b)xtan(exx + d)74 + (b - 2*c)*tan(exx + d)"2)*sqrt(a - b
+ c)*sqrt((a*xtan(exx + d)~4 + bxtan(exx + d)~2 + c)/tan(exx + d)~4))/(tan(
exx + d)74 + 2xtan(exx + d)72 + 1)))/e, -1/4%(2xsqrt(-a + b - c)*arctan(-2x
sqrt(-a + b - c)*sqrt((axtan(exx + d)"4 + bxtan(ex*x + d)72 + c)/tan(exx + d
)"4)xtan(exx + d)~2/((2*%a - b)*tan(exx + d)~2 + b - 2%c)) - sqrt(a)*log(8xa
“2xtan(exx + d)74 + 8*axbkxtan(e*x + d)72 + b72 + 4*akxc + 4*(2xaxtan(e*xx + d
)74 + bxtan(exx + d)~2)*sqrt(a)*sqrt((a*xtan(exx + d)~4 + b*tan(e*x + d)72 +
c)/tan(e*xx + d)~4)) - sqrt(c)*log(((b~™2 + 4xaxc)*tan(e*x + d)~4 + 8*bxcxta
n(e*xx + d)~2 + 8*%c”2 - 4x(bxtan(e*x + d)~4 + 2*cxtan(exx + d)~2)*sqrt(c)*sq
rt((axtan(exx + d)74 + bxtan(exx + d)72 + c)/tan(exx + d)~4))/tan(e*xx + d)~
4))/e, -1/4%(2*xsqrt(-a + b - c)*arctan(-2*sqrt(-a + b - c)*sqrt((a*xtan(e*x
+ d)74 + bxtan(exx + d)72 + c)/tan(e*xx + d)~4)*tan(e*xx + d)~2/((2xa - b)*ta
n(exx + d)72 + b - 2%c)) - 2xsqrt(-c)*arctan(2*sqrt(-c)*sqrt((a*xtan(e*x + d
)~4 + bxtan(exx + d)72 + c)/tan(exx + d)~4)*tan(exx + d)~2/(b*tan(e*x + d)~
2 + 2*c)) - sqrt(a)*log(8*a~2xtan(e*x + d)~4 + 8*axbxtan(e*x + d)~2 + b2 +
4dxaxc + 4x(2xaxtan(e*x + d)~4 + bxtan(e*x + d)~2)*sqrt(a)*sqrt((a*xtan(e*xx
+ d)74 + bxtan(e*x + d)72 + c)/tan(e*x + d)74)))/e, -1/4%(2xsqrt(-a)*arctan
(2*sqrt(-a)*sqrt((a*xtan(e*x + d)~4 + bxtan(e*x + d)~2 + c)/tan(e*x + d)~4)*
tan(exx + d)72/(2%a*xtan(exx + d)"2 + b)) + 2xsqrt(-a + b - c)*arctan(-2*sqr
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t(-a + b - c)*sqrt((a*xtan(e*x + d)"4 + bxtan(e*x + d)~2 + c)/tan(e*xx + d)74
)*tan(exx + d)~2/((2%a - b)*tan(exx + d)"2 + b - 2*c)) - sqrt(c)*log(((b~2
+ 4xaxc)*tan(exx + d)"4 + 8xb*cxtan(exx + d)72 + 8*c”2 - 4*(b*tan(exx + d)~
4 + 2xcxtan(e*xx + d)~2)*sqrt(c)*sqrt((a*tan(exx + d)~4 + bxtan(exx + d)72 +

c)/tan(e*xx + d)~4))/tan(e*x + d)~4))/e, -1/2*(sqrt(-a)*arctan(2*sqrt(-a)x*s
grt((axtan(exx + d)~4 + b*tan(e*x + d)"2 + c)/tan(e*x + d)~4)*tan(e*xx + d)~
2/ (2*axtan(e*xx + d)72 + b)) + sqrt(-a + b - c)*arctan(-2*sqrt(-a + b - c)*s
grt((a*xtan(e*xx + d)~4 + bxtan(exx + d)~2 + c)/tan(e*xx + d)~4)*tan(exx + d)~
2/((2*%a - b)*tan(e*x + d)"2 + b - 2%c)) - sqrt(-c)*arctan(2xsqrt(-c)*sqrt ((
axtan(exx + d)"4 + bxtan(exx + d)72 + c)/tan(exx + d)~4)xtan(exx + d)~2/(bx*
tan(exx + d)72 + 2%c))) /el

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + beot? (d + ex) + ccot? (d + ex) tan (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot (e*xx+d)**2+ckcot (exx+d)**4)**(1/2)*tan(exx+d),x)

[Out] Integral(sqrt(a + bxcot(d + exx)**2 + cxcot(d + exx)*x4)*xtan(d + e*x), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(exx+d) “2+c*cot(exx+d)~4)~(1/2)*tan(e*xx+d),x, algorithm="
giac")

[Out] Timed out
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3.26 f \/a + b ot (d + ex) + c cot*(d + ex) tan’(d+ex) dx

Optimal. Leaf size=435

b tanh_l 2a+b COtZ(d+€X) \/Etanh_l 2a+b cc
tanz(d + ex)\/u +b COtz(d + ex) t+c C0t4(d + ex) 2\/5\/a+b cotz(d+ex)+c cot4(d+ex) 2\/sz+b cotz(d
+ —
2e 4rJae 2e

[Out] -(Sqrtl[al*ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + bxCot[d + ex
x]72 + cxCot[d + exx]~4])])/(2%e) + (bxArcTanh[(2*a + b*Cot[d + e*xx]~2)/(2%
Sqrt[a]*Sqrt[a + b*Cot[d + e*xx]~2 + cxCot[d + exx]~4])])/(4xSqrtl[al*e) + (S
qrtla - b + cl*ArcTanh[(2%a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b +
c]*Sqrt[a + b*Cot[d + e*x]”"2 + c*Cot[d + exx]~4])])/(2%e) + (b*ArcTanh[(b
+ 2%c*xCot[d + e*xx]~2)/(2xSqrt[c]l*Sqrt[a + b*Cot[d + exx]~2 + c*Cot[d + ex*x]
~4])1)/(4xSqrtlcl*e) - ((b - 2*c)*ArcTanh[(b + 2*c*Cot[d + e*x]~2)/(2xSqrt[
c]*Sqrt[a + b*Cot[d + e*xx]"2 + cxCot[d + exx]~4])])/(4*Sqrt[clxe) - (Sqrtlc
I*ArcTanh[(b + 2*%c*Cot[d + exx]~2)/(2+Sqrt[cl*Sqrt[a + b*Cot[d + e*x]"2 + ¢
xCot [d + exx]~4])])/(2*%e) + (Sqrtl[a + b*Cot[d + e*x]”"2 + c*Cot[d + exx] 4]
Tan[d + exx]"2)/(2xe)

Rubi [A] time = 0.536773, antiderivative size = 435, normalized size of antiderivative

1., number of steps used = 22, number of rules used = 9, integrand size = 35, number of rules_

integrand size
0.257, Rules used = {3701, 1251, 960, 732, 843, 621, 206, 724, 734}

b tanh_l 2a+b cotz(d+ex) \/Etanh_l 2a+b cc
tanz(d + ex)\/a +b COtZ(d + ex) +c C0t4(d + ex) 2\/5\/u+b cotz(d+ex)+c cot4(d+ex) 2+/a\Ja+b cotz(d
+ —
2e 4rJae 2e

Antiderivative was successfully verified.

[In] Int[Sqrtl[a + b*Cot[d + e*x]~2 + c*Cot[d + e*xx] 4]*Tan[d + e*x]~3,x]

[Out] -(Sqrtla]l*ArcTanh[(2*a + b*Cot[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Cot[d + ex
x]72 + c*Cot[d + exx]74])])/(2xe) + (bxArcTanh[(2*a + b*Cot[d + e*x]~2)/(2x%
Sqrt[a]l*Sqrt[a + b*Cot[d + exx]"2 + c*Cot[d + e*x]~4])]1)/(4xSqrt[al*e) + (S
grtla - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Cot[d + exx]~2)/(2*Sqrt[a - b +
c]*Sqrt[a + bxCot[d + exx]"2 + cxCot[d + exx]~4])])/(2%e) + (bxArcTanh[(b
+ 2%c*xCot[d + exx]~2)/(2xSqrt[c]l*Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + ex*x]
~4]1)1)/(4xSqrtlcl*e) - ((b - 2*c)*ArcTanh[(b + 2*c*Cot[d + e*x]~2)/(2*Sqrt[
c]*Sqrt[a + bxCot[d + e*xx]™2 + cxCot[d + exx]~4])])/(4*Sqrtlcl*e) - (Sqrtlc
I*ArcTanh[(b + 2%c*Cot[d + e*xx]~2)/(2xSqrt[c]l*Sqrt[a + bxCot[d + exx]"2 + ¢



181

*xCot [d + exx]~4])])/(2*e) + (Sqrtl[a + b*Cot[d + e*x]"2 + c*Cot[d + e*xx] 4]*
Tan[d + exx]~2)/(2x%e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f_ )" (@m_.) + (c_.)*(cot[(d_.) + (e_)*(x)I*(f_.))"(m2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)"gx(a +
bxx + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_)*x(x_)) " (m_)*x((f_.) + (g_)*x(x_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*xx) "n*(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g, x] && NeQ
[exf - d*xg, 0] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d~2 - bxdxe + a*e”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !'(IGtQ[m, 0] || IGtQ[n, 01)

Rule 732

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S

ymbol] :> Simp[((d + e*xx)"(m + 1)*(a + b*x + c*x72)"p)/(ex(m + 1)), x] - Di

stlp/(ex(m + 1)), Int[(d + e*x)"(m + 1)*x(b + 2xc*x)*(a + b*x + c*x"2)"(p -

1), x], x] /; FreeQl[{a, b, ¢, d, e, m}, x] && NeQ[b~2 - 4x*xaxc, 0] && NeQ[c*

d”2 - bxd*e + axe”2, 0] && NeQ[2*cxd - bxe, 0] && GtQ[p, 0] && (IntegerQ[p]
|l LtQ[m, -1]) && NeQ[m, -1] && !'ILtQ[m + 2%p + 1, 0] && IntQuadraticQla,
b, ¢, d, e, m, p, xJ

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4x*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe™2, 0] && 'IGtQ[m, O]
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Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*cxd - bxe, 0]

Rule 734

Int[((d_.) + (e_)*x(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_8
ymbol] :> Simp[((d + exx) " (m + 1)*(a + b*x + c*x"2)7p)/(ex(m + 2*p + 1)), x
] - Dist[p/(ex(m + 2%p + 1)), Int[(d + ex*x) m*Simp[b*d - 2%axe + (2*c*d - b
xe)xx, x]*(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && NeQ[2*xc*d - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] &% ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2*p, 0] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rubi steps
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Subst f %zzc)ﬁ dx, x, cot(d + ex))
X X
f\/a + beot?(d + ex) + c cot*(d + ex) tan3(d + ex) dx = — .
Va+bx+cx?
Subst f i;( 1x:xc)x dx, x, cot?(d + ex))
T 2e
Subst f(\/u+i);+cx2 _ \/a+b;c+cx2 + \/aJrlbj;—cxz) dx, x, COtZ(&
- 2e
Subst f a+i§+cx2 dx, x, COtz(d + ex)) Subst ( f a+bj
= - +
2e

\/a +b cotz(d +ex)+c cot4(d + ex) tanz(d + ex) Subst ‘

2e

\/ a+b cotz(d +ex)+c cot4(d + ex) tanz(d +ex) 4@ Subs
= +
2e

\/a + beot?(d + ex) + c cot*(d + ex) tan*(d + ex) asubs

2e -

2
\/Etanh_l 2a+b cot“(d+ex) b tanh_l _
2\/5\/a+b cot?(d+ex)+c cot(d+ex) 2+/a-

2e

Mathematica [C] time = 34.8468, size = 215131, normalized size = 494.55

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + exx] "4]*Tan[d + e*xx]~3,x]

[Out] Result too large to show

Maple [F] time = 0.408, size = 0, normalized size = 0.

f \/a + b (cot (ex +d))> + ¢ (cot (ex + d))” (tan (ex + d))’ dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxcot(exx+d) “2+c*cot (exx+d)~4)~(1/2)*tan(e*xx+d) ~3,x)

[Out] int((a+b*cot(exx+d) "2+c*cot (e*xx+d) ~4) " (1/2)*tan(e*x+d) " 3,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c cot (ex + le)4 + bcot (ex + d)2 + atan (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(exx+d) “2+c*cot(exx+d)~4)~(1/2)*tan(e*xx+d)~3,x, algorithm
="maxima")

[Out] integrate(sqrt(c*cot(exx + d)~4 + b*cot(exx + d)~2 + a)*tan(exx + d)~3, x)

Fricas [A] time = 19.282, size = 3164, normalized size = 7.27

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*xx+d) “2+c*xcot(exx+d)~4)~(1/2)*tan(e*xx+d) 3,x, algorithm
="fricas")

[Out] [1/8*(4*xaxsqrt((axtan(e*x + d)~4 + bxtan(e*xx + d)~2 + c)/tan(e*x + d)~4)*ta
n(exx + d)~2 - (2%a - b)*sqrt(a)*log(8*a~2*tan(exx + d)~4 + 8*xaxbktan(exx +
d)"2 + b72 + 4xakxc + 4*x(2xaxtan(e*x + d)"4 + bxtan(e*xx + d)~2)*sqrt(a)*sqr
t((axtan(e*x + d)~4 + b*tan(e*xx + d)~2 + c)/tan(e*x + d)~4)) + 2xsqrt(a - b
+ c)*a*xlog(((8%a~™2 - 8*axb + b~2 + 4*axc)*tan(exx + d)~4 + 2x(4*a*xb - 3*b~
2 - 4x(a - b)*c)*tan(e*xx + d)72 + b™2 + 4x(a - 2*¥b)*c + 8xc™2 + 4x((2%xa - b
)xtan(e*xx + d)74 + (b - 2xc)*tan(exx + d)~2)*sqrt(a - b + c)*sqrt((a*xtan(ex
x + d)74 + bxtan(exx + d)72 + c)/tan(exx + d)74))/(tan(e*xx + d)~4 + 2*tan(e
xx + d)72 + 1)))/(axe), 1/8x(4xaxsqrt((axtan(exx + d)"4 + bxtan(exx + d)~2
+ c)/tan(exx + d)~4)*tan(e*x + d)~2 + 4xaxsqrt(-a + b - c)*arctan(-1/2x((2x*
a - b)xtan(e*x + d)74 + (b - 2xc)xtan(e*xx + d)~2)*sqrt(-a + b - c)*sqrt((ax*
tan(e*xx + d)74 + b*tan(e*xx + d)72 + c)/tan(e*xx + d)74)/((a”2 - a*b + a*xc)*t
an(exx + d)74 + (axb - b™2 + b*c)*tan(exx + d)72 + (a - b)*c + c72)) - (2*a
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- b)*sqrt(a)*log(8*a~2*tan(e*xx + d)~4 + 8*axb*tan(e*xx + d)72 + b™2 + 4xaxc
+ 4x(2*axtan(exx + d)"4 + bxtan(exx + d)~2)*sqrt(a)*sqrt((a*xtan(e*x + d)~4
+ bxtan(e*xx + d)72 + c)/tan(e*xx + d)~4)))/(axe), 1/4*%(2*xaxsqrt((a*xtan(e*xx
+ d)74 + bxtan(e*x + d)~2 + c)/tan(e*xx + d)~4)*tan(e*x + d)~2 + sqrt(-a)*(2
*a - b)*arctan(1/2*(2*axtan(e*x + d)~4 + bxtan(e*x + d)~2)*sqrt(-a)*sqrt((a
xtan(exx + d)~4 + bxtan(exx + d)72 + c)/tan(exx + d)74)/(a"2*tan(exx + d)"4
+ axbxtan(e*x + d)72 + a*c)) + sqrt(a - b + c)*a*xlog(((8*a"2 - 8*a*xb + b~2
+ 4xaxc)xtan(exx + d)74 + 2x(4*a*xb - 3*b"2 - 4x(a - b)*c)*tan(exx + d)72 +
b™2 + 4x(a - 2%b)*c + 8%c™2 + 4*x((2*%a - b)*tan(exx + d)74 + (b - 2*c)*tan(
exx + d)72)*sqrt(a - b + c)*sqrt((a*xtan(e*x + d)~4 + b*tan(e*xx + d)~2 + c)/
tan(exx + d)~4))/(tan(e*x + d)~4 + 2*xtan(e*xx + d)"2 + 1)))/(axe), 1/4x(2*a*
sqrt((a*tan(e*x + d)74 + bxtan(e*xx + d)~2 + c)/tan(e*xx + d)~4)*tan(e*x + d)
72 + sqrt(-a)*(2*a - b)*arctan(1/2*x(2xaxtan(e*x + d)~4 + b*tan(e*xx + d)~2)*
sqrt(-a)*sqrt ((a*xtan(e*x + d)~4 + bxtan(e*xx + d)~2 + c)/tan(e*xx + d)~4)/(a”
2xtan(exx + d)~"4 + axbxtan(e*x + d)~2 + a*c)) + 2xa*sqrt(-a + b - c)*arctan
(-1/2*%((2*a - b)xtan(exx + d)"4 + (b - 2*c)*tan(exx + d)"2)*sqrt(-a + b - ¢
)*sqrt((axtan(e*xx + d)~4 + bxtan(exx + d)~2 + c)/tan(exx + d)~4)/((a"2 - ax*
b + axc)*tan(e*xx + d)74 + (axb - b™2 + bxc)*tan(e*x + d)72 + (a - b)*c + c~

2)))/(axe)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +beot? (d + ex) + c cot? (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*xx+d)**2+ckcot (exx+d)**4)**x(1/2)*tan(e*xx+d)**3,x)

[Out] Integral(sqrt(a + bxcot(d + exx)**2 + cxcot(d + exx)*x4)*tan(d + e*xx)**3, x

)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(exx+d) “2+c*cot(exx+d)~4)~(1/2)*tan(exx+d)”3,x, algorithm
=n 3 n
="giac")
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[Out] Timed out
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cot” (d+ex)

3.27 dx

3/2
(a+b(xﬁ?(d+ex)+ccxm4(d+ex))/

Optimal. Leaf size=236

b+2c cotz(d+ex) tanh_l
2Va-|

tanh ™!
(20%¢ = ab(b + 3¢) + b%) cot®(d + ex) + a (b? - a(b + 20)) [zﬁ\/ﬁb cot2(d+ex)+c cot(d-rex)
- - 2c32e

ce(a—b+c) (b2 - 4ac) \/a + beot?(d + ex) + c cot*(d + ex)

[Out] -ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2xSqrt[a - b + c]*Sqrt[a + b
xCot[d + exx]"2 + cxCot[d + exx]"4])]/(2%(a - b + ¢c)~(3/2)*e) - ArcTanh[(b

+ 2xcxCot [d + exx]72)/(2+Sqrt[c]*Sqrt[a + b*Cot[d + e*x]~2 + c*xCot[d + ex*x]
~4])1/(2%c™(3/2)*%e) - (ax(b™2 - a*x(b + 2%c)) + (b™3 + 2*a~2*%c - a*xb*x(b + 3x
c))*Cot[d + exx]"2)/(cx(a - b + c)*(b™2 - 4*axc)*exSqrt[a + b*xCot[d + exx]~

2 + cxCot[d + exx]"4])

Rubi [A] time = 0.558781, antiderivative size = 236, normalized size of antiderivative

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 35, e .

integrand size
0.2, Rules used = {3701, 1251, 1646, 843, 621, 206, 724}

t h_l b+2c cotz(d+ex) ¢ h—l
- 3 ) - an = - an
(Za c—ab(b+3c)+b ) cot“(d +ex)+a (b a(b + 2c)) 2\/2\/a+b cot?(d+ex)+c cot*(d+ex)

2¢c3/2¢

2+a—

ce(a—b+c) (b2 - 4ac) \/a + beot?(d + ex) + c cot*(d + ex)

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]”"7/(a + bxCot[d + e*x]"2 + cxCot[d + exx]~4)"(3/2),x]

[Out] -ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b + c]xSqrt[a + b
*xCot[d + exx]"2 + cxCot[d + exx]"4])]/(2x(a - b + ¢)~(3/2)*e) - ArcTanh[(b

+ 2xcxCot [d + exx]72)/(2+Sqrt[c]*Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + ex*x]
~4]1)1/(2*%c™(3/2)*e) - (ax(b™2 - ax(b + 2xc)) + (b~3 + 2*a"2%c - a*xbx(b + 3%
c))*Cot[d + exx]"2)/(cx(a - b + c)*(b”™2 - 4*axc)*exSqrt[a + bxCot[d + exx]~

2 + cxCot[d + e*x]~4])

Rule 3701

Int[cot[(d_.) + (e_)*x(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f )" (a_.) + (c_.)*(cot[(d_.) + (e_.)*x(x )]1*(f_.))"(n2_.))"(p_), x_Symbol]
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:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £xCot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int [(x_)7(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*x((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1646

Int[(Pq )*((d_.) + (e_.)*x(x_)) " (m_.)*x((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p
), x_Symbol] :> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + b*x + c*x
=2, x], £ = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + bxx + c*x72, x],
x, 0], g = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + b*x + c*x"2, x], x
, 11}, Simp[((b*f - 2xaxg + (2kc*xf - bxg)*x)*(a + bxx + cxx"2)"(p + 1))/ ((p
+ 1)*(b"2 - 4*axc)), x] + Dist[1/((p + D*x(b"2 - 4xa*xc)), Int[(d + e*xx) mx
(a + b*x + c*x72)"(p + 1)*ExpandToSum[((p + 1)*(b"2 - 4%axc)*Q)/(d + e*x) m
- ((2%p + 3)*(2xcxf - bxg))/(d + e*x)"m, x], x], x]] /; FreeQ[{a, b, c, d,
e}, x] &% PolyQ[Pq, x] && NeQ[b~™2 - 4xaxc, 0] && NeQ[c*d~2 - b*d*xe + axe”2
, 0] && LtQlp, -1] &% ILtQ[m, O]

Rule 843

Int[((d_.) + (e_.)*x(x_)) " (m_)*x((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*(a + b*x + c*x~2)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d~2 - b*d*e + axe”2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx"2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xax*xc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])
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Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - b*e, 0]

Rubi steps

Subst ( f i 55 A, x, cot(d + ex))

(l+x2)(a+bx2+cx4)

f ( cot’(d + ex) dx= -

3
a+ beot?(d + ex) + ccot*(d + ex)) ! €

Subst (f #3/2 dx, x, COtz(d + ex)]

(1+x)(a+bx+cx2)

2e

Subs
a (b2 - a(b +2c)) + (b° + 2a%c — ab(b + 3c)) cot?(d + ex)

cla-b+c) (b2 - 4uc) e\/a + beot?(d + ex) + c cot*(d + ex)

a (b? - a(b +20)) + (b° + 2a%c — ab(b + 3c)) cot®(d +ex) ~ Subs

cla-b+c) (b2 - 4uc) e\/a + beot?(d + ex) + ccot*(d + ex)

Subs
a (b - a(b +2c)) + (b° + 2a%c — ab(b + 3c)) cot?(d + ex)

ca-b+c) (b2 - 4ac) e\/a + beot?(d + ex) + c cot(d + ex)

tanh_l 2a—b+(b-2c) cotz(d+ex) tanh_l b+2c cotz(
2ye

2Vu—b+c\/a+b cotz(d+ex)+c cot4(d+ex) \Ja+b cotz(d+ex

2(a—b+c)¥2e - 2c32¢

Mathematica [C] time = 35.5583, size = 243520, normalized size = 1031.86

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~7/(a + b*Cot[d + e*x]~2 + c*Cot[d + e*xx]~4)~(3/2),x]
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[Out] Result too large to show

Maple [B] time = 0.106, size = 828, normalized size = 3.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*xx+d) "7/ (at+b*cot(exx+d) “2+c*xcot (exx+d)~4) " (3/2),x)

[Out] 1/2/e*cot(exx+d) ~2/c/(atbxcot (exx+d) ~2+c*cot (exx+d)~4)~(1/2)-1/4/exb/c"2/(a
+b*xcot (exx+d) "2+c*xcot (exx+d) "4) ~(1/2)-1/2/exb™2/c/ (4d*xa*xc-b"2) / (a+b*cot (e*x+
d) "2+c*cot (exx+d) ~4) " (1/2) *cot (e*xx+d) "2-1/4/exb"3/c"2/ (4dxa*xc-b"2) / (a+b*cot (
exx+d) "2+c*xcot (exx+d) "4) ~(1/2)-1/2/e/c”(3/2)*1n((1/2*b+c*xcot (exx+d) "2) /c~ (1
/2)+(a+b*xcot (exx+d) “2+c*xcot (exx+d) "4) ~(1/2))-1/e/ (a+b*cot (exx+d) "2+c*cot (ex
x+d) ~4)~(1/2) / (d*xa*xc-b~2) *bxcot (exx+d) "2-2/e/ (a+b*cot (exx+d) “2+c*cot (e*x+d)
~4)~(1/2)/ (4xa*xc-b~2) *a-2/e/ (a+b*cot (exx+d) “2+c*cot (e*x+d) ~4) ~(1/2) / (dxa*xc-
b~2) *c*xcot (exx+d) "2-1/e/ (a+b*cot (exx+d) "2+c*cot (exx+d) ~4) ~(1/2) / (d*xaxc-b~2)
*b+2/exc/ ((—4d*xaxc+b™2) "~ (1/2)+b-2%*c) / (-4*a*c+b™2) / (cot (exx+d) "2+1/2/c* (—4*ax*
c+b"2) " (1/2)+1/2%b/c) *((cot (exx+d) ~2+1/2% ((-4*a*xc+b~2) " (1/2)+b) /c) "2xc—(-4*
axc+b~2) " (1/2) *(cot (e*xx+d) "2+1/2% ((-4d*a*xc+b”2) " (1/2)+b) /c) )~ (1/2)+2/exc/ ((-
4xa*xct+b”2) " (1/2)-b+2*c) / ((—4*a*xc+b~2) ~(1/2)+b-2%c) / (a-b+c) " (1/2) *1n ((2*a-2x%
b+2*xc+(b-2*c)* (cot (e*xx+d) ~2+1)+2*x (a-b+c) ~(1/2) *((cot (e*x+d) ~2+1) "2*xc+(b-2*c
)Y*(cot (exx+d) "2+1)+a-b+c) " (1/2))/(cot(exx+d) "2+1))-2/exc/ ((-4*axc+b~2) " (1/2
)-b+2xc) / (-4*a*xc+b”2) /(cot (exx+d) "2-1/2/c* (—4*a*xc+b~2) " (1/2)+1/2*b/c)*((cot
(exx+d) "2-1/2% (-b+(-4*a*xc+b~2) "~ (1/2) ) /c) "2*c+(-4*a*xc+b”™2) " (1/2) *(cot (e*xx+d)
~2-1/2x(~b+(-4*axc+b~2) " (1/2))/c)) "~ (1/2)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~7/(atb*cot(e*xx+d) ~2+cxcot (e*xx+d)~4)~(3/2),x, algorithm
="maxima"

[Out] Timed out
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Fricas [B] time = 27.2806, size = 13087, normalized size = 55.45

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~7/(atb*cot(e*xx+d) “2+cxcot(e*xx+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [1/4*x((4*a*xc™4 + (4*a~2 + 4*xa*xb - b™2)*c”3 - (a*b™2 + b~3)*c™2 + (4*axc™4 +
(4xa~2 - 4xaxb - b™2)*c”3 - (a*b”2 - b~3)*c"2)*cos(2*e*xx + 2xd) "2 + 2% (axb
T2%c72 + 4xaxc™4 - (4*%a”2 + b72)*c”3)*cos(2xexx + 2*d))*sqrt(a - b + c)*log
(2x(a”2 - 2*a*xb + b™2 + 2x(a - b)*xc + c72)*cos(2*e*xx + 2*d)"2 + 2*xa"2 - b~2
+ 2%c”2 - 2x((a - b + c)*cos(2*e*xx + 2*d)"2 - (2*a - b)*cos(2*e*xx + 2xd) +
a - c)*sqrt(a - b + c)*sqrt(((a - b + c)xcos(2%e*xx + 2xd)~2 - 2x(a - c)*co
s(2%exx + 2xd) + a + b + c)/(cos(2%exx + 2*d) "2 - 2xcos(2*e*x + 2%d) + 1))
- 4x(a”2 - axb + bxc - c"2)*cos(2¥e*xx + 2%d)) - (a”3*%b"2 - a"2*b"3 - a*xb”4
+ b75 - 4*xaxc™4 - (12%xa”2 - 4*axb - b72)*c”3 - (12*%a~3 - 8*a~2%b - T*a*xb”2
+ b73)*c”2 + (a”3*b"2 - 3*%a"2%b"3 + 3*axb”4 - b"5 - 4xaxc”4 - (12*%a”2 - 12%
axb - b"2)*c”3 - 3*x(4*a~3 - 8%a~2*b + 3*a*b”2 + b"3)*c"2 - (4%a"4 - 12%a" 3%
b + 9*%a"2%b"2 + 2*axb”3 - 3*b74)*c)*cos(2xexx + 2%d) "2 - (4*a"4 - 4*xa~3*b -
T*a~2*b”2 + 6*xaxb”3 + b74)*c - 2*%(a”3*b72 - 2*%a"2*%b"3 + axb”4 + 4*axc™4 +
(4%a~2 - 8*a*xb - b72)*c™3 - (4*xa~3 - 3*a*b”2 - 2*b7"3)*c"2 - (4*a~4 - 8*a 3%
b + 3*%a”2*%b~2 + b~4)*c)*cos(2xexx + 2%d))*sqrt(c)*Llog(((b~2 + 4x(a - 2x%b)*c
+ 8%c"2)*cos(2xexx + 2%d)"2 + b2 + 4*x(a + 2xb)*xc + 8+xc”2 - 4x((b - 2*c)*c
os(2%exx + 2*%d) "2 - 2xbkxcos(2%exx + 2xd) + b + 2*c)*sqrt(c)*sqrt(((a - b +
c)*cos(2%exx + 2%d) "2 - 2x(a - c)*cos(2*e*x + 2xd) + a + b + c)/(cos(2xexx
+ 2%d) "2 - 2%cos(2¥exx + 2%d) + 1)) - 2%(b"2 + 4dxaxc - 8xc”2)*cos(2*xexx + 2
*d))/(cos(2*e*xx + 2*d) "2 - 2*cos(2%e*x + 2*xd) + 1)) - 4x(3xaxb*c”3 + (4*a"2
*b - 3*a*b”2 - b73)*c”2 + ((4*a”2 - 3*axb)*c”3 + (4*a~3 - 6%a"2%b + axb”2 +
b~3)*c”2 + (a”3%b - 3%a"2*b"2 + 3*axb”3 - b"4)*c)*cos(2¥exx + 2*d)"2 + (a”
3*b - a”2*b"2 - axb”3 + bT4)*c - 2% (2*%a"2*xc”3 + (2*%a”3 - a"2*b - a*b”2)*c”2
+ (a73%b - 2*%a"2%b”2 + axb”3)*c)*cos(2kexx + 2%d))*sqrt(((a - b + c)*cos(2
xexx + 2%d)"2 - 2x(a - c)*xcos(2xexx + 2%d) + a + b + c)/(cos(2*xexx + 2%xd) "2
- 2%cos(2*e*xx + 2xd) + 1)))/((4*a*c™6 + (12*a"2 - 12xaxb - b~2)*c”5 + 3*(4
*a”3 - 8*a”2*b + 3*a*xb”2 + b~3)*c”4 + (4*a”"4 - 12*a”~3*b + 9*a"2%b"2 + 2*axb
"3 - 3%b74)*c”3 - (a"3*b"2 - 3*a"2*%b”"3 + 3*axb”4 - b~5)*c"2)*e*xcos(2*xexx +
2%d) "2 + 2*x(4*a*xc”6 + (4xa~2 - 8*axb - b"2)*c”5 - (4*a~3 - 3*axb”2 - 2*%b”3)
*¥c"4 - (4*a”4 - 8*xa"3*b + 3*%a"2*%b"2 + b"4)*c”3 + (a~3*%b"2 - 2*a"2%b"3 + ax*b
“4)xc”2)kexcos (2xexx + 2xd) + (4*axc”6 + (12*%a”2 - 4d*axb — b~2)*c”5 + (12*a
~3 - 8%a"2%b - 7*xaxb"2 + b~3)*xc"4 + (4xa"4 - 4xa"3xb - 7*xa"2%b”"2 + 6*xaxb”3
+ b74)*c”3 - (a”3*b"2 - a”2%b"3 - a*b”™4 + b75)*c"2)xe), 1/4%(2*x(a"3*b"2 - a
“2%b"3 - a*b”4 + b"5 - 4dxaxc”4 - (12*a"2 - 4d*xaxb - b"2)*c”3 - (12*%a”3 - 8*a
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“2%b - T*a*b”2 + b73)*c”2 + (a"3%b"2 - 3*a”"2*b”3 + 3*axb”4 - b~5 - 4xaxc”4
- (12%a™2 - 12*%a*b - b72)*c”3 - 3*(4*a”3 - 8*a”2*b + 3*a*xb”2 + b~3)*c”2 - (
4xa~4 - 12*xa”3%b + 9*%a"2*%b"2 + 2*axb”3 - 3xb74)*c)*cos(2kxexx + 2xd)"2 - (4%
a"4 - 4%a”3xb - 7*xa"2*%b"2 + 6*xaxb”3 + b"4)*c - 2*(a~3*%b"2 - 2*a"2%b"3 + axb
4 + 4xaxc”4 + (4*a”2 - 8xaxb - b"2)*c”3 - (4*a”3 - 3*axb"2 - 2*b"3)*c"2 -
(4%a”4 - 8*%a”3%b + 3*%a"2*%b"2 + b~4)*c)*cos(2*%exx + 2%d))*sqrt(-c)*arctan(-1
/2% ((b - 2xc)*cos(2%exx + 2*%d)~2 - 2xb*cos(2%exx + 2*d) + b + 2*c)*sqrt(-c)
xsqrt(((a - b + c)*cos(2*xexx + 2%d)"2 - 2*%(a - c)*cos(2%exx + 2xd) + a + b
+ c)/(cos(2%e*xx + 2%d)"2 - 2*cos(2*exx + 2xd) + 1))/(((a - b)*c + c~2)*cos(
2%exx + 2%d)"2 + (a + b)*c + ¢72 - 2«x(a*c - c"2)*cos(2xexx + 2*d))) + (4*ax
c™4 + (4%a”2 + 4*axb - b™2)*%c”3 - (a*b™2 + b™3)*c”2 + (4*axc™4 + (4%a"2 - 4
*axb - b72)*c”3 - (a*b”2 - b73)*c"2)*cos(2*ke*xx + 2%d) "2 + 2x(axb"2*c”2 + 4%
axc™4 - (4xa”2 + b72)*c"3)*xcos(2%e*xx + 2xd))*sqrt(a - b + c)*log(2x(a”2 - 2
*axb + b™2 + 2x(a - b)*c + c"2)*cos(2%e*x + 2*%d)72 + 2*a"2 - b72 + 2%c72 -
2%x((a - b + c)*cos(2xexx + 2*%d)"2 - (2*a - b)*cos(2*e*xx + 2xd) + a - c)*sqr
t(a - b + c)*sqrt(((a - b + c)*cos(2*exx + 2xd) "2 - 2*(a - c)*cos(2xe*x + 2
*d) + a + b + c)/(cos(2xe*xx + 2*d)"2 - 2xcos(2xe*xx + 2*d) + 1)) - 4*x(a”2 -
axb + b*c - c”2)*cos(2*xexx + 2*%d)) - 4x(3*kaxbxc”3 + (4*a”2xb - 3*axb”2 - b~
3)*c”2 + ((4*a”2 - 3xaxb)*c”3 + (4*a”™3 - 6*xa"2xb + a*b™2 + b~3)*c”2 + (a~3x%
b - 3*%a"2*b"2 + 3*axb”3 - b74)*c)*cos(2xexx + 2%d)"2 + (a”"3*b - a"2*b"2 - a
*b~3 + bT4)*kc - 2% (2*xa"2*xc”3 + (2*¥a”3 - a"2*b - a*b"2)*c”2 + (a”3*b - 2*a”2
*b~2 + a*b~3)xc)*cos(2*e*xx + 2xd))*sqrt(((a - b + c)*cos(2%e*xx + 2*d)~2 - 2
*(a - c)*cos(2xexx + 2%d) + a + b + c)/(cos(2%exx + 2*d) "2 - 2*cos(2*exx +
2%d) + 1)))/((4d*a*xc”™6 + (12*xa~2 - 12%axb - b"2)*c”™5 + 3*(4*a~3 - 8*a~2%b +
3*a*xb”2 + b"3)*c”4 + (4%a”4 - 12*%a”3*b + 9*a"2*xb"2 + 2*axb”3 - 3*b"4)*c"3 -
(a”3*%b"2 - 3*a"2%b"3 + 3*axb"4 - b~5)*c"2)*xe*xcos(2kexx + 2*%d) "2 + 2x(4*axc
"6 + (4%¥a”2 - 8*axb - b72)*c”5 - (4*a"3 - 3*axb”2 - 2*%b"3)*c”4 - (4*a”4 - 8
*a"3%b + 3*%a”2%b"2 + b74)*c”3 + (a"3*b”2 - 2%a"2*b"3 + axb”4)*c”2)*e*xcos (2
exx + 2*d) + (4*xaxc”™6 + (12*xa”2 - 4xaxb - b™2)*c”5 + (12*%a~3 - 8*a~2%b - 7%
axb”2 + b"3)*c"4 + (4*a~4 - 4%a~3%b - T*a"2*b”2 + 6*axb”3 + b"4)*c”3 - (a”3
*b72 - a”2*%b”"3 - a*xb”4 + b"5)*c"2)*e), 1/4x(2x(4d*xaxc”4 + (4%a”2 + 4*axb - b
“2)*c”3 - (a*b”2 + b"3)*c”2 + (4xa*xc”4 + (4*xa”2 - 4dxaxb - b"2)*c"3 - (axb"2
- b73)*c"2) *cos(2xexx + 2%d) "2 + 2% (axb”2*c”2 + 4d*xaxc”4 - (4%a”2 + bT2)*c”
3)*cos(2xexx + 2%d))*sqrt(-a + b - c)*arctan(((a - b + c)*cos(2xe*x + 2%d)~
2 - (2%a - b)xcos(2%e*xx + 2xd) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*
cos(2xexx + 2xd)"2 - 2%(a - c)*cos(2%exx + 2xd) + a + b + c)/(cos(2*e*xx + 2
*d) "2 - 2*%cos(2*exx + 2xd) + 1))/((a"2 - 2*%axb + b™2 + 2*x(a - b)*c + c~2)*c
os(2%exx + 2%d)"2 + a”2 - b”2 + 2%axc + ¢c72 - 2*¥(a”2 - axb + b*c - c”2)*cos
(2%exx + 2%d))) - (a”3*%b”"2 - a™2*%b"3 - a*b”™4 + b5 - 4xaxc™4 - (12%¥a"2 - 4%
axb — b"2)*c”3 - (12%a”3 - 8*%a"2%b - 7xa*xb”2 + b"3)*c”2 + (a"3*b"2 - 3*xa~ 2%
b"3 + 3*a*xb”4 - b~5 - 4*axc™4 - (12*%a”2 - 12%axb - b"2)*c”3 - 3*(4*xa~3 - 8%
a"2xb + 3*axb”2 + b~3)*c"2 - (4*xa~4 - 12*%a"3%b + 9*%a~2%b”"2 + 2*axb~3 - 3%b~
4)*xc)*cos(2xexx + 2%d) "2 - (4*a”4 - 4*xa~3xb - 7*a"2%b"2 + 6*a*xb”3 + b74)*c
- 2%(a"3*%b72 - 2*a"2*%b"3 + a*b”4 + 4*a*xc”4 + (4*a”2 - 8xaxb - b"2)*c”3 - (4
*a"3 - 3*a*xb”2 - 2*xb"3)*c”2 - (4%a”4 - 8*a"3*b + 3*a"2*xb"2 + b~4)*c)*cos(2*
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exx + 2xd))*sqrt(c)*log(((b72 + 4x(a - 2xb)*c + 8*c”2)*cos(2*xexx + 2%d)"2 +
b~2 + 4x(a + 2¥b)*c + 8*%c”2 - 4x((b - 2xc)*cos(2*e*x + 2*xd)~2 - 2*xbxcos (2%
exx + 2xd) + b + 2*c)*sqrt(c)*sqrt(((a - b + c)*cos(2xexx + 2%d)"2 - 2*(a -
c)*cos(2%exx + 2%d) + a + b + c)/(cos(2xe*xx + 2%d) "2 - 2*cos(2*exx + 2*d)
+ 1)) - 2x(b"2 + 4xaxc - 8*c”2)*cos(2*xe*xx + 2*d))/(cos(2*e*x + 2*d) "2 - 2*c
os(2xexx + 2xd) + 1)) - 4x(3*axbxc”3 + (4*a”2xb - 3*a*xb”2 - b"3)*c”2 + ((4%
a2 - 3*axb)*c”3 + (4*a~3 - 6%a"2%b + a*b”2 + b73)*c"2 + (a~3%b - 3*a"2*b"2
+ 3*%a*xb”3 - b 4)*c)*cos(2¥e*xx + 2%d)"2 + (a”3%b - a”2%b”"2 - axb”3 + b74)*c
- 2%(2*%a”2*c”3 + (2*%a”3 - a"2%b - a*b”2)*c”2 + (a"3*b - 2*¥a"2%b"2 + a*xb”3)
xc)xcos(2%exx + 2xd))*sqrt(((a - b + c)*cos(2%e*xx + 2xd)~2 - 2x(a - c)*cos(
2%exx + 2%d) + a + b + c)/(cos(2%e*xx + 2*%d) "2 - 2*xcos(2*exx + 2xd) + 1)))/(
(4xaxc™6 + (12*a”2 - 12xa*b - b~2)*c”5 + 3*(4xa~3 - 8*a"2xb + 3*a*b”2 + b~3
Y*xc”4 + (4%a~4 - 12*%a”3*b + 9*a"2*xb"2 + 2%axb”3 - 3*b”"4)*c”3 - (a"3*b"2 - 3
*a"2%b"3 + 3*axb”4 - bT5)*c"2)*excos(2*e*xx + 2*xd) "2 + 2x(4xaxc”6 + (4*a”2 -
8*xa*xb - b72)*c”5 - (4*xa~3 - 3*a*xb”2 - 2*%b"3)*c"4 - (4*a~4 - 8*a~3xb + 3*a”
2%b"2 + b"4)*c”"3 + (a"3*b"2 - 2%a"2%b"3 + a*b”4)*c”"2)*excos(2xexx + 2%d) +
(4xa*xc™6 + (12*%a”2 - 4*xaxb - b~2)*c”5 + (12*%a”3 - 8*a™2%b - 7xa*xb™2 + b~3)*
¢4 + (4%¥a"4 - 4%a”3%b - 7*a"2*b"2 + 6*xa*xb”3 + b"4)*c”3 - (a"3*b"2 - a"2%b”
3 - axb”™4 + b"5)*xc"2)*xe), 1/2x((4*axc™4 + (4*%a"2 + 4*axb - b"2)*c”3 - (a*b”
2 + b"3)*c”2 + (d*axc™4 + (4*a”2 - 4*a*xb - b™2)*c"3 - (a*xb”2 - b~3)*c"2)*co
s(2%e*xx + 2*%d) "2 + 2x(axb"2xc”2 + 4xaxc”4 - (4*a”2 + b"2)*c"3)*cos(2*e*x +
2*xd))*sqrt(-a + b - c)*arctan(((a - b + c)*cos(2*e*xx + 2%d)"2 - (2%a - b)*c
os(2%e*xx + 2xd) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2*e*xx + 2xd
)72 - 2x(a - c)*cos(2%e*xx + 2%d) + a + b + c)/(cos(2*xexx + 2xd) "2 - 2*cos(2
xexx + 2%d) + 1))/((a"2 - 2*a*xb + b2 + 2*x(a - b)*c + c”2)*cos(2*e*x + 2*d)
"2 + a2 - b72 + 2*%xaxc + ¢72 - 2+¥(a”2 - axb + b*c - c”2)*cos(2*e*xx + 2%d)))
+ (a”3%b"2 - a”2*b"3 - a*b”4 + b~5 - 4xaxc”4 - (12*xa"2 - 4xaxb - b"2)*c”3
- (12%a”3 - 8*a”2*b — 7*xaxb~2 + b~3)*c”2 + (a”3*b"2 - 3*a"2%b~3 + 3*a*b”4 -
b"5 - 4xaxc”4 - (12*%a”2 - 12*%axb - b~2)*c”3 - 3*(4*a”3 - 8*a~2xb + 3xaxb”2
+ b73)*c"2 - (4*xa~4 - 12%a"3*b + 9*a"2*xb"2 + 2*axb”3 - 3*b74)*c)*cos(2xexx
+ 2%d)"2 - (4*a~4 - 4*a"3%b - 7*a"2*%b"2 + 6*axb”3 + b"4)*c - 2*x(a"3*b"2 -
2%a”"2xb"3 + a*xb”4 + 4*axc”4 + (4xa”2 - 8*axb - b72)*c”3 - (4%a”3 - 3*axb”2
- 2%b73)*c”2 - (4*%a"4 - 8xa”3%b + 3*¥a”"2%b"2 + b74)*c)*cos(2*exx + 2%d))*sqr
t(-c)*arctan(-1/2%((b - 2%c)*cos(2*e*xx + 2xd) "2 - 2*b*cos(2*exx + 2xd) + b
+ 2xc)*sqrt(-c)*sqrt(((a - b + c)*cos(2%e*xx + 2xd)~2 - 2x(a - c)*cos(2*xe*x
+ 2%d) + a + b + c)/(cos(2%exx + 2%d)"2 - 2*cos(2xexx + 2%d) + 1))/(((a - b
Y¥c + c72)*cos(2%exx + 2*%d)"2 + (a + b)*c + ¢c72 - 2*x(axc - c"2)*cos(2*exx +
2%d))) - 2*(3*axbxc”™3 + (4*xa”"2*b - 3*axb”2 - b"3)*c”2 + ((4*a”2 - 3*axb)*c
"3 + (4%¥a”3 - 6*%a"2%b + a*b”2 + b"3)*c"2 + (a~3*b - 3*a"2*%b"2 + 3¥axb”3 - b
“4)*xc)*cos(2xe*xx + 2%d)"2 + (a”3%b - a"2%b"2 - a*xb”3 + bT4)*c - 2x(2*%a"2%c”
3 + (2%a”3 - a™2xb - a*b”2)*c”2 + (a”3*b - 2*xa"2*b"2 + axb”3)*c)*cos(2*xe*x
+ 2%d))*sqrt(((a - b + c)*cos(2xexx + 2*%d)~2 - 2*x(a - c)*cos(2*e*xx + 2xd) +
a+ b+ c)/(cos(2xe*xx + 2%d)~2 - 2*cos(2*exx + 2xd) + 1)))/((4*a*xc™6 + (12
*a"2 - 12%a*xb - b72)*c”5 + 3% (4*%a”3 - 8*a”"2*b + 3*axb”2 + b~3)*c”4 + (4*a"4
- 12%a"3%b + 9*%a"2%b"2 + 2*axb”3 - 3*b"4)*c”3 - (a"3*%b"2 - 3*%a"2*xb"3 + 3*a
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*b"4 - b75)*c72)*excos(2xexx + 2%d) "2 + 2% (4d*xaxc”6 + (4*a"2 - 8*xaxb - b"2)*
c”5 - (4%a~3 - 3*a*xb”2 - 2*b"3)*c"4 - (4%a"4 - 8*a"3*b + 3*a"2*b"2 + b74)*c
“3 + (a"3*b"2 - 2*a"2%b”3 + axb~4)*c”2)*excos(2*exx + 2xd) + (4*xaxc”6 + (12
*a"2 - 4*axb - bT2)*c”5 + (12%a”3 - 8*a”2*b - T*a*xb"2 + b"3)*c”4 + (4*a"4 -
4xa~3%b - 7*a"2*xb"2 + 6%a*xb”3 + b74)*c”3 - (a"3*b"2 - a”2%b”"3 - axb”4 + b~
5)*c”2)*e)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**7/(atb*cot (e*xx+d)**2+c*cot (e*xx+d)**4)**(3/2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~7/(at+bxcot (exx+d) 2+c*cot(e*xx+d)~4)~(3/2),x, algorithm
="giac")

[Out] Timed out
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cot>(d+ex)

3.28 dx

3/2
(a+b cotz(d+ex)+c cot4(d+ex)) /

Optimal. Leaf size=160

tanh! 2a+(b-2c) cot?(d+ex)-b
2Vu—b+c\/a+b cotz(d+ex)+c Cot4(d+ex)

2e(a—b+c)3?

(b(a - b) + 2ac) cot?(d + ex) + a(2a - b)

e(a—b+c) (b2 - 4ac) \/a + bcot?(d + ex) + c cot*(d + ex)

[Out] ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b + c]*Sqrtla + bx
Cot[d + e*x]"2 + cxCot[d + exx]~4]1)]/(2%(a - b + ¢c)~(3/2)*e) - (ax(2*a - b)

+ ((a - b)xb + 2*axc)*Cot[d + e*x]"2)/((a - b + c)*(b"2 - 4xaxc)*exSqrt[a

+ b*Cot[d + e*x]72 + c*xCot[d + exx]"4])

Rubi [A] time = 0.394066, antiderivative size = 160, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 35, e L

integrand size
0.171, Rules used = {3701, 1251, 1646, 12, 724, 206}

2a+(b-2c) cot?(d+ex)-b
2Vu—b+c\/a+b cotz(d+ex)+c Cot4(d+ex) (b(a - b) + 211C) COtz(d + ex) + 11(211 - b)
2e(a—b+c)3?

tanh ™

e(a—b+c) (b2 - 4ac) \/a + bcot?(d + ex) + c cot*(d + ex)

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]~5/(a + b*Cot[d + e*x]~2 + c*Cot[d + e*xx]~4)"(3/2),x]

[Out] ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]"2)/(2*Sqrt[a - b + c]*Sqrtla + bx
Cot[d + e*x]"2 + cxCot[d + exx]"4]1)]/(2%(a - b + ¢c)~(3/2)*e) - (ax(2*a - b)

+ ((a - b)*b + 2*xaxc)*Cot[d + exx]~2)/((a - b + c)*(b"2 - 4xaxc)*exSqrt[a

+ b*Cot[d + e*x]"2 + cxCot[d + exx]~4])

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f_ ) (a_.) + (c_.)*(cot[(d_.) + (e_.)*(x )]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~"2 - 4xaxc, 0]
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Rule 1251

Int[(x_)"(m_.)*x((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x”2)7p, x], x, x72], x] /; FreeQ[{a, b, c, d, e, p, 9}, x] && Inte
gerQ[(m - 1)/2]

Rule 1646

Int[(Pg )*((d_.) + (e_.)*x(x_ D))" (m_.)*x((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p
), x_Symbol] :> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + b*x + c*x
=2, x], f = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + bxx + c*x72, x],
x, 0], g = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + b*x + c*x"2, x], x
, 11}, Simp[((bxf - 2%axg + (2*%cxf - bxg)*x)*(a + b*xx + c*xx"2)"(p + 1))/ ((p
+ )*(b"2 - 4*axc)), x] + Dist[1/((p + D*x(b"2 - 4xa*xc)), Int[(d + e*xx) mx
(a + b*x + c*x72)"(p + 1)*ExpandToSum[((p + 1)*(b"2 - 4*axc)*Q)/(d + exx) m
- ((2*%p + 3)*(2*xc*xf - bxg))/(d + e*x)"m, x], x], x]] /; FreeQ[{a, b, c, d,
e}, x] &% PolyQ[Pq, x] && NeQ[b~™2 - 4xaxc, 0] && NeQ[c*d"2 - b*d*xe + axe”2
, 0] && LtQ[p, -1] && ILtQ[m, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4%c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtl[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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5
Subst a dx, x, cot(d + ex
f cot®(d + ex) p (f (l+x2)(u+bx2+cx4)3/ 2 ( ))
x=-
(a + beot?(d + ex) + ccot*(d + ex)) 2 €
2
Subst | [ —————— dx, x, cot?(d + ex
_ (f (1+x)(a+bx+cx2)3/2 ( ))
B 2e
) 0(2a - b) + ((a - b)b + 2ac) cotX(d + ex) . Subst
(a-b+c) (b2 - 4ac) e\/a + beot?(d + ex) + ccot*(d + ex)
) 0(2a - b) + ((a - b)b + 2ac) cotX(d + ex) Subst
(@a=b+c¢) (b2 - 4ac) e\/a + beot?(d + ex) + c cot*(d + ex)
Subst
a(2a - b) + ((a — b)b + 2ac) cot?(d + ex) .

(a-b+c) (b2 - 4ac) e\/a + beot?(d + ex) + c cot*(d + ex)

tanh 2a—b+(b-2c) cot?(d-+ex)
2Va—b+c\/u+b cot?(d+ex)+c cot*(d+ex) a(2a - D) + ((a -
— 3/2 -
2a=b+cpite (a—b+c)(b2—4ac)e\/;

Mathematica [C] time = 30.7386, size = 25130, normalized size = 157.06

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]"5/(a + b*Cot[d + e*x]~2 + c*Cot[d + e*x]~4)~(3/2),x]

[Out] Result too large to show

Maple [B] time = 0.078, size = 599, normalized size = 3.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(e*x+d) "5/ (at+b*cot(e*xx+d) "2+c*cot (exx+d)~4)~(3/2),x)

[Out] 1/e/(a+b*cot(exx+d) “2+c*cot (e*xx+d) ~4) ~(1/2)/ (d*axc-b~2) *b*cot (e*x+d) "2+2/e/
(atb*cot (e*xx+d) "2+c*xcot (exx+d) ~4)~(1/2) / (d*a*xc-b~2) *a+2/e/ (a+b*cot (exx+d) "2
+ckcot (exx+d) ~4) " (1/2)/ (d*a*xc-b~2) *c*xcot (exx+d) "2+1/e/ (a+b*cot (exx+d) "2+c*c
ot (exx+d) ~4)~(1/2) / (d*axc-b~2) *b-2/exc/ ((-4*a*xc+b”~2) " (1/2)+b-2*c) / (-4*axc+b
~2)/(cot(exx+d) "2+1/2/cx(-4d*a*xc+b~2) ~(1/2)+1/2*b/c)*((cot (exx+d) ~2+1/2x ((-4
*a*xc+b”2) " (1/2)+b) /c) "2xc—(—4*a*xc+b~2) " (1/2) *(cot (exx+d) "2+1/2* ((-4*a*c+b™2
)" (1/2)+b)/c)) " (1/2)-2/exc/ ((~4*a*xc+b~2) " (1/2) -b+2*c) / ((-4*axc+b~2) ~(1/2)+b
-2xc)/(a-b+c) "~ (1/2) *1n((2*xa-2*xb+2*c+(b-2*c) * (cot (exx+d) "2+1)+2x (a-b+c) ~(1/2
)*((cot (exx+d) ~2+1) “2*c+(b-2*c) * (cot (exx+d) "2+1)+a-b+c) ~(1/2) )/ (cot (exx+d)~
2+1))+2/exc/ ((-4*a*xctb™2) ~(1/2) -b+2*c) / (-4*a*xc+b~2) /(cot (exx+d) "2-1/2/c* (-4
*a*xc+b”2) " (1/2)+1/2*xb/c)*((cot (e*xx+d) ~2-1/2*% (~b+(-4*axc+b~2)~(1/2))/c) ~2*c+
(=4*xa*c+b~2) " (1/2) *(cot (exx+d) "2-1/2* (~b+(-4*axc+b~2)~(1/2))/c))~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)5

5 dx
(c cot (ex + d)* + beot (ex + d)* + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (atb*cot(e*xx+d) “2+cxcot(exx+d)~4)~(3/2),x, algorithm
="maxima"

[Out] integrate(cot(exx + d)~5/(c*cot(e*x + d)~4 + b*cot(e*xx + d)~2 + a)~(3/2), x
)

Fricas [B] time = 5.3831, size = 3829, normalized size = 23.93
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (atb*cot(e*xx+d) ~2+cxcot(e*xx+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [1/4*%((a*b”2 + b~3 - 4*xaxc”™2 + (a*xb™2 - b™3 - 4*xaxc”™2 - (4*xa”2 - 4*xaxb - b~
2)xc)*xcos(2%exx + 2*xd) "2 - (4%a”2 + 4*xaxb - b"2)xc - 2*x(axb”2 + 4xaxc”2 - (
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4xa”2 + b72)*c)*cos(2xexx + 2*d))*sqrt(a - b + c)*log(2x(a”2 - 2%a*xb + b~2
+ 2%(a - b)*c + c"2)*cos(2*%e*xx + 2%d)”"2 + 2*%a"2 - b"2 + 2%c”2 + 2x((a - b +
c)*cos(2%exx + 2xd)"2 - (2%xa - b)*cos(2xe*x + 2*%d) + a - c)*sqrt(a - b + ¢
)*sqrt(((a - b + c)*cos(2xe*x + 2*d)~"2 - 2x(a - c)*cos(2*exx + 2%d) + a + b
+ c)/(cos(2xexx + 2%d) "2 - 2*cos(2*e*xx + 2*xd) + 1)) - 4%(a”™2 - axb + b*c -
c”"2)*cos(2*%exx + 2*d)) - 4%(2*a”3 - 2*xa"2*b - a*b”2 + b"3 + 2*axc”2 + (2*a
"3 - 4%a”2*b + 3*axb”2 - b73 + b72%c - 2*axc”2)*cos(2xexx + 2%d)"2 + (4*a”2
- 2%axb - bT2)*c - 2x(2*xa”3 - 3*a"2*b + a*b”2 + (2*xa"2 - axb)*c)*cos(2*ex*x
+ 2*d))*sqrt(((a - b + c)*cos(2xe*xx + 2*d)~2 - 2*x(a - c)*cos(2*exx + 2xd)
+ a+ b+ c)/(cos(2xexx + 2%d) "2 - 2*cos(2*xexx + 2xd) + 1)))/((a"3*b"2 - 3%
a"2*b~3 + 3*xaxb”4 - b5 - 4xaxc”4 - (12%¥a”2 - 12*%axb - b72)*c”3 - 3*(4*xa”3
- 8%a"2%b + 3*a*b”2 + b~3)*c”2 - (4%a"4 - 12*%a"3*b + 9*a"2*xb"2 + 2*axb~3 -
3*b74) *c) *excos (2xexx + 2%d) "2 - 2*%(a”3*b72 - 2*a"2*xb"3 + axb”4 + 4*axc”4 +
(4xa~2 - 8*axb - b™2)*c”3 - (4*a~3 - 3*a*xb”2 - 2*%b"3)*c”2 - (4*a~4 - 8*a”~3
*b + 3*%a”2*%b”2 + bT4)*c)*excos(2%exx + 2*%d) + (a"3*b"2 - a"2*%b"3 - axb”4 +
b"5 - 4xaxc”4 - (12*¥a”2 - 4*axb - b"2)*c”3 - (12*¥a”3 - 8*a"2*b - 7*xaxb~2 +
b73)*c™2 - (4%a~4 - 4*a"3*b - T*a"2*xb"2 + 6%a*xb”3 + b~4)*c)*e), -1/2x((axb”
2 + b"3 - 4xaxc”2 + (a*b”2 - b"3 - 4*xaxc”2 - (4*a”2 - 4*xaxb - b"2)*c)*cos(2
*exx + 2%d) 72 - (4*a”2 + 4xaxb - b"2)*c - 2*x(axb”2 + 4xaxc”2 - (4*¥a”2 + b”2
)*c)*cos(2xexx + 2*d))*sqrt(-a + b - c)*arctan(((a - b + c)*cos(2xe*x + 2*d
)72 - (2%a - b)*cos(2%e*xx + 2xd) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + ¢
Yxcos(2%exx + 2*%d) "2 - 2x(a - c)*cos(2*e*xx + 2xd) + a + b + c)/(cos(2*exx +
2%d) "2 - 2*xcos(2xexx + 2%d) + 1))/((a”"2 - 2*%a*b + b”2 + 2x(a - b)*c + c~2)
xcos(2%e*xx + 2%d)72 + a”2 - bT2 + 2%axc + ¢c72 - 2*x(a”2 - axb + b*xc - c"2)*c
os(2%e*xx + 2*xd))) + 2x(2*xa~3 - 2*¥a"2%b - a*b”2 + b~3 + 2xaxc”2 + (2*%a”"3 - 4
*a"2%b + 3*axb”2 - b73 + b"2xc - 2¥axc”2)*cos(2*xexx + 2*d) "2 + (4%a”2 - 2*a
*b - b72)*c - 2% (2*a”3 - 3*%a”2*b + axb”2 + (2*xa”2 - axb)*c)*cos(2xe*x + 2x%d
) *sqrt(((a - b + c)*cos(2xexx + 2xd)"2 - 2%(a - c)*cos(2*e*xx + 2%d) + a +
b + c)/(cos(2*xexx + 2xd) "2 — 2*cos(2¥exx + 2*d) + 1)))/((a"3*b"2 - 3*a~2*b~
3 + 3*axb™4 - b"5 - 4xaxc”4 - (12*%a”2 - 12*%axb - b~2)*c”3 - 3*(4*a”~3 - 8*a”
2%b + 3*a*xb”2 + b73)*c”2 - (4%a”4 - 12*%a"3*b + 9*a"2*xb"2 + 2*axb”3 - 3*b"4)
*c)*excos(2xe*xx + 2%d) "2 - 2*%(a”3%b”2 - 2*%a”"2%b"3 + axb”4 + 4*axc”4 + (4xa”
2 - 8*a*xb - b72)*c”3 - (4*xa~3 - 3*a*b”2 - 2*b”3)*c”2 - (4*xa~4 - 8*a"3*b + 3
*¥a"2*b"2 + b74)*c)*excos(2¥exx + 2*%d) + (a"3*b"2 - a”2%b"3 - axb™4 + b°5 -
dxaxc™4 - (12%xa”2 - 4*axb - b"2)*c”3 - (12*%a~3 - 8*a"2%b - T*a*b”™2 + b~3)*c
"2 - (4*%a”4 - 4*a”3*b - 7*a"2%b"2 + 6*a*b”3 + b"4)*c)*e)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(exx+d)**5/(atb*cot (e*xx+d)**2+c*cot (exx+d)**4)**(3/2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~5/(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(3/2),x, algorithm

="giac")

[Out] Timed out
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cot3(d+ex)

3.29 dx

3/2
(a+b(xﬁ?(d+ex)+ccxm4(d+ex))/

Optimal. Leaf size=153

tanh ! 2a+(b-2c) cot?(d+ex)-b
Zw/m\/ a+b cotz(d+ex)+c cot4(d+ex)
2e(a —b + )32

¢(2a — b) cot?(d + ex) + a(b - 2¢)

e(a—b+c) (b2 - 4ac) \/a + beot?(d + ex) + c cot*(d + ex)

[Out] -ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2xSqrt[a - b + c]*Sqrt[a + b
*Cot[d + exx]"2 + cxCot[d + exx]”4]1)]1/(2x(a - b + ¢c)~(3/2)*e) + (a*x(b - 2xc

) + (2%a - b)*c*Cot[d + e*x]"2)/((a - b + c)*(b~2 - 4*a*c)*exSqrt[a + b*Cot

[d + exx]"2 + cxCot[d + exx]~4])

Rubi [A] time = 0.284433, antiderivative size = 153, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 35, number of rules _

integrand size
0.171, Rules used = {3701, 1251, 822, 12, 724, 206}

2a+(b-2c) cot?(d+ex)-b

tanh ™"
¢(2a - b) cot?*(d + ex) + a(b — 2¢) 2\/a—b+c\/a+b cot?(d+ex)+c cot*(d+ex)

- 2e(a—b+c)3?2

e(a—b+c) (b2 - 4ac) \/a + beot?(d + ex) + c cot*(d + ex)

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]~3/(a + b*Cot[d + e*x]"2 + c*xCot[d + e*xx]~4)"(3/2),x]

[Out] -ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2xSqrt[a - b + c]*Sqrt[a + b
xCot[d + exx]"2 + cxCot[d + exx]"4])]1/(2x(a - b + c)~(3/2)*e) + (ax(b - 2*c

) + (2%xa - b)*cxCot[d + exx]"2)/((a - b + c)*(b”"2 - 4*axc)*e*Sqrt[a + bxCot

[d + exx]"2 + c*Cot[d + e*x]~4])

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f_ D)) (a_.) + (c_.)*(cot[(d_.) + (e_.)*(x )]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £xCot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]
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Rule 1251

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)"g*x(a +
b*x + c*x”2)7p, x], x, x72], x] /; FreeQ[{a, b, c, d, e, p, 9}, x] && Inte
gerQ[(m - 1)/2]

Rule 822

Int[((d_.) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_I)*(x_)72)"(p_), x_Symbol] :> Simp[((d + exx)"(m + 1)*(f*(b*c*d - b~2*e +

2kaxcke) — axgkx(2xckxd - bxe) + ck(f*(2%cxd - bxe) - gx(bxd - 2%axe))*x)*(a

+ b*xx + c*x72)7(p + 1))/ ((p + 1)*(b7"2 - 4xaxc)*(c*d”2 - bxd*e + a*e”2)), xl]
+ Dist[1/((p + 1) *(b"2 - 4*axc)*x(cxd"2 - bkxdxe + axe”2)), Int[(d + e*xx) mx
(a + bxx + c*xx72)7(p + 1)*Simp[f*(b*xckd*e*x(2*%p - m + 2) + b™2%e™2x(p + m +

2) - 2*%c72xd"2x(2xp + 3) - 2*akxcke”2x(m + 2%p + 3)) - gk(axex(bxe - 2kcxd*m
+ b¥e*xm) - b*dx(3xc*d - bke + 2%cxd*p - bkexp)) + ckex(gx(bxd - 2%a*xe) - f
*(2xcxd - bxe))*(m + 2*%p + 4)*x, x], x], x] /; FreeQ[{a, b, c, d, e, f, g,
m}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && LtQ[p, -1
] && (IntegerQ[m] || IntegerQlp] || IntegersQ[2*m, 2xp])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - b*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
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3
Subst i dx, x, cot(d + ex
f cot3(d + ex) ; [f (1022) (a+br2-+cxt) 2 ( ))
X =-
32
(a + beot?(d + ex) + ccot*(d + ex)) ! €
Subst | [ ———— dx, x, cot?(d + ex )
_ (f (1+x)(a+bx+cx2)3/2 ( )
B 2e
) a(b - 20) + (20 - b)c cot(d + ex) . Subst (
(a—b+c) (b2 - 4ac) e\/a + bcot?(d + ex) + c cot*(d + ex)
) a(b - 2¢) + (2a — b)c cot®(d + ex) . Subst (
(a—=b+c) (b2 - 4ac) e\/a + beot?(d + ex) + c cot*(d + ex)
Subst [
~ a(b — 2¢) + (2a — b)c cot?®(d + ex) |
(a-b+c) (bz - 4ac) e\/a + beot?(d + ex) + c cot*(d + ex)
tanh_l 2a—-b+(b—2c) cotz(d+ex)
ZW\/zﬁb cotz(d+ex)+c cot4(d+ex) a(b - 2C) +

2(a—b+c)3% (a-b+c) (b2 - 4uc) e\/

Mathematica [C] time = 30.6758, size = 25123, normalized size = 164.2

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~3/(a + b*Cot[d + exx]~2 + c*Cot[d + e*x]~4)~(3/2),x]

[Out] Result too large to show

Maple [B] time = 0.072, size = 509, normalized size = 3.3

2
5 ¢ (cot (ex + d)) _ b 1 o

e\/a +b(cot (ex +d))” +c (cot (ex + d))* (4ac - b2) ¢ (4ac-12) \/a +b(cot (ex + d))* + c(cot (ex + d))* e
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) "3/ (a+b*cot (e*xx+d) "2+c*xcot (exx+d)~4)~(3/2),x)

[Out] -2/e/(atb*xcot (e*xx+d) ~2+c*xcot (exx+d) ~4)~(1/2)/(4*axc-b~2) *xc*xcot (exx+d) "2-1/e
/ (a+b*xcot (e*xx+d) “2+c*cot (exx+d) ~4) ~(1/2) / (4d*a*xc-b~2) *b+2/exc/ ((-4*xa*xc+b~2) "
(1/2)+b-2%c) / (-4*xa*xc+b~2) / (cot (e*xx+d) "2+1/2/c* (—4*xa*xc+b~2) ~(1/2)+1/2%b/c) *(
(cot (exx+d) "2+1/2x ((-4*axc+b~2) "~ (1/2)+b) /c) "2*xc-(—4d*xa*xc+b~2) ~(1/2) * (cot (e*x
+d) "2+1/2*% ((=4*axc+b~2) " (1/2)+b) /c)) ~(1/2)+2/exc/ ((-4*a*xc+b~2) ~(1/2) -b+2*c)
/ ((=4*a*xc+b™2) " (1/2)+b-2*xc)/(a-b+c) " (1/2) *1n((2*xa—-2*xb+2xc+ (b-2*c) * (cot (e*xx+
d) "2+1)+2*x(a-b+c) ~(1/2) *((cot (exx+d) ~2+1) "2*xc+(b-2*c) * (cot (e*xx+d) "2+1) +a-b+
c)~(1/2))/ (cot (exx+d) ~2+1))-2/e*xc/ ((-4*a*xc+b™2) ~(1/2)-b+2x*c) / (-4*a*xc+b~2) / (
cot (exx+d) "2-1/2/cx(-4*axc+b~2) ~(1/2)+1/2xb/c)* ((cot (exx+d) ~2-1/2* (-b+(-4*a
*c+b~2) " (1/2)) /c) "2*xc+(—4xaxc+b”2) " (1/2) *(cot (exx+d) "2-1/2% (-b+(-4*a*c+b™2)
~(1/2))/¢c))~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + al)3 p
X

3
(ccot (ex +d)* + beot (ex + d)* + a)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atbxcot (exx+d) 2+c*cot(e*xx+d)~4)~(3/2),x, algorithm
="maxima")

[Out] integrate(cot(exx + d)~3/(cxcot(e*x + d)~4 + bxcot(e*x + d)~2 + a)~(3/2), x
)

Fricas [B] time = 5.23088, size = 3752, normalized size = 24.52

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(3/2),x, algorithm
="fricas")
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[Out] [1/4%((a*b”™2 + b~3 - 4xaxc™2 + (a*xb™2 - b3 - 4*axc™2 - (4*xa”2 - 4xaxb - b~
2)*c)*xcos(2xexx + 2%d) "2 - (4*a~2 + 4xaxb - b"2)*c - 2*(axb”2 + 4¥xaxc”2 - (
4%a”2 + b72)*c)*cos(2xe*xx + 2*d))*sqrt(a - b + c)*log(2x(a”2 - 2*%axb + b~2
+ 2%(a - b)*c + c"2)*xcos(2%e*xx + 2*%d)"2 + 2*%a”2 - b72 + 2%c”2 - 2%((a - b +
c)*cos(2%exx + 2xd)"2 - (2%xa - b)*cos(2xe*x + 2*d) + a - c)*sqrt(a - b + ¢
)*sqrt(((a - b + c)*cos(2xe*xx + 2*%d)”"2 - 2*%(a - c)*cos(2xe*x + 2%d) + a + b
+ c)/(cos(2xexx + 2%d)~2 - 2*cos(2*e*x + 2xd) + 1)) - 4*x(a”2 - a*xb + b*xc -
c"2)*cos(2*xexx + 2xd)) + 4x(a”2*xb - a*b”2 + b"2%c - b*c”2 + (a"2*b - axb~2
- (4*%a - b)*c™2 - (4*a~2 - 6*axb + b~2)*c)*cos(2xexx + 2xd)"2 - 2+x(a"2*b -
axb”2 - 2%axc”2 - (2xa”2 - 3*axb)*c)*cos(2xexx + 2*xd))*sqrt(((a - b + c)*c
os(2xexx + 2%d)"2 - 2*%(a - c)*cos(2*exx + 2*d) + a + b + c)/(cos(2*e*xx + 2%
d)"2 - 2*xcos(2xe*xx + 2*d) + 1)))/((a”3*b"2 - 3*a”"2*b"3 + 3*a*xb”™4 - b"5 - 4x
axc™4 - (12*%a”2 - 12*%axb - b72)*c”3 - 3*(4*a”3 - 8*a~2xb + 3xa*xb”2 + b~3)*c
"2 - (4*%a”4 - 12*a”3*%b + 9*xa"2%b"2 + 2*axb”3 - 3*b74)*c)*excos(2*e*x + 2*d)
"2 - 2%(a”3*%b72 - 2*%a"2*%b"3 + a*b”4 + 4*axc”4 + (4*a”2 - 8xaxb - b"2)*c"3 -
(4xa~3 - 3*a*xb™2 - 2*b"3)*c”2 - (4*a~4 - 8*a"3*b + 3*a"2*b"2 + b~4)*c)*e*c
os(2%e*xx + 2*d) + (a”3*b"2 - a”2%b"3 - a*b”™4 + b"5 - 4dxaxc”4 - (12%a"2 - 4%
axb — b"2)*c”3 - (12%¥a”3 - 8*a"2%b - 7xa*xb”2 + b"3)*c”2 - (4*a”~4 - 4*xa”~3%*b
- 7*%a"2%b"2 + 6*a*xb”3 + b74)*c)*e), 1/2%((a*b”2 + b"3 - 4d*xaxc”2 + (a¥b”2 -
b"3 - 4xaxc”2 - (4%a”2 - 4*axb - b"2)*c)*cos(2¥e*xx + 2%d) "2 - (4*a”2 + 4xax
b - b"2)xc - 2%(axb”2 + 4xaxc”2 - (4*a”2 + b~2)*c)*cos(2*exx + 2xd))*sqrt(-
a+ b - c)xarctan(((a - b + c)*cos(2*e*xx + 2*xd)~"2 - (2*a - b)*cos(2*e*x + 2
xd) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2xe*xx + 2%d)"2 - 2*(a -
c)*cos(2%exx + 2%d) + a + b + c)/(cos(2xe*xx + 2%d) "2 - 2*cos(2*exx + 2*d)
+ 1))/((a"2 - 2*xaxb + b™2 + 2+«(a - b)*c + c"2)*cos(2xexx + 2¥d)"2 + a”2 - b
"2 + 2%akc + ¢c72 - 2%x(a”2 - a*b + b*c - c"2)*cos(2*exx + 2xd))) + 2*x(a”2*b
- a*b”2 + b72%c - b*c”2 + (a"2*b - a*b”2 - (4%a - b)*c”2 - (4*a”2 - 6*xaxb +
b~2)*xc)*cos (2%xe*xx + 2*d) "2 - 2x(a"2xb - a*b”2 - 2*a*c”2 - (2*a”2 - 3xaxb)*
c)*cos(2%exx + 2xd))*sqrt(((a - b + c)*cos(2*exx + 2xd)~2 - 2*(a - c)*cos(2
xexx + 2+%d) + a + b + c)/(cos(2%exx + 2%d)"2 - 2*cos(2*xexx + 2xd) + 1)))/((
a"3%xb"2 - 3%a"2*b"3 + 3*xaxb”4 - b~5 - 4xaxc”4 - (12%xa”2 - 12%axb - b"2)*c"3
- 3%(4%a”3 - 8*a"2%b + 3*a*xb”2 + b"3)*c”2 - (4*¥a”4 - 12*a~3*b + 9*a"2*b"2
+ 2%a*xb”3 - 3*b74)*xc)*excos(2*e*x + 2*d) 72 - 2*x(a~3%b"2 - 2%a"2%b"3 + a*xb”4
+ 4*axc”™4 + (4*a”2 - 8xaxb - b"2)*c”3 - (4*a”3 - 3*xaxb”2 - 2%b"3)*c”2 - (4
*a~4 - 8*a”3*b + 3*a"2*%b"2 + b74)*c)*e*xcos(2*xexx + 2xd) + (a"3*%b"2 - a”2*b”
3 - axb”™4 + b5 - 4xaxc”4 - (12%a”2 - 4*axb - b"2)*c”3 - (12*a~3 - 8xa~2x*b
- T*axb™2 + b"3)*c”2 - (4*a~4 - 4*a~3*b - T*a"2*b"2 + 6*xa*xb”3 + b74)*c)*e)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(exx+d)**3/(atb*cot (e*xx+d)**2+c*cot (exx+d)**4)**(3/2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(3/2),x, algorithm

="giac")

[Out] Timed out
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cot(d+ex)
330 | > dx

3
(a+b cotz(d+ex)+c cot4(d+ex)) /

Optimal. Leaf size=156

tanh! 2a+(b-2c) cot?(d+ex)-b
2\/a—b+c\/u+b cot?(d+ex)+c Cot4(d+ex)

2e(a—b+c)3?

—2ac + b? + ¢(b - 2¢) cot?(d + ex) — be

e(a—b+c) (b2 - 4ac) \/a + beot?(d + ex) + c cot*(d + ex)

[Out] ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b + c]*Sqrtla + bx
Cot[d + e*x]"2 + cxCot[d + exx]~4]1)]/(2%(a - b + ¢c)~(3/2)xe) - (b™2 - 2xa*c

- bxc + (b - 2*c)*c*xCot[d + exx]72)/((a - b + c)*(b"2 - 4*axc)*exSqrt[a +

b*Cot [d + e*x]”™2 + cxCot[d + exx]"4])

Rubi [A] time = 0.220257, antiderivative size = 156, normalized size of antiderivative
1., number of steps used = 6, number of rules used = 6, integrand size = 33, number of rules _

integrand size
0.182, Rules used = {3701, 1247, 740, 12, 724, 206}

2a+(b-2c) cot?(d+ex)-b
2\/u—b+c\/u+b cot?(d+ex)+c cot*(d+ex) —2ac + V* + c(b - 2c) COtz(d + ex) — bc
2e(a—b+c)3?

tanh ™

e(a—b+c) (b2 - 4ac) \/a + beot?(d + ex) + c cot*(d + ex)

Antiderivative was successfully verified.

[In] Int[Cotl[d + exx]/(a + b*Cot[d + e*x]~2 + c*Cot[d + exx]~4)~(3/2),x]

[Out] ArcTanh[(2*xa - b + (b - 2xc)*Cot[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrtl[a + bx
Cot[d + e*x]”2 + c*Cot[d + exx]~4])]/(2%(a - b + ¢c)~(3/2)xe) - (b™2 - 2xaxc

- bxc + (b - 2xc)*c*Cot[d + exx]"2)/((a - b + c)*(b™2 - 4*axc)*exSqrtla +
b*xCot[d + exx]~2 + c*Cot[d + exx]~4])

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f_ )" (a_.) + (c_.)*(cot[(d_.) + (e_.)*(x )]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £f*Cot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]
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Rule 1247

Int[(x_)*((d_) + (e_.)*x(x_)"2)"(q_.)*x((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x) g*(a + b*x + c*x~2)7p, x],
x, x72], x] /; FreeQ[{a, b, c, d, e, p, qf, x]

Rule 740

Int[((d_.) + (e_)*(x_)) " (m )*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m + 1)*(b*cxd - b~2%e + 2%axc*e + c*x(2xcxd - bxe
Y*kx)*(a + b*xx + c*xx"2) " (p + 1))/ ((p + 1)*(b"2 - 4xaxc)*(c*d™2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*(b"2 - 4xaxc)*(cxd"2 - bxdxe + a*e”2)), Int[(d +
exx) "m*Simp [bxckd*e*x(2*%p - m + 2) + b72%e”2x(m + p + 2) - 2%xc”2xd"2%(2*p +
3) - 2%axcxe”2x(m + 2*%p + 3) - ckex(2xcxd - b*e)*(m + 2*p + 4)*x, x]*(a +
b*x + c*x"2)7(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b"2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQlp,
-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/C((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xaxe — bxd - (2%c*d - b*e)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*c*xd - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 211)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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Subst - dx, x, cot(d + ex
f cot(d + ex) i (f (12) (a+brecxt) > ( ))
X =-
3
(a +beot?(d + ex) + ccoth(d + ex))” e
Subst ! dx, x, cot?(d + ex ]
_ (f (1+x)(a+bx+cx2)3/2 ( )
B 2e
Subst
. b2 — 2ac - be + (b - 2¢)c cot?(d + ex) .
(a-b+c) (b2 - 4ac) e\/a + beot?(d + ex) + c cot*(d + ex)
_ b2 - 2ac — be + (b — 2¢)c cot?(d + ex) Subst
(a-b+c) (b2 - 4ac) e\/a + beot?(d + ex) + c cot*(d + ex)
Subst
_ b2 — 2ac - be + (b - 2¢)c cot?(d + ex) .\
(a-b+c) (b2 - 4ac) e\/a + beot?(d + ex) + c cot*(d + ex)
tanh_l 2a—b+(b-2c) cotz(d+ex)
ZM\/EI+IJ Cotz(d+ex)+c cot4(d+ex) bz —2ac — bc +

2(a—b+c)¥2e (a-b+c) (bz _ 411C) e\/;

Mathematica [C] time = 7.10083, size = 25149, normalized size = 161.21

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]/(a + b*Cot[d + e*xx]"2 + cxCot[d + exx]~4)~(3/2),x]

[Out] Result too large to show

Maple [B] time = 0.067, size = 417, normalized size = 2.7

— 2
-2 ¢ J[(cot (ex +d))* +1/2 “dac+ b+ b) c—V-4dac+b? [(COt (ex +d))* +
e(\/—4ac+b2+b—2c)(—4ac+b2) ¢
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)/(atbxcot (exx+d) ~2+c*cot (exx+d)~4)~(3/2),x)

[Out] -2/exc/((-4*axc+b~2) " (1/2)+b-2%c)/(-4d*a*xc+b”~2)/(cot (e*xx+d) "2+1/2/c*x(-4d*a*xc+
b~2)"(1/2)+1/2%b/c)*((cot (e*xx+d) ~2+1/2* ((-4*xa*xc+b~2) ~(1/2)+b) /c) ~2xc- (-4*a*
c+b”™2) " (1/2) * (cot (exx+d) ~2+1/2% ((-4*a*xc+b~2) ~(1/2)+b) /c)) ~(1/2)-2/e*xc/ ((-4*
axc+b~2) " (1/2)-b+2xc) / ((-4*axc+b~2) " (1/2)+b-2%*c) /(a-b+c) "~ (1/2) *1n ((2*a-2*b+
2%c+(b-2*c) *(cot (exx+d) "2+1)+2* (a-b+c) " (1/2) *((cot (exx+d) "2+1) "2*c+(b-2%*c) *

(cot (exx+d) "2+1)+a-b+c) " (1/2))/(cot (exx+d) "2+1))+2/exc/ ((-4*xa*xc+b~2) "~ (1/2) -
b+2%c) / (-4*a*xc+b~2) /(cot (exx+d) "2-1/2/c*x(-4*a*xc+b~2) ~(1/2)+1/2xb/c)*((cot (e

*xx+d) “2-1/2% (=b+(-4*axc+b~2) " (1/2)) /c) "2*c+(-4*a*xc+b~2) " (1/2) *(cot (exx+d) "2

-1/2% (-b+(-4*a*xc+b™2) " (1/2))/c))~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + d) P
X

3
(c cot (ex + d)* + beot (ex + d)* + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*xx+d) "2+c*cot (exx+d)~4)~(3/2),x, algorithm="
maxima"

[Out] integrate(cot(e*xx + d)/(c*cot(exx + d)~4 + bxcot(e*xx + d)72 + a)~(3/2), x)

Fricas [B] time = 5.3186, size = 3856, normalized size = 24.72

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*cot (e*x+d) "2+c*kcot (e*xx+d)~4)~(3/2),x, algorithm="
fricas")

[Out] [1/4*((a*b”™2 + b~3 - 4*a*xc™2 + (a*b”™2 - b™3 - 4*xaxc™2 - (4*a”2 - 4*axb - b~
2)*c)*cos(2*exx + 2*%d)"2 - (4*a~2 + 4xaxb - b"2)*c - 2*x(a*xb”2 + 4xaxc”2 - (

4%a”2 + b72)*c)*cos(2xe*xx + 2%d))*sqrt(a - b + c)*log(2x(a”2 - 2*%a*xb + b~2

+ 2%(a - b)*c + c"2)xcos(2%e*xx + 2*%d)"2 + 2*a"2 - b"2 + 2%c”2 + 2%((a - b +
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c)*cos(2%exx + 2xd)~2 - (2*a - b)*cos(2%exx + 2*d) + a - c)*sqrt(a - b + ¢
)*xsqrt(((a - b + c)*cos(2*e*xx + 2%d)"2 - 2*%(a - c)*cos(2*exx + 2%d) + a + b
+ c)/(cos(2%exx + 2*d)~2 - 2*xcos(2xe*xx + 2%d) + 1)) - 4x(a”"2 - a*b + b*c -
c"2)*cos(2%e*xx + 2*xd)) - 4*x(a*xb”2 - b~3 - 2%(2*a - b)*c"2 - 2*xc”3 + (a*b”2
- b"3 - 4*xb*c”2 + 2*%c”3 - (2%a”2 - 3*b"2)*c)*cos(2xexx + 2%d)"2 - (2*%a”2 -
2*%axb - b72)*c - 2%(a*b”2 - b"3 - (2%a + b)*c”2 - (2*¥a”2 - axb - 2*b72)*c)
xcos(2%e*xx + 2*xd))*sqrt(((a - b + c)xcos(2%e*x + 2*d)~2 - 2x(a - c)*cos(2*e
*x + 2%d) + a + b + ¢c)/(cos(2*xexx + 2%d)"2 - 2*cos(2xe*xx + 2xd) + 1)))/((a”
3*b"2 - 3*%a"2*%b"3 + 3*xaxb”4 - b~5 - 4xaxc”4 - (12%xa”2 - 12%axb - b"2)*c"3 -
3% (4*a”~3 - 8*a"2xb + 3*a*b”2 + b"3)*c”2 - (4*a~4 - 12%a~3*b + 9*ka"2*xb"2 +

2%a*b~3 - 3*b74)*c)*e*xcos(2*exx + 2*xd)"2 - 2*x(a”3*b"2 - 2*xa"2*b"3 + axb”4 +
dxaxc™4 + (4xa”2 - 8*axb - b"2)*c”3 - (4*a”~3 - 3xaxb”2 - 2%b"3)*c”2 - (4x*a
4 - 8*a"3*b + 3*a"2*%b"2 + b74)*c)*excos(2*xexx + 2xd) + (a"3*b"2 - a”2%b"3

- axb”4 + b5 - 4*xaxc”4 - (12%xa”2 - 4*axb - b"2)*c”3 - (12*%a”3 - 8*a"2*b -

Txaxb™2 + b~3)*c"2 - (4xa"4 - 4%a"3xb - 7*xa"2*%b"2 + 6*axb”3 + b~4)*c)*e), -
1/2*x((a*b™2 + b~3 - 4*a*c”™2 + (a*b™2 - b~3 - 4xa*xc™2 - (4*a”2 - 4*a*xb - b2
Y*c)*cos (2xexx + 2*%d) "2 - (4%a”2 + 4*axb - b"2)*c - 2x(axb”2 + 4*xaxc”2 - (4
*a”2 + b72)*c)*cos(2xexx + 2*d))*sqrt(-a + b - c)*arctan(((a - b + c)*cos(2
xexx + 2*%d)72 - (2%a - b)*cos(2*exx + 2xd) + a - c)*sqrt(-a + b - c)*sqrt((
(a - b + c)xcos(2*exx + 2xd)"2 - 2%(a — c)*cos(2*exx + 2%d) + a + b + ¢c)/(c
0s(2%e*xx + 2*xd)"2 - 2xcos(2*exx + 2%d) + 1))/((a"2 - 2*a*xb + b2 + 2%(a - b
Yxc + cT2)*cos(2%e*xx + 2%d)72 + a”2 - b72 + 2%axc + ¢c”2 - 2x(a”2 - axb + bx
c - c"2)*xcos(2%e*xx + 2%d))) + 2*x(a*¥b”2 - b"3 - 2%(2*a - b)*c”2 - 2%c”3 + (a
*b72 - b73 - 4xb*c”2 + 2*%c”3 - (2*¥a"2 - 3*b72)*c)*cos(2xexx + 2*%d)"2 - (2*a
"2 - 2%a*xb - b72)*c - 2*x(axb”2 - b"3 - (2*%a + b)*c”2 - (2*xa”2 - axb - 2*%b"2
)*c)*cos(2xexx + 2%d))*sqrt(((a - b + c)*cos(2*xexx + 2%d)~2 - 2*x(a - c)*cos
(2%exx + 2%d) + a + b + c)/(cos(2xe*x + 2%d)"2 - 2*cos(2*exx + 2*xd) + 1)))/
((a™3%b"2 - 3*a”2*b~3 + 3*a*xb”4 - b~5 - 4*xa*xc”4 - (12*a”2 - 12xa*xb - b~2)*c
"3 - 3%(4*a”3 - 8*a"2xb + 3xaxb”2 + b”3)*c”2 - (4*a~4 - 12*xa"3%b + 9*xa~2*b”
2 + 2%a*xb”3 - 3*b74)*c)*excos(2¥xexx + 2*xd) "2 - 2*x(a"3*b"2 - 2%a"2%b"3 + axb
~4 + 4xaxc”4 + (4*a”2 - 8xaxb - b"2)*c”3 - (4*a”3 - 3*axb"2 - 2*xb"3)*c"2 -

(4%a~4 - 8*a~3%b + 3%a"2*b"2 + b74)*c)*excos(2xe*xx + 2*xd) + (a”3*b"2 - a"2%
b™3 - a*b™4 + b~5 - 4xa*xc”4 - (12*a”"2 - 4xaxb - b”"2)*c”3 - (12*a”~3 - 8xa~2*
b - 7xa*xb™2 + b~3)*c”2 - (4*a”4 - 4*a”3*xb - Txa"2%b"2 + 6*a*b”3 + bT4)*c)*e
)]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot (d + ex)

dx

3
(a+beot? (d + ex) + ccot* (d + ex))?

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(exx+d)/(atbxcot (e*xx+d)**2+c*cot (exx+d)**4)**(3/2) ,%)

[Out] Integral(cot(d + exx)/(a + bxcot(d + exx)**2 + ckxcot(d + e*xx)**4)*x(3/2), x
)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxcot (e*x+d) "2+c*xcot(e*xx+d)~4)~(3/2),x, algorithm="

giac")

[Out] Timed out
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331 tan(d+ex) _ dx

3
(a+b cotz(d+ex)+c cot4(d+ex)) /

Optimal. Leaf size=280

tanh_l 2a+b cot?(d+ex)
2\/5\/01+b cotz(d+ex)+c cot?(d+ex)

2a%2¢

—2ac + b2 + be cot?®(d + ex) N —2ac + b* + (!

ae (b2 - 4ac) \/a +bcot®(d +ex) +ccot*(d +ex) e(a—b+c) (b2 - 4uc) \ﬂ

[Out] ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2xSqrt[a]*Sqrt[a + bxCot[d + exx]~2 + cx*C
ot[d + exx]~4])]/(2%a~(3/2)*e) - ArcTanh[(2*xa - b + (b - 2*c)*Cot[d + e*x]~
2)/(2xSqrt[a - b + c]*Sqrtla + b*Cot[d + exx]~2 + cxCot[d + exx]"4]1)]/(2*(a

- b+ c)7(3/2)xe) - (b"2 - 2*xa*xc + bkcxCot[d + exx]~2)/(ax(b™2 - 4xaxc)*ex
Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]”4]) + (b72 - 2%a*c - b*xc + (b -
2xc)*cxCot[d + exx]"2)/((a - b + c)*(b"2 - 4*axc)*e*xSqrt[a + bxCot[d + exx]

"2 + c*Cot[d + ex*x]~4])

Rubi [A] time = 0.383294, antiderivative size = 280, normalized size of antiderivative

. . ber of rul
1., number of steps used = 12, number of rules used = 7, integrand size = 33, e .

integrand size
0.212, Rules used = {3701, 1251, 960, 740, 12, 724, 206}

tanh ™

2a+b cotz(d+ex) )

—2ac + b2 + be cot?(d + ex) . ~2ac + b* + (!

ae (b2 - 4ac) \/a +bcot®(d+ex) +ccot*(d+ex) e(a—-b+c) (bz - 4ac) \ﬂ

2\/5\/a+b cotz(d+ex)+c Cot4(d+ex)
2a32¢

Antiderivative was successfully verified.

[In] Int[Tan[d + ex*x]/(a + b*Cot[d + exx]”2 + c*Cot[d + exx]~4)~(3/2),x]

[Out] ArcTanh[(2*a + b*Cot[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Cot[d + e*xx]~2 + cxC
ot[d + exx]~4])]/(2%a~(3/2)*e) - ArcTanh[(2*a - b + (b - 2*c)*Cot[d + exx]~
2)/(2xSgrtla - b + cl*Sqrt[a + b*Cot[d + exx]~2 + cxCot[d + exx]~4])]/(2x(a

- b+ ¢c)7(3/2)xe) - (b™2 - 2%axc + bxc*xCot[d + e*x]~2)/(ax(b™2 - 4xa*c)*ex
Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]”4]) + (b™2 - 2%a*c - b*c + (b -
2xc)*c*Cot[d + exx]"2)/((a - b + c)*(b"2 - 4xaxc)*exSqrtla + b*Cot[d + ex*x]

"2 + cxCot[d + e*x]"4])

Rule 3701
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Int[cot[(d_.) + (e_)*(x_)] " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f )" (@m_.) + (c_.)*(cot[(d_.) + (e_)*x(x)I*(f_.))"(m2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + cxx~(2*n)) p)/(f72 + x72), x
1, x, fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)"gx(a +
bxx + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_)*(x_)) " (m_)*x((f_.) + (g_.)*x(x_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*xx) "n*(a + b*x + c*x72)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g, x] && NeQ
[exf - d*xg, 0] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d~2 - bxdxe + a*e”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !'(IGtQ[m, 0] || IGtQ[n, 01)

Rule 740

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m + 1)*(b*cxd - b~2%e + 2%axc*e + c*x(2xcxd - bxe
Y*kx)*k(a + b*xx + c*xx"2) " (p + 1))/ ((p + 1)*(b"2 - 4xaxc)*(c*d™2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*(b"2 - 4xa*xc)*(c*d”2 - bxd*e + a*e”2)), Int[(d +
exx) “m*xSimp [bkckxd*e* (2*xp — m + 2) + b™2*e"2x(m + p + 2) - 2%c”2xd"2x(2*p +
3) - 2%akxcxe”2x(m + 2%p + 3) - ckex(2xcxd - b*e)*(m + 2*p + 4)*x, x]*(a +
b*x + c*x72)7(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b"2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQlp,
-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xaxe - bxd - (2%c*d - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*c*xd - bxe, 0]
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Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
1
Subst dx, x, cot(d + ex
f tan(d + ex) p [f x(l+x2)(a+bx2+cx4)3/2 ( ))
X =-
3
(a + beot?(d + ex) + ccot*(d + ex)) €
Subst ! 35 4%, X, cot?(d + ex)]
B x(1+x)(a+bx+cx2)
B 2e
Subst ! + ! ] dx, x, cot>(d + ex )
_ f ((—1—35)(11+lvc+cx2)3/2 x(a+bx+cx2)3/2 ( )
- 2e
Subst ! dx, x, cot>(d + ex ) Subst( !
_ (—1—x)(a+bx+wc2)3/2 ( ) f x(a+bx-+cx?
B 2e
b% - 2ac + be cot?(d + ex) V-

= - +
a (b2 - 4ac) e\/a +beot?(d + ex) + ccot*d +ex) (a-b+c) (b2 -

3 b% - 2ac + be cot?(d + ex) N b -

a (b2 - 4ac) e\/a +bcot®(d +ex) +ccot*d+ex) (a-b+c) (bz -

_ b2 — 2ac + be cot?(d + ex) . b -
a (bz - 4_ac) e\/u +beot?(d + ex) + ccot*d +ex) (a-b+c) (b2 -
tanh_l 2a+b cotz(d+ex) tanh_l 2a-b+(b-2c) cotz(z
2\/5\/a+b cotz(d+ex)+c c0t4(d+ex) 2Va-b+cja+b cotz(d+ex)—

2a%2¢ 2(a—b+ )2

Mathematica [C] time = 35.1013, size = 181078, normalized size = 646.71

Result too large to show
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Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]/(a + b*Cot[d + e*xx]"2 + cxCot[d + exx]~4)~(3/2),x]

[Out] Result too large to show

Maple [F] time = 0.351, size = 0, normalized size = 0.

3

ftan (ex +d) (a + b (cot (ex + d))2 + c(cot (ex + 11))4)_z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*xx+d)/(a+bxcot (exx+d) "2+c*cot (exx+d)~4)~(3/2) ,x)

[Out] int(tan(exx+d)/(a+b*cot (e*xx+d) ~2+cxcot (e*xx+d)~4)~(3/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*cot (e*xx+d) "2+c*cot(exx+d)~4)~(3/2),x, algorithm="

maxima"

[Out] Timed out

Fricas [B] time = 28.4109, size = 8915, normalized size = 31.84

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxcot(e*x+d) "2+c*xcot(e*xx+d)~4)~(3/2),x, algorithm="

fricas")
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[Out] [-1/4x((4*xaxc™4 - (a”3%b"2 - 2*a"2*%b”3 + a*b™4 - 4xa~2%c~3 - (8*a~3 -
*b - a*b”2)*c”2 - 2%x(2*xa"4 - 4%a~3%b + a"2*b”"2 + axb~3)*c)*tan(e*x + d)"4 +
(8xa~2 - 8xaxb - b™2)*c”3 + 2x(2*xa~3 - 4*a"2%b + a*b”2 + b~3)*c”2 - (a”2%b
"3 - 2%a*b”4 + b"5 - 4xaxbxc”3 - (8*a”"2*b - 8*axb"2 - b~3)*c”2 - 2%(2*a”3x*b
- 4%a”2*%b"2 + a*b”3 + b74)*c)*tan(e*x + d)72 - (a”2*%b"2 - 2*a*b”3 + b"4)*c
)ksqrt(a)*log(8*a~2xtan(e*xx + d)~4 + 8*axbktan(e*x + d)~2 + b™2 + 4*axc + 4
x(2*axtan(exx + d)~4 + bxtan(exx + d)~2)*sqrt(a)*sqrt((axtan(exx + d)"4 + b
*tan(e*xx + d)72 + c)/tan(e*x + d)~4)) - (a"2*xb"2*%c - 4*a”"3%c”2 + (a"3*b"2 -
4xa~4xc)xtan(exx + d)74 + (a”2%b”3 - 4*xa~3*bxc)xtan(exx + d)"2)*sqrt(a - b
+ c)*log(((8%a”2 - 8xaxb + b~2 + 4xaxc)*tan(e*x + d)~4 + 2*x(4*axb - 3xb~2
- 4x(a - b)*c)*tan(e*x + d)"2 + b~2 + 4x(a - 2*¥b)*c + 8*c™2 - 4*x((2*a - b)*
tan(e*xx + d)74 + (b - 2xc)*tan(e*x + d)"2)*sqrt(a - b + c)*sqrt((a*xtan(e*x
+ d)~4 + bxtan(exx + d)"2 + c)/tan(exx + d)~4))/(tan(exx + d)74 + 2xtan(e*x
+d)72 + 1)) - 4x((a"2%b"3 - a*b”4 + 2*¥a"2xc”3 + (2*%a”3 - 5*a"2%b - axb”2)
*c72 - (3*%a”3*b - 2*xa"2*b"2 - 2*axb~3)*c)*tan(exx + d)~4 - ((2*a”2 + ax*b)*c
~3 + (2*%a”3 - a"2*b - 2*xa*xb"2)*c”2 - (a"2*%b"2 - a*xb~3)*c)*tan(exx + d)"2)*s
grt((axtan(e*x + d)"4 + bxtan(e*x + d)7"2 + c)/tan(e*x + d)74))/((a"5*b"2 -
2%a”~4xb~3 + a”3*b"4 - 4*xa~4xc”3 - (8%a”5 - 8*xa"4*b - a”"3*b"2)*c”2 - 2*x(2%a”
6 - 4xa"bxb + a"4*xb"2 + a~3*b”3)*c)*extan(exx + d)"4 + (a"4%b"3 - 2*a"3%b"4
+ a"2*b"5 - 4*xa~3%b*c”3 - (8*%a"4*b - 8*a~3*b"2 - a"2%b"3)*c”2 - 2% (2*a”~5xb
- 4*%a”4*b"2 + a"3*b"3 + a~2*b"4)*c)*extan(exx + d)"2 - (4*¥a"3*%c”4 + (8*a"4
- 8*%a”3*b - a"2*b"2)*c”3 + 2% (2*a”5 - 4*a”4d*xb + a~3*b"2 + a"2%b"3)*c”2 - (
a~4xb”2 - 2*%a”3*b”"3 + a"2xb"4)*c)*e), 1/4*%(2*x(4d*xaxc”4 - (a"3%b"2 - 2*a"2*b”
3 + a*b™4 - 4x3"2xc”3 - (8%a"3 - 8*a”"2*b - a*b"2)*xc”2 - 2%(2*¥a”4 - 4*a”3x*b
+ a”2*b”"2 + axb"3)*c)*tan(e*x + d)"4 + (8*a"2 — 8xaxb - b"2)*c”3 + 2% (2*a”3
- 4%a”2*%b + a*b”2 + b"3)*c”2 - (a”2*b"3 - 2*a*b”4 + b~5 - 4xaxb*c”3 - (8*a
“2%b - 8*axb”2 - bT3)*c”2 - 2*%(2%a"3*b - 4*a"2%b"2 + a*b”3 + b~4)*c)*tan(e*
x +d)72 - (a72*%b"2 - 2xa*b~3 + b~4)*c)*sqrt(-a)*arctan(1l/2x(2*axtan(e*xx +
d)~4 + bxtan(exx + d)~2)*sqrt(-a)*sqrt((axtan(exx + d)"4 + bxtan(exx + d)~2
+ c)/tan(exx + d)~4)/(a"2*tan(e*x + d)"4 + axbxtan(exx + d)”2 + axc)) + (a
"2%b72%c - 4*a”3*c”2 + (a"3*%b"2 - 4*a"4*c)*tan(exx + d)74 + (a”2%b"3 - 4*a”
3xbkxc)*tan(exx + d)"2)*sqrt(a - b + c)*log(((8*a™2 - 8*xaxb + b~2 + 4*axc)*t
an(e*x + d)~4 + 2x(4*xaxb - 3*b"2 - 4x(a - b)*c)*tan(exx + d)"2 + b~2 + 4x*(a
- 2%b)*c + 8%c”2 - 4*%((2%a - b)*tan(exx + d)"4 + (b - 2*c)*tan(exx + d)~2)
xsqrt(a - b + c)*sqrt((axtan(exx + d)74 + bxtan(exx + d)72 + c)/tan(exx + d
)74))/(tan(e*x + d)74 + 2*tan(exx + d)"2 + 1)) + 4*%((a"2*b"3 - a*xb™4 + 2xa”
2%c”3 + (2*a”3 - 5*xa”2*b - a*b”2)*c”2 - (3*a"3%b - 2*%a"2*b"2 - 2*axb”3)*c)*
tan(exx + d)~4 - ((2*¥a”2 + a*b)*c™3 + (2*xa”3 - a™2%b - 2*a*xb”2)*c"2 - (a~2*
b~2 - a*b”3)*c)*tan(exx + d)"2)*sqrt((a*xtan(exx + d)~4 + bxtan(exx + d)72 +
c)/tan(e*xx + d)74))/((a"5%b"2 - 2%a"4*xb~3 + a~3*%b"4 - 4*a”4xc”3 - (8*%a”5 -
8*a~4*b - a"3*b"2)*c”2 - 2% (2*¥a”6 - 4*a”5*xb + a~4*b"2 + a~3*b"3)*c)*extan(
exx + d)74 + (a"4*b~3 - 2%xa"3*b"4 + a"2%b"5 - 4*a”~3xb*c”3 - (8%a~4xb - 8xa”
3*b72 - a"2*b"3)*xc”2 - 2% (2*a"b*b - 4*a”4*xb”2 + a~3%b"3 + a"2%b~4)*c)*extan
(exx + d)72 - (4*%a”3%c”4 + (8*%a"4 - 8*%a~3*b — a™2*b"2)*c”3 + 2% (2*xa”5 - 4xa
“4xb + a”3*b"2 + a"2%b"3)*c”2 - (a"4*b"2 - 2*xa"3*b"3 + a"2*%b"4)*c)*e), -1/4

8*a~2
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* (2% (a"2*%b72*%c - 4*a”~3*c”2 + (a~3%b"2 - 4*a"4x*c)*tan(exx + d)~4 + (a”2%b"3
- 4xa”3xb*c)*tan(e*xx + d)~2)*sqrt(-a + b - c)*arctan(-1/2x((2*a - b)*tan(ex
x +d)74 + (b - 2%c)*tan(e*x + d)"2)*sqrt(-a + b - c)*sqrt((axtan(exx + d)~
4 + bxtan(e*x + d)72 + c)/tan(e*xx + d)"4)/((a"2 - a*b + a*c)*tan(exx + d)74
+ (a*b - b™2 + b*c)*tan(e*x + d)72 + (a - b)*xc + ¢c72)) + (4*xaxc™4 - (a~3*b
T2 - 2%a"2*%b"3 + axb”4 - 4%a”2*%c”3 - (8%a"3 - 8*a"2*b - axb"2)*c”2 - 2*x(2*a
4 - 4%a"3%b + a"2*b"2 + axb~3)*c)*tan(e*x + d)7"4 + (8*xa"2 - 8xaxb - b”2)*c
"3 + 2%(2*%a”3 - 4*a”2*xb + axb”2 + b”3)*c”2 - (a”2*b”3 - 2*xaxb”4 + b~5 - 4*a
*b*c”3 - (8*%a"2%b — 8*axb”2 - b73)*c”2 - 2% (2*%a"3*b - 4*xa"2%b"2 + a*b”3 + b
“4)*xc)*tan(exx + d)72 - (a”2*%b"2 - 2%a*b”3 + b~4)*c)*sqrt(a)*log(8*a~2*tan(
e*xx + d)"4 + 8*axbxtan(exx + d)~2 + b~2 + 4xaxc + 4x(2*axtan(exx + d)"4 + b
xtan(exx + d)~2)*sqrt(a)*sqrt((axtan(e*xx + d)~4 + bxtan(exx + d)~2 + c)/tan
(exx + d)74)) - 4x((a”™2*b™3 - a*xb™4 + 2%a~2%c”3 + (2*a”~3 - 5*xa~2xb - a*xb~2)
*c72 - (3*%a”3*b - 2*xa"2*%b"2 - 2*axb~3)*c)*tan(exx + d)~4 - ((2*a”2 + axb)*c
~3 + (2*%a”3 - a"2*%b - 2*xaxb"2)*c”2 - (a"2*%b"2 - a*xb"3)*c)*tan(exx + d)"2)*s
gqrt((axtan(e*x + d)~4 + bxtan(e*xx + d)~2 + c)/tan(e*xx + d)74))/((a”5*b"2 -
2%a"4%b"3 + a”"3*b"4 - 4*xa~4xc”3 - (8*a”h - 8*a"4xb - a"3*b"2)*c”2 - 2% (2*a”
6 - 4xa”b*xb + a"4*xb"2 + a~3*b~3)*c)*extan(exx + d)"4 + (a"4%b”3 - 2*a~3%b"4
+ a”2*b”"5 - 4*a~3%b*c”3 - (8*%a"4*b - 8*a"3*b"2 - a"2%b"3)*c”2 - 2% (2*a~5*b
- 4*a”4*xb”2 + a"3*b"3 + a~2*%b"4)*c)*extan(exx + d)"2 - (4*¥a"3*c”4 + (8xa"4
- 8%a”3*b - a"2*xb"2)*c”3 + 2% (2*a”5 - 4*a"4*b + a~3*b"2 + a"2*%b"3)*c”"2 - (
a~4xb”2 - 2*%a”3*b”3 + a"2xb"4)*c)*e), 1/2%((4d*axc”4 - (a"3*b"2 - 2%a"2%b"3
+ a*b”™4 - 4*xa”"2xc”3 - (8%a"3 - 8*a"2*b - a*b"2)*c”2 - 2% (2%a"4 - 4*a”3*b +
a"2*b~2 + axb”3)*c)*tan(exx + d)~4 + (8*%a”2 — 8*axb - b"2)*c”3 + 2% (2*xa~3 -
4*xa”2*%b + a*b”2 + b~3)*c”2 - (a"2*b”"3 - 2*axb~4 + b~5 - 4*axb*c”3 - (8*xa”2
*b - 8*a*b”2 - b73)*c"2 - 2x(2*%a"3*b - 4*a”2*b"2 + a*b”3 + b~4)*c)*tan(e*x
+ d)72 - (a72%b72 - 2*%axb”3 + b74)*c)*sqrt(-a)*arctan(1/2x(2xa*xtan(e*xx + d)
~4 + bxtan(exx + d) 2)*sqrt(-a)*sqrt((a*xtan(e*x + d)"4 + b*tan(e*x + d)72 +
c)/tan(e*x + d)"4)/(a"2*xtan(exx + d)"4 + axbxtan(exx + d)~"2 + axc)) - (a2
*b72%c - 4*a”3*c”2 + (a73*b"2 - 4xa~4xc)*tan(exx + d)74 + (a"2%b"3 - 4*a” 3%
bxc)*tan(e*xx + d)~2)*sqrt(-a + b - c)*arctan(-1/2*((2*a - b)*tan(e*xx + d)~4
+ (b - 2*%c)*tan(exx + d)"2)*sqrt(-a + b - c)*sqrt((axtan(exx + d)~4 + bxta
n(exx + d)~2 + c)/tan(e*x + d)~4)/((a"2 - axb + axc)*tan(exx + d)~4 + (axb
- b"2 + bxc)*tan(exx + d)"2 + (a - b)*xc + ¢c72)) + 2x((a"2*b"3 - a*xb™4 + 2%a
“2%c”3 + (2*%a”3 - 5*a"2xb - a*b”2)*c”2 - (3*a"3*b - 2*xa"2%b"2 - 2*a*b”3)*c)
stan(e*x + d)74 - ((2*xa”2 + a*b)*c”3 + (2*%a”3 - a"2*xb - 2xa*xb"2)*c"2 - (a"2
*b~"2 - a*b~3)*c)*tan(e*xx + d)~2)*sqrt((axtan(exx + d)74 + bxtan(e*x + d)~2
+ c)/tan(e*x + d)~4))/((a”5*xb"2 - 2%¥a~4*b”"3 + a~3*b"4 - 4*xa~4xc”3 - (8*a”h
- 8%a"4*b - a”"3*b72)*c72 - 2x(2*¥a”6 - 4*a"b*b + a"4*b”2 + a~3xb"3)*c)*extan
(exx + d)74 + (a"4*b~3 - 2*xa~3*b~4 + a~2%b”5 - 4*a”3*bxc”3 - (8*xa~4*b - 8*a
“3%b72 - a"2xb73)*c"2 — 2% (2*a~5*b - 4*a”4*b”2 + a"3*b"3 + a~2%b"4)*c) *e*ta
n(exx + d)~2 - (4*a"3*c”4 + (8*a"4 - 8*xa~3%b - a~2%b"2)*c”3 + 2x(2*xa~5 - 4%
a~4xb + a”3*b”2 + a"2*xb"3)*c”2 - (a"4%b"2 - 2*%a”3*b”3 + a"2*xb"4)*xc)*e)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex) i

3
(a+beot? (d + ex) + ccot? (d + ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxcot (e*x+d)**x2+c*cot (exx+d)**4)**(3/2),x)

[Out] Integral(tan(d + exx)/(a + bxcot(d + exx)**2 + ckxcot(d + e*xx)**4)*x(3/2), x
)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxcot(e*x+d) 2+c*xcot(e*xx+d)~4)~(3/2),x, algorithm="
giac")

[Out] Timed out
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tan>(d+ex)

3.32 dx

3/2
(a+b(xﬁ?(d+ex)+ccxm4(d+ex))/

Optimal. Leaf size=478

2
3b tanh_l ( 2a+Db cot“(d+ex) ) tanh_l [_

(3172 - 8ac) tanz(d + ex)\/ a+b cotZ(d +ex)+c cot4(d + ex) 2\/;\/,”;, cot?(d+ex)+c cot(d+ex) 2a

2a2e (bz - 4ac) 4q52¢

[Out] -ArcTanh[(2*a + b*Cot[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Cot[d + e*x]~2 + cx*
Cot[d + exx]~4]1)]1/(2%xa~(3/2)*e) - (3*b*ArcTanh[(2*a + b*Cot[d + exx]~2)/(2x*
Sqrt[a]*Sqrt[a + b*Cot[d + e*xx]~2 + cxCot[d + exx]"4])])/(4xa~(5/2)*e) + Ar
cTanh[(2*a - b + (b - 2xc)*Cot[d + e*x]~2)/(2*Sqrt[a - b + c]*Sqrt[a + bxCo
tld + exx]"2 + cxCotld + exx]"4])]/(2%(a - b + ¢c)7(3/2)*e) + (b72 - 2%axc +
bxcxCot [d + e*xx]~2)/(ax(b™2 - 4xa*c)*exSqrt[a + b*Cot[d + e*x]~2 + c*Cot[d
+ exx]74]) - (b™2 - 2%axc - b*c + (b - 2xc)*c*Cot[d + e*x]"2)/((a - b + ¢)
*(b"2 - 4xaxc)*exSqrtla + bxCot[d + exx]”2 + cxCot[d + exx]"4]) - ((b72 - 2
xaxc + bxcxCot[d + exx] 2)*Tan[d + e*x]~2)/(a*x(b”2 - 4xaxc)*exSqrt[a + b*Co
tld + exx]"2 + c*Cot[d + e*xx]~4]) + ((3*b72 - 8xa*c)*Sqrt[a + b*xCot[d + exx
172 + cxCot[d + exx]~4]*Tan[d + exx]~2)/(2*a"2%(b~2 - 4*axc)=*e)

Rubi [A] time = 0.558567, antiderivative size = 478, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 16, number of rules used = 8, integrand size = 35, e

0.229, Rules used = {3701, 1251, 960, 740, 806, 724, 206, 12}

integrand size

2
) ) . : 3b tanh_l 2a+Db cot“(d+ex) tanh_l .
(3b - 8ac) tan®(d + ex)y/a + bcot“(d + ex) + c cot™(d + ex) 2\/5\/“+b cot?(d+ex)+c coti(d+ex) 2a

2a%e (b2 - 4uc) 4q512¢

Antiderivative was successfully verified.

[In] Int[Tan[d + ex*x]~3/(a + b*Cot[d + e*x]"2 + c*xCot[d + exx]~4)~(3/2),x]

[Out] -ArcTanh[(2*a + b*Cot[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Cot[d + e*x]~2 + cx*
Cotl[d + exx]~4]1)]1/(2%xa~(3/2)*e) - (3*b*ArcTanh[(2*a + b*Cot[d + ex*x]~2)/(2x*
Sqrt[a]*Sqrt[a + b*Cot[d + e*xx]™2 + cxCot[d + exx]~4])]1)/(4*a~(5/2)*e) + Ar
cTanh[(2*%a - b + (b - 2*c)*Cot[d + e*xx]~2)/(2xSqrtla - b + cl*Sqrt[a + b*Co
tld + exx]"2 + c*Cot[d + exx]"4])]/(2%(a - b + c)~(3/2)*%e) + (b~2 - 2%axc +
bxcxCot [d + e*xx]~2)/(ax(b”2 - 4xax*c)*exSqrt[a + b*Cot[d + e*x]~2 + c*Cot[d
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+ exx]74]) - (b72 - 2%axc - bxc + (b - 2xc)xc*Cot[d + e*x]"2)/((a - b + ¢)
x(b72 - 4xaxc)*exSqrt[a + b*Cot[d + e*xx]™2 + cxCot[d + exx]"4]) - ((P™2 - 2
xaxc + bkxcxCot[d + exx]~2)xTan[d + exx]~2)/(ax(b”2 - 4*axc)*exSqrt[a + bxCo
tld + exx]"2 + c*Cot[d + e*x]~4]) + ((3*b~2 - 8xa*c)*Sqrt[a + bxCot[d + exx
172 + cxCot[d + exx] 4]*Tan[d + exx]~2)/(2xa"2%(b~2 - 4*axc)*e)

Rule 3701

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*x(x_)]*(
f ) (a_.) + (c_)*(cot[(d_.) + (e_.)*(x )]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> -Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + cxx~(2*n)) p)/(f72 + x72), x
1, x, £f*Cot[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*x(x_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*xx) "n*(a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[exf - dxg, 0] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[n, 01)

Rule 740

Int[((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_8
ymbol] :> Simp[((d + exx)"(m + 1)*(b*cxd - b~2%e + 2%axcke + c*x(2kc*d - bxe
)*¥x)*k(a + b*x + c*xx"2) " (p + 1))/((p + 1)*(b72 - 4xaxc)*(c*d™2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*x(b~2 - 4*a*xc)*(cxd"2 - b*d*e + axe”2)), Int[(d +
e*xx) “mkSimp [bkcxd*xex(2%xp — m + 2) + b™2%e”2*%(m + p + 2) — 2%xc”2*d"2%(2*p +
3) - 2%axcxe”2*(m + 2*p + 3) - cxex(2xcxd - bkxe)*(m + 2*p + 4)*x, x]*(a +

b*x + c*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[cxd™2 - b*d*xe + axe”2, 0] && NeQ[2*c*d - bxe, 0] && LtQ[p,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 806

Int[((d_.) + (e_)*xD) " (m_)*x((f_.) + (g_)*x_))*x((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> -Simp[((e*xf - d*xg)*(d + exx)"(m + 1)*(a + b
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*x + c*xx”2) " (p + 1))/ (2x(p + 1)*(c*d”2 - bxd*e + a*e”2)), x] - Dist[(b*(exf
+ d*g) - 2x(cxd*f + axexg))/(2x(c*d”2 - bxdxe + a*e”2)), Int[(d + exx) " (m
+ 1)*(a + b*x + c*¥x"2)7p, x], x] /; FreeQl{a, b, c, d, e, f, g, m, p}, x] &
& NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify[m +

2%p + 3], 0]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4d*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
*akxe - b¥d - (2%cxd - bke)*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match

QLu, (b )*(v_) /; FreeQ[b, x]]

Rubi steps



tan®(d + ex)

I

3
a + beot?(d + ex) + c cot*(d + ex)) !

Mathematica [C]

dx = -
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1

Subst ( f 35 A, x, cot(d + ex))

x3(1+x2)(u+hx2+cx4)
e
Subst ! 35 A%, X, cot?(d + ex))
x2(1+x)(a+bx+cx2)
2e
1 1 1
Subst - + dx, x, cot
f (xz(a+bx+cx2)3/2 x(a+bx+cx2)3/2 (1+x)(a+bx+cx2)3/2 ]
2e
Subst L 55 4%, X, cot?(d + ex)] Subst ( f L 7
xz(a+bx+cx2) x(u+bx+cx2)
- +
2e 2e
b? — 2ac + be cot?(d + ex) b? - 2

a (b2 - 4ac) e\/a +beot® (d +ex) +ccot*d +ex) (a—b+c) (bz -4

b% - 2ac + be cot?®(d + ex)

b? -2

a (b2 - 4ac) e\/a +beot®(d +ex) +ccot*d+ex) (a—b+c) (bz -4

b2 — 2ac + be cot?(d + ex)

b% — 2

a (b2 - 4ac) e\/u +bcot®(d +ex) +ccot*d+ex) (a—b+c) (b2 -4

2a+b Cotz(d+ex)

2a+b cotz(d

tanh ™"
2\/3\/a+b cotz(d+ex)+c Cot4(d+ex)

3btanh™’
] (ZVE‘hHh cotz(d+ex)

2a%2¢

time = 36.7097, size = 293889, normalized size = 614.83

Result too large to show

Warning: Unable to verify antiderivative.

4a52¢

[In] Integrate[Tan[d + e*x]~3/(a + b*Cot[d + exx]"2 + c*Cot[d + e*x]~4)~(3/2),x]

[Out] Result too large to show



224

Maple [F] time = 0.4, size = 0, normalized size = 0.

3

f (tan (ex + d))° (a + b (cot (ex + d))” + ¢ (cot (ex + d))*) ? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "3/ (at+b*cot(exx+d) “2+c*xcot (exx+d)~4) " (3/2),x)

[Out] int(tan(exx+d) "3/ (a+b*cot(e*xx+d) “2+cxcot (exx+d)~4)~(3/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 3/ (atb*cot(e*xx+d) “2+cxcot(e*xx+d)~4)~(3/2),x, algorithm
="maxima"

[Out] Timed out

Fricas [B] time = 36.0491, size = 11285, normalized size = 23.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*cot(e*xx+d) ~2+cxcot(e*xx+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [-1/8x((4%(2*a”2 + 3*axb)*c™4 - (2*a~4*b~2 - a~3*b~3 - 4xa”2%b"4 + 3*axb”5
- 4x(2%a”3 + 3*a"2xb)*c”3 - (16*a”4 + 8*a"3*b - 26*%a~2*%b"2 - 3*axb~3)*c"2 -

2% (4*a”5 - 2*a~4xb - 10*a~3%b~2 + 5*a”"2*b”3 + 3*axb~4)*c)*tan(e*x + d)"4 +
(16%a~3 + 8*a~2%b - 26*a*b”™2 — 3*b~3)*c”3 + 2% (4*a”4 - 2*a”~3*b — 10*a~2xb~
2 + 5*xa*xb”3 + 3*b74)*c”2 - (2%a"3*%b"3 - a"2*b"4 - 4*xaxb”5 + 3*%b"6 - 4*(2*a”
2%b + 3*a*b”2)*c”3 - (16*a~3xb + 8*a~2%b~2 - 26*a*b”3 - 3*xb"4)xc”2 - 2% (4*a
“4xb - 2*%a”3*b”"2 - 10*%a"2*xb"3 + 5*xaxb”4 + 3*b”5)*c)*tan(exx + d)72 - (2*a”3
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*b~"2 - a"2xb"3 - 4*xaxb”4 + 3*b75)*c)*sqrt(a)*log(8xa~2*tan(exx + d)"4 + 8*a
sbxtan(e*x + d)72 + b~2 + 4xaxc - 4*x(2*a*xtan(exx + d)~4 + bxtan(e*x + d)~2)
xsqrt(a)*sqrt ((a*xtan(e*x + d)~4 + bxtan(e*x + d)~2 + c)/tan(e*x + d)~4)) -
2% (a"3*%b"2%c - 4*a”"4*xc”2 + (a~4%b"2 - 4*a”b*c)*tan(exx + d)"4 + (a~3*%b"3 -
4xa”~4xbxc)*tan(exx + d)"2)*sqrt(a - b + c)*xlog(((8*a”2 - 8*xaxb + b™2 + 4*ax
c)*tan(e*x + d)~4 + 2% (4*xaxb - 3*b"2 - 4x(a - b)*c)*tan(exx + d)72 + b™2 +
4dx(a - 2xb)*xc + 8+c”2 + 4*x((2*a - b)*tan(exx + d)"4 + (b - 2*xc)*tan(exx + d
)"2)*sqrt(a - b + c)*sqrt((a*xtan(e*x + d)~4 + b*tan(e*xx + d)~2 + c)/tan(e*x
+ d)"4))/(tan(exx + d)74 + 2*tan(exx + d)"2 + 1)) - 4%((a"4%b"2 - 2*a~3*b~
3 + a”2%b”4 - 4*xa~3*%c”3 - (8%a"4 - 8%xa"3*b — a"2*xb"2)*c"2 - 2% (2*%a”5 - 4x*a”
4xb + a”3%b"2 + a"2*b"3)*c)*tan(exx + d)76 + (a"3%b"3 - 4*xa”"2*b"4 + 3xaxb”5
- 2%(2*%a”3 + 5*a"2xb)*xc”3 - (4*a”4 + 10*a”3*%b - 22*xa"2xb"2 - 3*a*b”3)*c”2
- 2% (2%a"4*b - 8*%a”~3*b"2 + 4xa~2%b~3 + 3*axb”4)*c)*tan(exx + d)"4 - (8*xa"2*
c”4 + 3%(4%a”3 - 6*a”2*%b - axb"2)*c”3 + 2% (2*¥a"4 - T*a"3*b + 3*a"2*xb"2 + 3%
a*xb~3)*c”2 - (a”3*b"2 - 4*a”2%b”3 + 3*axb”4)*c)*tan(exx + d)~2)*sqrt((a*xtan
(exx + d)"4 + bxtan(e*xx + d)~2 + c)/tan(e*x + d)74))/((a"6*xb"2 - 2*¥a~5%b"3
+ a”4*b”™4 - 4xa~b5xc”3 - (8%a"6 - 8*a”b*b - a"4*b"2)xc”2 - 2% (2*a”7 - 4*a”6x%
b + a”5*b"2 + a~4%b~3)*c)*e*xtan(exx + d)~4 + (a~5%b~3 - 2*a"4*b”4 + a~3*b”5
- 4*a”4*xb*c”3 - (8*a~bxb - 8*a~4xb”2 - a"3*b"3)*c"2 - 2% (2*a"6%b - 4*a”5*b
"2 + a”4%b”3 + a"3*b"4)*c)*extan(e*x + d)72 - (4*xa"4xc”4 + (8*a"5 - 8*a"4x*b
- a"3*b"2)*c”3 + 2*x(2*a”6 - 4*a"5*b + a"4*b"2 + a~3*b"3)*c”2 - (a”5*b"2 -
2%a~4%b"3 + a”"3*b"4)*c)*e), -1/4%((4*%(2*%a"2 + 3*xaxb)*c”4 - (2*%a"4%b"2 - a”3
*b~3 - 4*a”2*b"4 + 3*xaxb”5 - 4x(2%a”3 + 3*a”"2*b)*c”3 - (16*a~4 + 8*a~3*b -
26*%a”2%b"2 — 3*axb~3)*c”2 - 2*%(4*%a”5 - 2*¥a"4xb - 10*%a"3*b"2 + 5%xa”2*%b"3 + 3
*axb~4)*c)*tan(exx + d)~4 + (16%a”3 + 8*a™2*b - 26*a*b”2 — 3*b~3)*c”3 + 2x(
4xa~4 - 2%a"3%b - 10*%a"2%b"2 + 5*xaxb~3 + 3xb"4)*c”2 - (2%a"3*b"3 - a~2*%b"4
- 4*xaxb”5 + 3%b”6 - 4*x(2*xa"2*b + 3*axb"2)*c”3 - (16*a"3*b + 8*a"2xb"2 - 26%
axb”3 - 3*b74)*c”2 - 2x(4xa~4*b - 2*a”3*b”"2 - 10*a"2*xb~3 + 5*axb”4 + 3*b”5)
xc)*tan(exx + d)72 - (2%a”3*%b"2 - a”2*b~3 - 4xaxb”4 + 3%b75)*c)*sqrt(-a)*ar
ctan(1/2*(2*axtan(exx + d)"4 + bxtan(exx + d)~2)*sqrt(-a)*sqrt((axtan(exx +
d)~4 + bxtan(exx + d)"2 + c)/tan(exx + d)~4)/(a"2xtan(exx + d)~4 + axb*tan
(exx + d)72 + a*c)) - (a™3*b"2*c - 4*a~4xc”2 + (a"4*b"2 - 4*xa~5*c)*tan(e*x
+ d)74 + (a”3*%b73 - 4xa”4xbxc)*tan(exx + d)"2)*sqrt(a - b + c)*log(((8*a~2
- 8xaxb + b72 + 4x*xaxc)*tan(exx + d)~4 + 2*x(4*axb - 3*b"2 - 4x(a - b)*c)*tan
(exx + d)72 + b2 + 4*x(a - 2xb)*xc + 8*c™2 + 4*x((2*a - b)*tan(exx + d)74 + (
b - 2xc)xtan(exx + d)"2)*sqrt(a - b + c)*sqrt((axtan(exx + d)"4 + bxtan(exx
+ d)"2 + c)/tan(e*x + d)~4))/(tan(exx + d)~4 + 2xtan(exx + d)~2 + 1)) - 2%
((a™4#b~2 - 2%a"3*b”3 + a"2*b"4 - 4xa~3%c”3 - (8*a"4 - 8*a~3*b - a"2xb"2)*c
"2 - 2%(2*%a”5 - 4*a”4*xb + a~3%b"2 + a”"2*b"3)*c)*tan(exx + d)76 + (a"3*b"3 -
4*xa~2*b"4 + 3xaxb”5 - 2%(2*%a”3 + 5*a"2xb)*c”3 - (4*a”4 + 10*a"3*b - 22*a”2
*b72 - 3*axb”3)*kcT2 - 2% (2*xa~4xb - 8*a"3*b"2 + 4*a”"2%b"3 + 3*xaxb~4)*c)*tan(
exx + d)74 - (8*a"2*c”4 + 3x(4*a~3 - 6*a”2*b - axb"2)*c”3 + 2% (2%¥a"4 - T*a”
3*xb + 3*a"2*xb"2 + 3*xaxb~3)*c”2 - (a"3*b72 - 4*a"2*xb"3 + 3*axb~4)*c)*tan(e*x
+ d)"2)*sqrt((a*xtan(exx + d)~4 + bxtan(exx + d)72 + c)/tan(exx + d)~4))/((
a"6xb~2 - 2*xa"5*b"3 + a"4xb"4 - 4%a”5%c”3 - (8*%a"6 — 8*a"bxb - a~4xb"2)*c”2
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- 2%(2*%a”7 - 4*a”"6xb + a~5%b"2 + a~4*b~3)*c)*extan(exx + d)"4 + (a”5*b"3 -
2*%a~4%b"4 + a~3*b"5 - 4*xa~4*xbxc”3 - (8*a"5xb - 8*a~4%b”2 - a"3*b"3)*c"2 -
2% (2*%a"6*b - 4*a”~5*b"2 + a~4xb~3 + a~3*b"4)*c)*extan(exx + d)"2 - (4*xa"4x*c”
4 + (8*a”h - 8*a~4xb - a"3*b"2)*c”3 + 2*x(2*xa"6 - 4*a"b*b + a"4*xb"2 + a~3*b”
3)*c”2 - (a"5*b"2 - 2%a~4%b"3 + a"3*b"4)*c)*e), 1/8%(4*x(a"3*b"2*c - 4*a"4dx*xc
"2 + (a”4*b"2 - 4xa~b*xc)*tan(exx + d)74 + (a~3%b"3 - 4*a”4dxbxc)*tan(exx + d
)"2)xsqrt(-a + b - c)*arctan(-1/2*%((2*a - b)*tan(exx + d)~"4 + (b - 2%*c)*tan
(exx + d)"2)*sqrt(-a + b - c)*sqrt((a*tan(exx + d)~4 + bxtan(exx + d)72 + ¢
Y/tan(exx + d)~4)/((a”2 - a*xb + axc)*tan(e*xx + d)"4 + (axb — b™2 + b*c)*tan
(exx + d)72 + (a - b)*c + ¢c72)) — (4%(2*a"2 + 3*a*b)*c™4 - (2*xa~4*b"2 - a3
*b”"3 - 4*%a”2%b"4 + 3*axb”5 - 4*x(2*¥a”3 + 3*a"2xb)*c”3 - (16*a"4 + 8*a"3*b -
26*%a”"2%b”2 — 3*axb"3)*c”2 - 2*(4*a”5 - 2*¥a"4xb - 10*%a"3*b"2 + 5%xa”2*%b"3 + 3
*axb~4)*c)*tan(exx + d)~4 + (16%a~3 + 8*a~2*b - 26*a*b™2 — 3*b~3)*c”3 + 2x(
4xa~4 - 2%a"3%b - 10*%a~2%b”2 + 5*xaxb”3 + 3xb"4)*c”2 - (2%a"3*b"3 - a~2*%b"4
- 4xaxb”5 + 3*b76 — 4x(2*xa"2xb + 3*axb”2)*c”3 - (16*a”"3*b + 8*xa"2*%b"2 - 26%
a*xb”3 - 3*xb"4)*c”2 - 2x(4xa"4xb - 2*%xa~3*%b"2 - 10*a~2%b"3 + 5*xaxb~4 + 3%xb~5)
xc)*tan(e*xx + d)72 - (2%a”3*%b"2 - a"2*b~3 - 4*axb”4 + 3*b75)*c)*sqrt(a)*log
(8xa~2xtan(e*x + d)~4 + 8*xaxbxtan(e*x + d)72 + b™2 + 4*xaxc - 4x(2xaxtan(e*x
+ d)74 + bxtan(e*x + d)~2)*sqrt(a)*sqrt((a*tan(exx + d)~4 + bxtan(exx + d)
“2 + c)/tan(e*xx + d)74)) + 4x((a"4%b"2 - 2*%a”3*b"3 + a"2*%b"4 - 4%a~3*%c”3 -
(8%a~4 - 8*a"3%b - a"2*xb"2)*c”2 - 2x(2*a”5 - 4*a”4*b + a"3*b"2 + a~2*xb"3)*c
Jxtan(e*xx + d)76 + (a”3*b”™3 - 4*a~2xb~4 + 3*a*xb”5 - 2% (2*%a”3 + 5*xa~2xb)*c”3
- (4*%a”4 + 10*a”3*%b - 22%a"2%b~2 - 3*a*b”3)*c”2 - 2x(2*xa~4*b - 8*a~3*b”2 +
4*xa~2*b"3 + 3xaxb~4)*c)*tan(e*xx + d)"4 - (8*xa~2xc”4 + 3*(4*a”3 - 6*%a”"2xb -
a*b”2)*c”3 + 2x(2*a~4 - Txa"3*b + 3*a”2*%b"2 + 3*axb"3)*c”2 - (a”3*%b"2 - 4%
a~2*%b~3 + 3*axb~4)*c)*tan(exx + d) 2)*sqrt((axtan(exx + d)~4 + bxtan(e*x +
d)~"2 + c)/tan(exx + d)~4))/((a"6*%b"2 - 2*a~5%b~3 + a"4*b~4 - 4xa~5xc~3 - (8
*a"6 - 8*a”b*b - a"4*b"2)*c”2 - 2% (2%a”7 - 4*a”6*xb + a"h5*b"2 + a~4*b~3)*c)*
extan(e*x + d)"4 + (a”5*b~3 - 2*xa"4*b"4 + a”~3%b"5 - 4*a"4xbxc”3 - (8*a~5%b
- 8%a"4*b”2 - a"3*b"3)*c”2 - 2% (2*¥a"6*b - 4*a”"5*b"2 + a~4xb"3 + a~3*b"4)*c)
*extan(e*x + d)72 - (4*xa~4xc”4 + (8*a”™b - 8*a"4*b - a~3*b"2)*c”3 + 2%(2*a”6
- 4xa~5%b + a"4*b"2 + a~3*%b"3)*c”2 - (a"5*b"2 - 2*xa~4*b"3 + a~3%b"4)*c)*e)
, —1/4x((4%(2%a"2 + 3*axb)*c™4 - (2*xa~4x*b"2 - a~3*b~3 - 4*a"2*xb"4 + 3xaxb”5
- 4*%(2*%a”3 + 3*a"2xb)*c”3 - (16*a”4 + 8*a”3*b - 26*a"2xb"2 - 3*ax*b”3)*c”2
- 2%(4*a”5 - 2*a"4*xb - 10*a~3%b"2 + 5*xa”2+%b"3 + 3*axb"4)*c)*tan(exx + d)"4
+ (16*%a”3 + 8*a~2xb - 26%a*b”2 - 3*b"3)*c”3 + 2*x(4*a~4 - 2*a~3*b - 10*a”2x*b
"2 + Bxaxb”3 + 3*b74)*c”2 - (2*a"3*%b”3 - a"2*%b"4 - 4xaxb”5 + 3*b"6 - 4*x(2xa
“2%b + 3*a*b”2)*c”3 - (16*a~3%b + 8*a"2%b"2 - 26*a*b”3 - 3*xb74)*c”2 - 2% (4x
a~4xb - 2*%a”3*b”"2 - 10*a"2xb~3 + 5*xaxb”4 + 3*b”5)*c)*tan(exx + d)72 - (2*a”
3*b~2 - a”2%b~3 - 4*axb”4 + 3*b”5)*c)*sqrt(-a)*arctan(1/2x(2xa*xtan(e*x + d)
~4 + bxtan(e*x + d)~2)*sqrt(-a)*sqrt((a*xtan(e*x + d)~4 + bxtan(e*x + d)~2 +
c)/tan(exx + d)"4)/(a"2xtan(exx + d)~4 + axbxtan(exx + d)~2 + axc)) - 2x(a
“3%b72%c - 4*a"4*xc”2 + (a"4xb"2 - 4xa"b*c)*tan(exx + d)74 + (a"3%b"3 - 4*a”
4xb*c)*tan(exx + d)"2)*sqrt(-a + b - c)*arctan(-1/2x((2*a - b)*tan(exx + d)
4 + (b - 2xc)*tan(exx + d)"2)*sqrt(-a + b - c)*sqrt((a*xtan(e*xx + d)~4 + bx
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tan(exx + d)72 + c)/tan(e*x + d)~4)/((a"2 - a*b + a*c)*tan(exx + d)~4 + (a*
b - b72 + bxc)*tan(e*x + d)”2 + (a - b)*c + ¢72)) - 2x((a"4*b"2 - 2*a~3*b~3
+ a"2*b"4 - 4xa~3%c”3 - (8*a"4 - 8*%a"3*b - a"2*%b"2)*c”2 - 2*x(2*a”5 - 4*xa”4
*b + a”3*%b”2 + a"2*xb"3)*c)*tan(e*x + d)76 + (a"3*b"3 - 4*a"2*b~4 + 3*axb”5
- 2%(2%a”3 + 5*a"2*xb)*c”3 - (4%a"4 + 10*%a"3*b - 22*a"2*b"2 - 3*axb"3)*c"2 -
2% (2xa~4*xb - 8*a~3%b"2 + 4*a”2*b~3 + 3xax*b”4)*c)*tan(exx + d)~4 - (8*%a"2*c
4 + 3%(4*a”3 - 6*%a”"2xb - axb"2)*c”3 + 2% (2*%a”4 - T*a"3*xb + 3*xa"2%b"2 + 3*a
*b~3)*c”2 - (a”3%b72 - 4*%a"2+b”"3 + 3xa*b”"4)*c)xtan(exx + d)~2)*sqrt((axtan(
exx + d)74 + bxtan(e*x + d)72 + c)/tan(e*xx + d)74))/((a"6*xb"2 — 2%a"5xb~3 +
a~4xb~4 - 4%a"5%xc”3 - (8%a"6 - 8*a"bxb - a~4xb"2)*c”2 - 2% (2*a”7 - 4*xa~6*b
+ a~5*%b”"2 + a"4*b~3)*c)*e*xtan(e*x + d)"4 + (a"5*%b"3 - 2*xa~4*b"4 + a~3%b"5
- 4%xa~4xb*c”3 - (8*a"bxb - 8*xa~4%b"2 - a"3*b”3)*c”2 - 2% (2*xa"6xb - 4*a~5*b”
2 + a”4%b”3 + a"3*b74)*c)*extan(e*x + d)"2 - (4*a"4xc”4 + (8*a”h5 - 8*a~4xb
- a"3x%b"2)*xc"3 + 2x(2*%a"6 - 4*a~5xb + a~4*b"2 + a"3*b"3)*c”2 - (a~5*b"2 - 2
*a"4%b"3 + a"3*b"4)*c)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)

- dx
(a +beot? (d + ex) + ccot* (d + ex))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(atb*cot (e*xx+d)**2+c*cot (e*xx+d)**4)**(3/2) ,x)

[Out] Integral(tan(d + exx)**3/(a + bxcot(d + exx)**2 + cxcot(d + exx)**x4)**(3/2)
» X)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 3/ (atb*cot(e*xx+d) “2+cxcot(e*xx+d)~4)~(3/2),x, algorithm
="giac")

[Out] Timed out
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102

o e S R

—
oS ©

Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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14
15
16
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19
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26
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28
29
30
31
32
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34
35
36
37
38
39
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41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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57
58
59
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62
63
64
65
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67
68
69
70
71
72
73
74

75
76
77
78
79
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99
100
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195

elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

235




196
197
198

el e N D =2 %2 T N CUR ol

A B 0 0 0 W W W W W W W NN N DN DN DN DN DN DN DN e e e e e
H O © N D ke W NN H O O 0NN kR W HO O 0NN e w NN RO

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by )
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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